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CHAPTER 1

Introduction

1.1. Preface

This thesis consists of two parts. In the first part, which is contained
in Chapter 2, I discuss the article ”*Chern-Simons Theory and the Volume
of 3-manifolds”’ by Derbez and Wang ([11]) in detail and check its overall
correctness. To increase readability and make it possible to compare this
work to the original work by Derbez and Wang Chapter 2 is structured
in the same order and basically follows the same notation as [11]. Major
changes and extensions are mentioned in the introductory chapter, whereas
for better readability some minor changes will only become visible when
explicitly comparing the two works.

The second part, which is contained in Chapter 3, presents my own
results. These include a generalization of the additivity formula presented in

—_—

Section 2.5.6 to representations into I'so.SLa(R) and a discussion of volumes
of representations for 1-edged graph manifolds. In particular we prove the
existence of a representation of non-zero volume for a large class of 1-edged
graph manifolds.

I want to thank all people that kindly supported me during the devel-
opement of this Thesis and in particular I want to thank my advisor Prof.
D. Kotschick for his great support and for the helpful comments and advices
and C. Neofytidis for the inspiring discussions.

1.2. Overview

I want to give an overview of the main results of both, the article of
Derbez and Wang [11], and my own results.

Since a more detailed overview of the results of [11] will be given in
Section 2.1, T only want to mention the most important results without
giving many definitions and details. Readers that are not familiar with
volumes of representations and related topics are adviced to skip this part
and proceed straight to Chapter 2.

Let M™ be a compact closed orientable manifold of real dimension n and
G a Lie group with maximal compact subgroup K such that the contractible
space X" = G/K has dimension n. Let p : m M™ — G be a representation.
We can assign a volume to it which is denoted by volg (M, p). A definition
will be given in Section 2.3.

The theory of volumes of representation has connections to many bran-
ches of mathematics. An example for a recent application is the proof that
for M a graph manifold and N a closed prime non-trivial graph manifold

7



8 1. INTRODUCTION

the set
D(M,N)={de€Z|3f: M — N continuous, deg(f)=d}

of degrees of continuous maps M — N is finite ([9]).

Although the notion of a volume of a representation has already been
known for a long time, many of its properties are remarkably unknown and
there are still some interesting and attractive questions to study.

Here we consider the case where M is a closed oriented 3-manifold and
G is either the identity component 1so.SLa(R) of the isometry group of

—_—~—

SLy(R) or PSL(2;C), the orientation preserving isometry group of the hy-
perbolic 3-space H?3.

For a fixed closed oriented 3-manifold M denote by vol(M, G) the subset
of R consisting of all volumes of representations p : 1M — G, that is

vol(M, G) = {volg(M, p) |p: mM — G a representation },
and by SV(M), resp. HV (M), the maximal value in vol(M,G) for G =

Iso.SLa(R), resp. G = PSL(2;C).
The covering property is satisfied by a non-negative 3-manifold invariant
n, if for any finite covering p : M — M, we have n(M) = | deg(p)|n(M).
The following questions are still to a great extent open and are a main

motivation for [11].

QUESTION 1.

(1) How can we tell whether there are non-zero elements in vol(M,G)?
or weakly, s
When is there a finite cover M of M so that are non-zero elements
in vol(M,G)?
(2) Does HV or SV satisfy the covering property in the sense of Thurston?
(8) What kind of topological information is captured by the non-zero
elements in vol(N, G)?

REMARK 1.1. The question of finding 3-manifold invariants satisfying
the covering property was asked by Thurston in [27, Problem 3.16] and
Milnor and Thurston gave the first example of such an invariant [35]. Other
examples are the simplicial volume (Gromov-Thurston-Soma, [20]) and an
invariant for graph manifolds which can be found in [47].

The first important result in [11] is an explicit description of the set

vol (M i soesz\(TR)> for each 3-manifold supporting the ng\(TR)—geometry.

—_—

PROPOSITION. Let M be a 3-manifold supporting the SLa(R)-geometry
with base 2-orbifold O(M) of positive genus g. Then

, 2
vol (M, ISOQS%D = ’;Z\r;” (lz: <Zz> —n)

=1

where ny,--- ,n.,n are integers such that

T 7
L% 1
—|—n<29—-2 and —|-n>2-2
D Lo -nsg-2and 3T -2 22
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and a1, -+ ,a, are the indices of the singular points of the orbifold M.

A proof can be found in Section 2.4.

A partial answer to Question 1(1) for non-geometric manifolds was re-
cently given in [10]:
For each non-trivial graph manifold M there exists a finite cover M so

that vol(M, Is0.SLy(R)) # {0}.

That reduced question 1(1)(ii) to non-geometric manifolds containing a
hyperbolic piece. In view of Theorem 2.1(2),(3), as well as the result of [10],
and in an attempt to find a relation between the Gromov simplicial volume
and the hyperbolic volume, Prof. M. Boileau and some others [11] posed
the following more specific version of Question 1(1):

QUESTION 2. Suppose M has positive simplicial volume, i.e. contains
some hyperbolic piece.
(1) Is there a representation p : mM — PSL(2;C) with positive vol-
ume?, or weakly
(2) Is there a representation p : mM — PSL(2;C) with positive vol-
ume for some finite covering M of M?

Questions 1(2) and 2 are partially answered by the following two results
which will be proved in Sections 2.6 and 2.7:

PROPOSITION. Let M be a closed irreducible non-geometric 3-manifold.
Assume that M contains a hyperbolic piece QQ such that each boundary com-
ponent of Q that is non-separating in M is shared by a Seifert piece of
M. Then there is a finite covering M — M which admits a representation
p: ™M — PSL(2;C) of positive volume.

COROLLARY. The hyperbolic volume HV does not satisfy the covering
property. Namely there are finite coverings p : M — M with HV (M) >
|degp|HV (M) = 0.

Thurston pointed out a relation between Chern-Simons invariants and
the hyperbolic volume of hyperbolic 3-manifolds for discrete and faithful
representations [44]. In [28] it was extended to hyperbolic 3-manifolds for
discrete and faithful representations into PSL(2;C) and by [26] to closed

P e T

manifolds for representations into the subgroup SLa2(R) of I'so.SLa(R).
Derbez and Wang [11] give a new, easier proof of the statement for

representations into SLy(R) and extend the statement for PSL(2;C) to all
representations that admit a lift into SL(2; C).

PROPOSITION. Let p : mM — G = Is0.SLs(R) be a representation

and let A be the corresponding flat G-connection in the principal bundle
P =M x,G. If P admits a section over M then

sy (A, ) = 2volg(M, p)

PROPOSITION. Let p: mM — G = PSL(2;C) be a representation and
A the corresponding flat G-connection over M. Assume that M x,G admits



10 1. INTRODUCTION
a section § over M. Then
Z(espr(A,0)) = —%volg(M, )
The proofs for both statements can be found in Section 2.5.

Every prime non-geometric manifold is completely determined by its
pieces and the isotopy classes of the gluings between them. It turns out that
for non-geometric manifolds the volumes of representations into PSL(2;C)

and Iso.SLy(R) give some information about the gluing maps.

Derbez and Wang use the relation between volumes of representations
and Chern-Simons theory to study this behaviour. They compute volumes
of concrete representatiosn for one-edged graph manifolds and show that
they indeed depend on the gluing parameters. The computations can be
found in Section 2.8 and the results are summarized in Propositons 2.13
and 2.14.

In Chapter 3 my own results are presented. The main motivation was

to proceed on an answer to Question 1 for G = Iso0.SL2(R) and to make an
attempt to find analogous results to Proposition 2.3.

In Chapter 2.5 an additivity result for volumes of representations of
non-geometric 3-manifolds is derived which allows to compute the volume
of a representation for a manifold M by restricting the representation to
the geometric pieces of its JSJ-decomposition. The result is based on the
relation between volumes of representations and Chern-Simons theory and

—_——

thus holds only for G = PSL(2;C) or G = SLy(R). In Section 3.2 we

—

generalize this result to representations into 1s0.SL2(IR). Namely we prove
the following proposition:

ProrosiTION 1.2. Let M = My U, Ms be a 1-edged manifold and

P

p: M — G = Iso.SLy(R) a representation. Let (s1,h1) be a basis of
H(OMy;Z) = H(T*%Z) and (a,b) € Z* with ged(a,b) = 1 and
p(asy + bhy) = (0,1).

Then for ]\//fZ = Mi(a,b), i = 1,2, p extends to p; : 771]\/4\1 — G and
ﬁg : 7T1]/W\2 — G and

vol(M, p) = vol (M, p1) + vol(Ma, p2).

REMARK 1.3. Additivity can be generalized in an obvious way to non-
geometric manifolds that contain more than one essential torus {77, --- Ty},
since all arguments in the proof only depend on neighbourhoods T; x (—1,1)
of the tori.

The additivity result is used in Section 3.3 to study volumes of represen-
tations for graph manifolds in general and in particular for one-edged graph
manifolds, leading to a result similar to Proposition 2.3 for one-edged graph
manifolds. As a consequence we are able to proof the following non-vanishing
result for a large class of one-edged graph manifolds.

PROPOSITION 1.4. Let M = My U; My be a one-edged graph manifold,
where M;, j = 1,2, have Euler numbers e; = %, gcd(pe;, qe;) = 1, and
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genus g9, j =1,2. Let (s9),n0)), j = 1,2, be a section/fiber basis of the
toral boundary OM;, j = 1,2, and denote the gluing with respect to this basis
by the matriz A = < i Z >, that is, (s, h(V) = (s, h?)A.
Assume that
9cd(age,Pe, + CeyGey — APey e s b) = 1, (1.2.1)
and that gV, g2 > 2.

Then there is a representation p : mM — Iso.SLa(R) with non-zero
volume.

—_——

The Proposition follows immediately from Proposition 3.15 and gives a
partial answer to Question 1(1)(i).






CHAPTER 2

Chern-Simons Theory and the Volume of
3-manifolds

2.1. Introduction

In this section we want to state some important notions and facts about
volumes of represenations and give an overview of the results that were
proved in the work of Derbez and Wang [11]. For readers that are not
familiar with the topic we will give rigorous definitions and a better expla-
nation of the background material in later sections.

Let M™ be a compact closed orientable manifold of real dimension n and
G a Lie group with maximal compact subgroup K such that the contractible
space X" = G/K has dimension n. Let p: 1 M™ — G be a representation.
We can assign a volume to it which is denoted by volg (M, p). A definition
will be given in Section 2.3.

Although the notion of a volume of a representation has already been
known for a long time, many of its properties are remarkably unknown and
there are still some interesting and attractive questions to study.

Here we consider the case where M is a closed oriented 3-manifold and
G is either the identity component Iso.SL2(R) of the isometry group of

P

SLa(R) or PSL(2;C), the orientation preserving isometry group of the hy-
perbolic 3-space H3.

For a fixed closed oriented 3-manifold M denote by vol(M, G) the subset
of R consisting of all volumes of representations p : m M — G, that is

vol(M,G) = {volg(M, p) |p : mM — G a representation } .
Suppose that M supports the hyperbolic, resp. SLy(R)-geometry. Then
the geometry of M endows M with a metric which naturally defines the

hyperbolic volume volys (M), resp. Seifert volume Volsm)(M), of M.
2

Denote by ||M]|| the (Gromov) simplicial volume of M, introduced by
Gromov in [20]. The simplicial volume and the hyperbolic volume of a
hyperbolic manifold coincide up to a constant which only depends on the
dimension [43, Prop. 6.1.4]. Furthermore the simplicial volume is additive
under connected sums of closed oriented connected manifolds of dimension
at least 3 [20, p.10] and for 3-manifolds it is additionally additive under
decomposition along essential tori [31, Chapter 3 and Satz 2]. Consequently,
using the geometrization conjecture, we obtain that the simplicial volume of
M is proportional to the hyperbolic volume of the hyperbolic pieces of M if
M is a 3-manifold.

13



14 2. CHERN-SIMONS THEORY AND THE VOLUME OF 3-MANIFOLDS

We summarize some basic results of the theory of volumes of represen-
tations in the following theorem. As references and for its development, see
[5], [16], [38], and [39], as well as their references.

THEOREM 2.1. Let M be a closed oriented 3-manifold.

—~—

(1) Both vol(M,PSL(2;C)) and vol(M, Iso.SL2(R)) contain at most
finitely many values and we denote by HV (M) and SV (M) the

mazimum value for PSL(2;C) and Iso.SLa(R) respectively.

(2) Suppose M supports the hyperbolic geometry. Then volgs(M) is
reached by volpgr(a.c)(M,p) for some discrete faithful represen-
ta/tg'\o& The analogous statement ist true when M supports the
SLy(R)-geometry.

(3) volpsr(zc)(M, p) < ps||M]|, where pz denotes the volume of any
ideal reqular tetrahedron in 3.

(4) Let f: M — N be a map of degree d and let p : N — G denote
a representation. Then we get a representation po f. : mM — G
such that volg(p o fx, M) = d - volg(p, N).

This yields the inequalities

HV (M) > |deg f|[HV(N) and SV (M) > |deg f|SV(N).

PROOF. The proofs can be found in the following references:

(1) is proved explicitly in [6, Theorem 1] for I'so.SL2(R) and a more
general proof that applies to both Lie groups is given in [38, pp. 550].

(2) For Iso.SL2(R) see [6, Theorem 3] and for PSL(2; C) see [17, The-
orem 7.1].

(3) is proved in [39, 5.1].

(4) is an easy consequence of the definition of Volumes of representations
in Section 2.3.1 by developing maps, since a continuous map f:M— Nis
covered by a continuous map f M — N between the universal coverings
and for a representation p : m N — G together with the induced represen-
tation p = po fx : mM — G we observe that the developing maps satisfy
D; = D, o f. This implies that volg(p o fi, M) = d - volg(p, N) and the
other part of the statement follows immediately. O

REMARK 2.2. A prime 3-manifold M admits no self-map of degree
greater 1 if and only if either M has a non-trivial geometric decomposition,

or supports an SLs(RR) or a hyperbolic geometry [42, Theorem 1. 0] Com-

bined with Theorem 2.1 (2)-(4) we obtain that if vol(M, IsoeSLg( )) # {0}
then necessarily either M has non-trivial geometric decomposition, or sup-

ports the SLa(R), or the hyperbolic geometry and if vol(M, PSL(2;C)) #
{0} then M contains some hyperbolic pieces.

The covering property is satisfied by a non-negative 3-manifold invariant
n, if for any finite covering p : M — M, we have (M) = | deg(p)|n(M).

We do not know much about the extent to which HV and SV satisfy
the covering property. It seems that we only know that HV, resp. SV,
satisfy the covering property for hyperbolic, resp. Seifert manifolds. For
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HV the property is due to the relation between the simplicial volume and
HV and for SV it is due to SV being a function of the Euler class of the
Seifert manifold and the Euler characteristic of its base 2-orbifold which both
behave naturally under covering maps. That is, SV(M) = 47r2X20(M)/]e(M)|

for M a Seifert manifold and O(M) its base 2-orbifold.

In the following we give an overview of the main results that are proved
in this work. From now on all manifolds are assumed to be closed oriented
and irreducible.

2.1.1. Volumes of Seifert manifolds. Using the works of Brooks-
Goldman [6], Milnor [34], Wood, [48] and Eisenbud-Hirsch-Neumann [16],

Derbez and Wang [11] give an explicit description of the set vol (M i soeSf;@{))

P

for each 3-manifold M supporting the SLy(R)-geometry.

P

It is known that M supports the SLo(R)-geometry if and only if M is
a Seifert manifold with non-zero Euler number e(M) and its base 2-orbifold
O(M) has negative Euler characteristic xp(a). For a € R denote by |a]
and [a| the greatest integer < a, resp. least integer > a.

—_—~—

PROPOSITION 2.3. Let M be a 3-manifold supporting the SLa(R)-geo-
metry with base 2-orbifold O(M) of positive genus g. Then

vol (M, Isoesf;(f{)) - ’;X;” (Z (Z) _ n>2

=1

where ny,- -+ ,n.,n are integers such that
" n .y
—]-n<29—2 and “1-n>2-2
Dl -ns2g—2and } [H]-n=2-2
=1 =1
and a1, -+ ,a. are the indices of the singular points of the orbifold M.

REMARK 2.4. Proposition 2.3 will be checked by describing all represen-
tations with non-zero volume in Proposition 2.25. The proposition explicitly

proves the rationality of elements in vol (M , 1505 Lo (IR)), which was first

proved in [38]. As a consequence of the Proposition and its proof we com-
pute volumes for 3-manifolds with non-trivial geometric decomposition.

We corrected a small mistake in the statement of Proposition 2.25 with
respect to [11]. Some changes and extensions have been done in its proof.
We directly refer to the work of Milnor-Wood [34], [48] when computing
the volume of a certain representation by using transverse foliations instead
of refering to [29]. Furthermore we carry out some details for the proof
that a representation with non-zero volume always maps the fiber h to an

element of type ((,1) and that we may assume that p(a;), p(8;) € SL2(R)
for ay, B; € m1M the generators corresponding to the holes in the base 2-
orbifold.
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2.1.2. Volumes of nongeometric manifolds. A partial answer to
Question 1(1) for non-geometric manifolds was recently given in [10]:

For each non-trivial graph manifold M there exists a finite cover M so

that vol(M, I'so.SLy(R)) # {0}.

That reduced question 1(1)(ii) to non-geometric manifolds containing a
hyperbolic piece and thus lead to Question 2.

Let M be a closed irreducible non-geometric 3-manifold. Let Ty C M
be a minimal union of disjoint essential tori and Klein bottles in M, which
is unique up to isotopy, such that each piece of M \ Ty is either Seifert or
hyperbolic. We call M one-edged manifold if Tys consists of precisely one
torus 7.

The work [11] of Derbez and Wang gives a negative answer to Ques-
tion 2(1) and a partially positive answer to Question 2(2). They are direct
consequences of the following propositions.

PROPOSITION 2.5. Let M be a closed irreducible non-geometric 3-mamni-
fold. Assume that M contains a hyperbolic piece QQ such that each boundary
component of @ that is non-separating in M is shared by a Seifert piece of
M. Then there is a finite covering M — M which admits a representation
g ™M — PSL(2;C) of positive volume.

If each component of Ty is separating in M, then the condition in Propo-
sition 2.5 is automatically satisfied, and we obtain the following corollary

COROLLARY 2.6. A prime rational homology sphere S3q has a positive
stmplicial volume if and only if it admits a finite covering with positive hy-
perbolic volume.

Proor. If S3Q is geometric then this is a direct consequence of Theorem
2.1 (2) and Remark 2.2.
If S3Q is non-geometric then every component of 7gs o must be separating

in S3Q and thus the statement follows immediately from Proposition 2.5. [

PROPOSITION 2.7. There are infinitely many 1-edged 3-manifolds M
with non-vanishing simplicial volume but vol(M, PSL(2;C)) = {0}.

Another consequence of the two propositions is a negative answer to
Question 1(2) for the hyperbolic volume, that is:

COROLLARY 2.8. The hyperbolic volume HV does not satisfy the cover-
ing property. Namely there are finite coverings p : M — M with HV (M) >
|degp|HV (M) = 0.

There were no major changes in the proof of Proposition 2.7. The proof
of Proposition 2.5 was extended by an explanation that the Chern-Simons
invariant of a certain path of representations does not change under ho-
motopies. Besides we give a more detailed explanation for the statements
preliminary to the proof of Proposition 2.5.
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2.1.3. Volumes as Chern-Simons invariants. It seems that the rea-
son for Question 1 being still unanswered is due to the problem that it is
not at all clear from the definition of the volume of a representation how to
find significant representation, that is representations with non-zero volume,
or representations whose volume contains information about the geometric
structure of the manifold, and that given a concrete representation it is still
hard to compute its volume.

When the manifold is geometric there is a natural choice for a significant
representation. Namely a discrete faithful representation of the fundamen-
tal group into the Lie group of its geometry. In contrast in the case of a
non-geometric manifold it is not clear how to obtain a good choice for a rep-
resentation. One can try to construct it componentwise using the geometry
of the geometric pieces. Doing that one faces several problems:

e We must choose the representations in such a way that they are
compatible on the toral boundaries of the geometric pieces under
the gluing maps

e It is in general not easy to compute the volume of a representation
for a non-closed manifold, since some manipulations that work for
closed manifolds do not carry over

e The volume is not additive with respect to the geometric decompo-
sition (unlike the Gromov simplicial volume) and depends on the
gluing.

However, the last point could also be advantageous, since the volumes of
the representations seem to contain some topological information about the
gluings.

One way to solve these problems for a relevant class of representations
is to apply results from Chern-Simons theory. That works, since for suffi-

ciently nice representations into the semi-simple Lie groups G = Iso.SLa(R)
or G = PSL(2;C) we obtain an easy way to compute the volume of the
representation from the Chern-Simons invariant of the corresponding flat
connection. It will be used later, when we compute volumes for concrete
one-edged manifolds.

In the following we denote by X the homogeneous space associated to

G, which is SEQ\(TR) or H? in the case of Isoeng(\TR) or PSL(2;C). We fix
a closed G-invariant volume form wx on X and denote by g the Lie algebra
of G.

Recall that the Chern-Simons classes with structure group PSL(2; C) are
based on the first Pontrjagin class and we base the Chern-Simons classes

with structure group Iso.SLz(R) on the invariant polynomial defined by
R(A® A) = Tr(X?)+1t% where A = X +t is an element of the Lie algebra of

e

Is0.SLa(R) decomposed into an element of the Lie algebra of SLy(R) and
telR.

—_~—

PROPOSITION 2.9. Let p: miM — G = Iso.SLa(R) be a representation
and let A be the corresponding flat G-connection in the principal bundle
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P =M x,G. If P admits a section over M then

espr(A,9) = /

5*R (dA NA+ %A A A, A]> = 2volg(M, p)
M

In particular the Chern-Simons invariant of a flat Iso.SLa(R)-connection
18 gauge invariant.

REMARK 2.10. P = M x,G admits a section if and only if p admits a lift

into SL2(R) which equivalently means that the bundle admits a reduction

—_—~—

to a SLa(RR)-bundle. The correspondence in Proposition 2.9 is pointed out
in [38] and verified in [26]. In [11] an alternative very simple proof is
given which also leads to a better understanding of the naturality of the
correspondence.

The correspondence for PSL(2;C) is a consequence of [29]. For z € C
denote by Z(z) its imaginary part.

PROPOSITION 2.11. Let p: mM — G = PSL(2;C) be a representation
and A the corresponding flat G-connection over M. Assume that M x, G
admits a section & over M. Then

T(esni(A,5)) = —%volg(M, »)

REMARK 2.12. Since the volume of the representation does not depend
on the choice of a section it is gauge invariant and thus also the imaginary
part of the Chern-Simons invariant of a flat P.SL(2; C)-connection is gauge
invariant. We do not want to give any geometric interpretation of the real
part of the Chern-Simons invariant, since it will not be used in our proofs,
but we just want to mention that it is not gauge invariant. Consider the
special case where the developing map D, : M — H3 is an isometry with
respect to the pull-back metric of H3. Then R(cs/(4, §)) is the R/Z-valued
Chern-Simons invariant of the Levi-Civita connection corresponding to the
Riemannian metric in M pull-backed from the hyperbolic metric by D7.
This applies for instance when M is a complete hyperbolic manifold and p
is faithful and discrete (see [29]).

We have added some computational details to the proofs of Propsitions
2.9 and 2.11 and got a different constant for the relation between Chern-
Simons invariant and the volume of the representation. The different con-
stant is due to different conventions in the definitions of operations on g-
valued forms such as the wedge product or the Lie bracket.

2.1.4. Complexity of the sewing involution. Given a non-geometric
manifold M, its geometry depends only on the geometry of the pieces and on
the isotopy class of the gluing maps among them. As was already mentioned
earlier, in contrast to the simplicial volume the volumes of representations

—~—

into G = PSL(2;C) or Is0.SL2(R) somehow incorporate some information
about the gluing maps.

To observe this behaviour it is sufficient to consider the easiest cases
of non-geometric manifolds. Namely, we will look at l-edged manifolds
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M = Q- Uy Q4, where 7 : 0Q_ = T — 0Q4+ = T4 is the gluing map
between the two geometric pieces @Q_ and Q4.
We will consider two cases: The one where M is a graph manifold, that

is, both @_ and Q. are Seifert, with G = Is0.SL2(R), and the one where
Q- is Seifert and @ is hyperbolic with G = PSL(2;C). We call a finite
covering p : M — M g X g-characteristic, if for any component T over T
the map p induces the covering p|T : T'— T corresponding to the subgroup
qZ, ® qZ C mT. If the specific value of ¢ is of no further importance we
sometimes omit it and simply call the covering characterisic.

After fixing a basis s, he for H1(0Q¢; Z), € = +, the isotopy class of the

map 7 is uniquely determined by the integral matrix 7, = ( ch Z > with
determinant —1 and 7(s_) = as4 + chy, 7(h—) = bsy + dh.

We choose the basis as follows:

(1) when Q. is Seifert, then the basis (se, he) is chosen to be a section-
fiber basis for T, C Q.. In particular when both @_ and @, are
Seifert manifolds, then b # 0, else M would be a Seifert manifold.

(2) when Q. is hyperbolic, then the basis (s, h¢) is chosen to consist
of the first and second shortest simple closed geodesic on the Eu-
clidean boundary on the maximal cusp. Then the norm of a curve
as. + bh defined by va? + b? is equivalent to the Euclidean norm
in the cusp. Thus there exist real constants 0 < k < K such that

kv a? 4+ b? < length(ase + bhe) < Kv/a? + b2.

PROPOSITION 2.13. Let N = Q_ U; Q4+ be an one-edged graph manifold

and G = Is0.SLa(R). Then there is a n-fold q x g-characteristic covering
N —>~N, where n, q depend only on Q_ and Q4+, and a representation
p:mN — G such that

volg(N, p) = 8772£2 ifa=d=0, volg(N,p) = 47T2% if c=0,
q q
volg(N, p) = 42 n if ac # 0, volg(N, p) = 4n> n if ed #£0
G yP) = q2]ac| ’ G yP) = q2\cd\

Let @ be a one-cusped hyperbolic 3-manifold. Then a deformation of the
hyperbolic structure on @ can be extended to a complete hyperbolic metric
on the surgered manifold Q(a, b) if the length of the curve as¢+bh, is greater
than 27r. Thus for C' = 27/k we obtain that a deformation of the hyperbolic
structure on @ extends to Q(a,b) if va? +b?> > C. Here a,b are coprime
and Q(a,b) is obtained from @ by identifying 0Q with the boundary of a
solid torus such that the slope as. + bh is identified with the meridian of
the solid torus.

PROPOSITION 2.14. Let N = Q- U; Q4+ be an one-edged 3-manifold,
where Q_ is Seifert and Q4 is hyperbolic and let G = PSL(2;C). Then
there exists a n-fold q X q-characteristic covering N — N, where n, q depend
only on Q_ and Q4, and a representation p : mN — G such that for any
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vaz+ce2>C

Volg(ﬁ,p) =n-vol(Q4(a,c)) + M

length(7) (2.1.1)

where 7y is the geodesic added to Q)+ to complete the cusp with respect to the
(a,c)-Dehn filling and length(y) denotes its length in the complete hyperbolic
structure of Q+(a,c). The same statement is true for (b,d).

REMARK 2.15. By Theorem 1B in [37] we obtain

T 1
volQy (a, ) = volQ. — Zlength(y) + O <a4+c4>

where () .
20
length(v) =2r——— + O | ——
ngth(y) 7T|a+zoc]2 + <a4+c4>
with 29 a complex number with Z(z9) > 0 giving the modulus of the Eu-
clidean structure on the torus T' corresponding to the cusp of Q. Substi-
tuting these equations in Proposition 2.14 we obtain

volpgr(2,c) s Z(20) 1
IPSEEY) 010, — p2 0 - )
n vol@y = qla + zoc|? +0 at +c4

We added several details and explanations to the proof of Propostion
2.13 and 2.14. In particular we gave arguments for the vanishing of the
volume of some representations and we augmented the proof of Proposition
2.14 by an explanation of how the length(7y) term comes into the formula.
Furthermore we gave an explanation why the preliminary assumptions on
Q- and @ in the beginning of Section 2.8 can be made.

2.1.5. Organization of the thesis and further changes. The thesis
follows the structure of [11]. Sections 2.2, 2.3, and 2.5 provide the necessary
background information. Section 2.4 contains the proof of Proposition 2.3.
Section 2.5 contains the proofs of Proposition 2.9 and 2.11. Proposition 2.5
is verified in Section 2.6, Proposition 2.40 in Section 2.7 and Propositions
2.13 and 2.14 are verified in Section 2.8.

In Section 2.2 the most important results from 3-manifold theory are
summarized. With respect to [11], we added an argument for the fact
that all Seifert pieces of a non-geometric oriented prime 3-manifold have
geometry H? x R, since we couldn’t find it in literature, and augmented the
introduction to Seifert geometry, so that one can read it more independently
of other sources.

In Section 2.3 we introduce three different approaches to volumes of rep-
resentations. That is, we can define the volume of a representation using
developing maps, or continuous cohomology, or transvers/ely/projective foli-

ations. The latter only works for representations into SLy(R) and is used
in Section 2.4.

In Section 2.5 we recapitulate the necessary topics from gauge theory
and Chern-Simons theory. There is a change in Section 2.5.2, where we
prove the correspondence between the Chern-Simons classes for SU(2; C)
and SO(3;R) by direct computation instead of using Chern-Weil theory.
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2.2. 3-manifolds

2.2.1. Geometrization of 3-manifolds. Let M be an orientable com-
pact, but not necessarily closed, 3-manifold. An embedded closed surface
o C M, where o is not a 2-sphere, is called incompressible if every embedded
disk D € M with DNo = 0D bounds a disk inside . If ¢ is incompressible
and not parallel to any component of OM, then we call o essential. An
mcompressible 2-sphere in M is a 2-sphere that does not bound a ball in M.

We call a 3-manifold prime if it can not be decomposed as a connected
sum of two closed manifolds both different from S® and we call a 3-manifold
irreducible if it does not contain any incompressible 2-sphere. Irreducible
and prime are almost the same. That is, every irreducible manifold is prime
and the only orientable prime manifold that is not irreducible is 8% x S!.

An orientable 3-manifold is called Haken if it is compact, irreducible and
contains an incompressible surface.

The geometrization for 3-manifolds was conjectured and partially proven
by W. Thurston and its proof was completed by G. Perelman. Using decom-
position results of Thurston, Johansson and Jaco-Shalen it can be stated as
follows:

Let M be a closed orientable 3-manifold. There is a, up to order, unique
decomposition M = Mi#MsF# - - - #M;. into a connected sum of closed ori-
entable prime 3-manifolds M, ---, M} and each of the M;, i = 1,--- ,k
satisfies precisely one of the following:

(1) M; supports one of the following 8 geometries: H?, Sol, S% x R,

S3, R3, Nil, H? x R, SLo(R). In this case M; is called geometric.
(2) There is a minimal non-empty union of essential tori Ty, C M;
of M;, unique up to isotopy, such that each connected component
of M; \ Tu, is either a Seifert fibered manifold, supporting the
H? x R-geometry, or supports the H3-geometry. The components of
M;\ Ty, are called geometric pieces and M; is called non-geometric.

We want to give a short explanation for (2). Let M satisfy the assumptions
of (2). Note that every manifold satisfying (2) is by definition compact,
prime, not equal to S x S', and contains an incompressible torus. Thus it
is Haken.

We can apply Theorem 2.6 in [32] and obtain that there is a finite
covering M — M such that M is either a torus-bundle over the circle, in
which case it would be geometric with one of the structures R?, /S\’/ol, and
Nil, or each connected component in the torus decomposition of M either
has hyperbolic structure or is Seifert fibered over an orientable surface with
negative Euler characterstic (see Section 2.2.4 for details on Seifert fibered
spaces).

Let J\A/.fiNbe one of the connected Seifert fibered components with base
surface O(M;) satisfying x(O(M;)) < 0. It has non-empty boundary and
thus by Lemma 4.2 in [33] there exists a characteristic covering M; — M,
such that ]\Z is the product of a surface with a circle. It is known that
a surface with negative Euler characteristic can always be endowed with a
smooth hyperbolic metric which we obtain by applying pants decomposition
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and equipping each pant with a hyperbolic metric [7, p.111] Thus ]\/ZZ and
consequently also M; have geometry H? x R.

A prime closed orientable 3-manifold M is called a (non-trivial) graph
manifold if it is non-geometric and each of its geometric pieces is Seifert.

2.2.2. Thurston Hyperbolic Dehn filling Theorem. Denote by
H” the n-dimensional hyperbolic space. It can be seen as the upper half-
dx%+dx%+-~-+dx%
of orientation preserving isometries [so; (H™) can be viewed as the unit
tangent bundle of H" and can be identified with PSL(2;R) for n = 2 and
with PSL(2; C) for n=3.

Let M be a compact orientable 3-manifold with toral boundary oM =
T U ---UT; whose interior admits a complete (finite volume) hyperbolic
structure. That is, intM is isometric to H3/T" where I' C PSL(2;C) is a
discrete, torsion-free subgroup. Fix a basis (u;, \;) for H1(T;;Z),i=1,--- 1
and let (a,b1), -, (a;, b)) € Z? U {oc}. We define the surgered manifold
M((a1,b1),---,(a;, b)) as follows:

(1) If (a,b;) = oo then T; is left unfilled.

(2) If ged(a;, b;) = 1, let V = D? x S! be the solid torus and (m, 1) be
a meridian /longitude basis of Hy(0V = 0D? x S;7Z). We glue V
into M by identifying OV with T; such that the isotopy class of the
simple closed curve a;u; + b;\; is identified with m. This uniquely
determines the resulting manifold.

(3) If ged(as,b;) = @i then let a; = gy and b; = g;s; with (14, s;)
coprime. Denote by R,, the rotation of the unit disk D? by 27/g;
and let V,, be the orbifold V,, = D?/R, x S'. Glue V,, into M
by identifying the isotopy class of the simple closed curve a;u; +
b;\; with m. Note that in this case M ((a1,b1), -, (a;, b)) is an
orbifold.

space R"™! x (0,00) endowed with the metric Its group

Thurston’s Hyperbolic Dehn surgery theorem (see [43, 5.8.2] and also [4]
and [13]) gives a criterion for the resulting orbifold to be hyperbolic:

THEOREM 2.16. Let M be a compact oriented hyperbolic 3-manifold with
toral boundary OM = Ty U --- U Ty, whose interior admits a complete hy-

perbolic structure. Then there exists C' > 0 such that for \/a? + b? > C,
i=1,---,1, M((a1,b1),---,(a;, b)) is a complete hyperbolic orbifold.

More explicitly [43, Chapter 5] tells us that the complete hyperbolic
metric on M corresponds to a faithful, discrete representation p : myM —

PSL(2;C), such that, up to conjugation, p(u;) = ( (1) i ), and p(\;) =

(o)

If (ai,b;) satisfies y/a? +b? > C, for i = 1,--- ,p, then the represen-
tation can be modified to a representation pg so that, up to conjugation,
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eZﬂiai 0 627ri[3¢ 0
pd(/‘l) = 0 e—2mics ) and pd()‘z) = < 0 e—2miBi ) and the in-
duced structure on intM is a non-complete hyperbolic metric that can be
completed in the surgered hyperbolic orbifold M ((a1,b1),- -, (ap, bp)).
Furthermore Thurston’s Theorem shows that, if there exists ¢ such that
(ai, bi) # oo, then

volps M ((a1,b1),- -+, (ap, bp)) < volys M
and

lim volgs M ((a1,b1),- -, (ap,bp)) = volys M.
(a1,b1)—00,,(ap,bp)—00

REMARK 2.17. For ¢ > 0 we can decompose the interior M° of M as
M® = Mg,qU M), where Mg g, respectively M| ), are all points v € M
for which the shortest non-contractible loop at v has length smaller than or
equal to e, respectively larger than or equal to e. For small €, the set Mg
consists precisely of the cusps of M (see [43, Chapters 5, 6] and also [19]).

A horoball in hyperbolic 3-space H?, viewed as the upper half-space in
R3, is a subset of H? that is either a plane parallel to the  — y-plane or a
ball that lies in the upper half plane and whose boundary touches the x — y-
plane. Identify the universal covering of the interior of M with hyperbolic
3-space H3. Then the preimage of every cusp corresponds to an infinite
union of disjoint horoballs in H? and thus in particular for small € > 0 the
preimage of Mg . consists of an infinite union of disjoint horoballs. Now we
increase € and consider the preimage of the subset of Mg consisting of all
cusps of M in H3. There is a minimal € > 0 for which first two horoballs
become tangent in H3. The cusps corresponding to the horoballs that first
became tangent in M are called mazimal cusps [3, Theorem 11].

Denote by M,,q, the interior of M with a system of maximal cusps
removed, identify M with M,,.. and equip M with the induced metric. Then
OM has a Euclidean metric induced from the hyperbolic metric and each
closed Euclidean geodesic in @M has the induced length. By the 27-Lemma
(see [3]) M((a1,b1),- -+, (ap,bp)) is hyperbolic if the geodesic corresponding
to (a;, b;) has length > 27 for ¢ = 1,--- ,p. The first and second shortest
geodesic on each component T; of M must form a basis and under this
basis the norm of a curve (a,b) defined by Va2 + b? is equivalent to the
Euclidean norm in T; (see [21, p.309]). Thus under such a basis there is a
universal constant C' > 0 such that, for any one cusped hyperbolic manifold,

if \/a? +b? > C then M(a;,b;) is hyperbolic.

—_—

2.2.3. The Geometry SLsR. In this section we give an overview of

the most important properties of the Lie group SLyR. It is based on [41]
and [10].

It is well-known that the group of orientation preserving isometries of
H2, viewed as the upper-half plane, can be identified with PSLy(R). Using
this identification we obtain left-invariant metric on PSLy(R):

Consider the tangent bundle TH? of H? with projection 7 : TH? — H?.
The metric g on H? endows it with a natural metric g. Given curves o, § in
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TH? with a(0) = 8(0), it is defined by

3(6(0), 5(0)) = g(dn(a(0)), dr(5(0))) + 9( e (0), 22 (0)),
where % is the covariant derivative. This construction works for arbitrary
Riemannian manifolds. A more explicit construction for H? can be found in
[41]. From now on TH? is always equipped with the metric g.

Let f : H? — H? be an isometry. Then df : TH? — TH? is also an
isometry. Thus df restricts to a well-defined isometry df : UTH? — UTH?,
where UTH? is the unit tangent bundle of TH?. Tt is shown in [41] that
the left action of PSLy(R) on UTH? is simply transitive and since it is by
isometries, it induces a left invariant metric on PSLy(R) and consequently

also on SLa(R). There are two immediate consequences:

(1) SLa(R) is a subgroup of the group Iso.SLa(R) (the identity com-

P

ponent of the group of isometries of SLa(RR))

(2) the circle bundle structure of PSLy(R) endows SLy(R) with a line
bundle structure

P

Furthermore SLy(R) is not isometric to the trivial bundle H? x R, as one
can see by considering an appropiate distribution (cf. [41]).

A better imagination of PSLo(R) is obtained by identifying it with a
solid torus V = D? x S! through an isomorphism of Lie groups, that is:

SLa(R) ={(y,w)[7| <1, -7 Sw < 7}

The multiplication structure is rather complicated and we don’t want to
write it down explicitly here. A more detailed description of the identifica-

P

tion can be found in [26]. From that it becomes clear that SLy(R) = D?x R
as topological space, where the group structure is again more complicated.
Fix the identity 1 € PSL2(R) as base-point for the construction of

—_—~—

the universal covering and denote by sh(a) the element of SLo(R) that
corresponds to the homotopy class of the path v : [0,1] — PSLa(R), t —
cos(tmar)  sin(trar) '\ .
( —sin(tra) cos(twa) ) PSL(2,R).
It is well-known that the center of PSLy(IR) is given by 1 and the center

of SLy(R) is thus given by the elements that project to 1, i.e. {sh(n)|n € Z}.

Next we want to give a brief discussion of the Lie group Iso.SLa(R),

that is, of the identity component of the isometry group of SLy(R). We

—_——

obtain it by extending the Z-action of sh(n) on the lines of SLa(R) to an
R-action. Such an extension exists and is described in details in [41]. It
is constructed by considering the S'-action on UTTH? which is defined by
rotating each fiber by a fixed angle. It covers the identity on H? and lifts to

—_—

an R-action by isometries on SLo(R), given by translation of lines.

e~

The R-action commutes with the SLy(R)-action on SLy(R) and their
intersection as subgroups of Iso.SLa(R) is {sh(n)|n € Z}. It is proved in
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[41] that they generate Iso.SLa(R), which gives us the following useful
description:

—_—

REMARK 2.18. We obtain Iso.SL2(R) by taking the quotient of R x

SLy(R) under the equivalence relation ~, defined by: (x,A) ~ (2/, A’) iff
there exists n € Z with 2/ —x = n and A" = sh(—n) o A. We denote this

quotient by R xz SLa(R).

2.2.4. Seifert fibered spaces. The geometry SLo(R) is a specific ex-
ample of the more general concept of a Seifert fibered space. A Seifert fibered
space is a space which is fibered by circles with only finitely many excep-
tional fibers. That is, all but finitely many fibers admit neighbourhoods
such that there is a fiber-preserving homeomorphism to D? x S'. We don’t
want to go into the details of the exceptional fibers here, but rather give a
construction from which we obtain all orientable Seifert fibered spaces.

Let F,, be an oriented n-punctured surface of genus g > 0. Denote
the boundary components by si,---,s,. An orientation on S' induces an
orientation on N’ = F,, x S1. Let h; be the oriented S'-fiber on the torus
T; = s; X h;. Let 0 < s < n. Attach s solid tori V; along the boundary
components 17, -+, Ty of N’ such that the meridian of V; is identified with
the slope a;s; + b;h;, where a; > 0 and ged(a;,b;)) = 1 for i = 1,--- . s.

Denote the resulting manifold by (g,n —s; 2—11, e ,Z—Z . Each orientable

Seifert fibered space N with orientable base Fy,_s and < s exceptional
fibers is obtained in that way. The base orbifold of N is the orbifold obtained
as the quotient space O(N) = N/S!.

Six of the eight geometries of 3-manifolds are Seifert fibered spaces. Let
N be a closed oriented Seifert fibered space, i.e. s =n. Then the geometry
of N is uniquely determined by two real numbers.

The FEuler number of the Seifert fibration

S

e(N):ZQeQ

a
i=1 "

and the Fuler characteristic of the base orbifold O(N)

t 1
xO<N>=2—2g—Z<1—a,> €Q.
i=1 ¢

In terms of these two numbers, the geometry of a closed oriented Seifert
fibered space is given by the following table(cf. [41]):

e\x| >0 |=0| <0
=0[S?’xR|R?|[H?*xR
A0 S | Nil|SLy(R)




26 2. CHERN-SIMONS THEORY AND THE VOLUME OF 3-MANIFOLDS

2.3. Volumes of representations

Let G be a semi-simple, connected Lie group, K a maximal compact
subgroup and M" a closed orientable manifold of dimension n equal to the
dimension of G/K. Let p : mM"™ — G be a representation, that is, a
group homomorphism. Then we can assign a volume to p which we denote
by wvolg(M, p) and which will be explained in the following. If it is clear
from the context which Lie group G is meant we sometimes simply write
vol(M, p).

There are different ways in which the volume of a representation can be
defined which eventually turn out to be the same.

2.3.1. Developing maps. The first way to define the volume of a
representation is by using the notion of a developing map, but before saying
what a developing map is we need to fix a few notations. Recall that the
group G acts on X by left-multiplication. With respect to this action we
choose a G-invariant metric gx on X and denote by wx the corresponding
G-invariant volume form on X.

Note that also 71 M acts on X through the representation p and wx is
invariant under the m M-action. Let M be the universal cover of M and
think of a point T in M as a homotopy class of paths in M starting at a
fixed base-point xy € M. Then 71 (M, xg) also acts on M by concatenation
of paths. That is, for [y] € m1 M, and T = [c] an equivalence class of paths:
1.2 = [v.d.

Now a map

D,: M — X
is called a developing map if it is equivariant under the m; M-action:

Dy([7] ) = p(v) "' Dy(F) V& € M, [y] € m M.

The existence of a developing map is proved by explicit construction in [2].
For a better understanding of D, we want to sketch the construction here:

Fix a triangulation Ay of M and lift it to a triangulation A7 of M
which is clearly 1 M-invariant. Choose a fundamental domain €2 in M whose
boundary does not intersect the zero-skeleton A%I of the triangulation Az
and let {x1,--- , 21} = A%ﬂﬂ. Let furthermore y1, - - - ,y; be any collection
of [ pairwise distinct points in X and set

Dp(xl) :yi,’i: 1,'-' ,l.

There is a unique extension of D, to A%Z by 7 M-equivariance and finally
we extend D, to Ag; by extending first to edges, then to faces, and so on,
by straightening the images to geodesics using the homogeneous metric on
the contractible space X.

The map D, is unique up to equivariant homotopy. Thus Dj(wx) is a

well-defined m M-invariant closed n-form on M and can therefore be consid-
ered as a closed n-form on M. In particular the cohomology class of D} (wx)
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is independent of the choice of D, and thus we define:

vola(M, p) = ‘ /M D;(WX)‘ _

> ol x (Dp(A))
=1

where Ay, .-+, A; are the n-simplices of the triangulation Ays, the A; are
lifts of the A; and ¢; = +1, depending on whether Dp|”A‘f is orientation
preserving or reversing.

2.3.2. Continuous cohomology. The second way to approach the
volume of a representation is via continuous cohomology. Let o = {K}
denote the base point of G/ K, and denote for v1,--- ,v, € G by A(y1,--- , M)
the geodesic [-simplex spanned by the vertices 0,v10,- -7 - Y2710.

Since it is not necessary and would complicate things, we don’t want to
go into the details of continuous cohomology and just state an important
result. For further background see [45] and [15].

THEOREM 2.19. There is a natural isomorphism
H*(g,t; R) = H*(G-invariant forms on X) — H, .(G;R)
defined by

77'_><(717"'7'Yl)'_> n)-
A1)

The proof of the existence of a natural homomorphism can be found in
[15] and it is an isomorphism by the Van-Est Theorem which can be found
in [45].

We want to recall that to a representation p : m M — G we can associate
a flat X-bundle M x pX with structure group G over M as follows: The group
M acts on M x X by g.(Z,h) = (9.7, p(g)"'h). Define M X, X as the
quotient M x X/m M.

Let q : M x X — X be the natural projection and s : M — M Xp X
be a section. Note that by contractability of X a section always exists and
all sections are homotopic. Let w be a closed G-invariant form on X. Then
¢*(w) is a closed m M-invariant form on M x X and thus induces a closed

form w’ on M x p X and ' induces a closed form s*w’ on M. Alltogether
that gives us a natural homomorphism

p*: H,,.(G;R) = H*(G-invariant differential forms on X) — H*(M;R),
induced by p*(w) = s*(w').
The volume of the representation p is then defined by

wola(M,p) = [ 5G|

The two definitions are equivalent. To see the equivalence, observe that the
map Id x D, : M — M x X is miM-equivariant and thus descends to a
section M — M x, X.
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2.3.3. Volumes of representations by transverse foliations. Let
M be a closed smooth manifold and F a codimension one foliation defined
as the kernel of some 1-form w. By the Frobenius theorem there is a 1-form
d with dw = w A 0. Godbillon and Vey proved in [18] that § A dé is closed
and the cohomology class GV (F) = [§ A dS] € H3(M;R) is independent of
the choice of w. The class GV (F) is called the Godbillon-Vey class of F.

Let now M be a closed oriented 3-manifold. In [5] Brooks and Goldman

related the Godbillon-Vey invariant to the volume of a representation 5 :

mM — SLQ(]R,).

The representation 5 induces a representation ¢ : mM — PSLs(R)
with Euler class zero and conversely. PSLy(R) acts on S! and thus we
can consider the associated bundle M x4 S! over M on which ¢ defines
a transverse (PSLy(R), S')-foliation F,. Since ¢ has Euler class zero the
bundle admits a section d. Brooks and Goldman observed in [5], Lemma 2,
that 0*GV (F,) depends only on ¢ and not on the choice of section § and
defined the Godbillon-Vey invariant of ¢ by

GV (6) = /M S GV (Fy).

Assume that F defines a (PSLy(R),S!)-transverse foliation on M. Then
there is a canonical way to define a circle bundle £ — M with structure
group PSLy(R), a transverse foliation Fy, and a section 6 : M — E such
that F = 0*F4. Here ¢ denotes the associated representation. It was proved
in [5], Lemma 1, that

GV (6) = /M GV (F).

The following relation between the volume of a representation and the
Godbillon-Vey invariant has been verified in [5].

ProPOSITION 2.20. Let M be a closed oriented 3-manifold, ¢ : mM —

PSLy(R) a representation with zero Euler class and ¢ : m M — SLy(R) a
lift of ¢. Then

GV (9) = vol g (M, )

—_—~—

where SLa(R) is viewed as a semi-simple Lie group acting on itself by mul-
tiplication with the corresponding homogeneous space SLa(R).

Another important result from [5] relates the Godbillon-Vey class of a
transverse foliation of a circle bundle to its Euler class.

PROPOSITION 2.21. Let S' — E — M be a circle bundle with structure
group PSLy(R) and F a transverse foliation. Then

GV (F) = 4r%e(E)
S1
where [q : H3(E) — H?*(M) denotes integration along the fiber S' and
e(E) denotes the Euler class of the bundle E.
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2.4. Proof of Proposition 2.3

In the following let N be a closed oriented SLs(RR)-manifold whose base
2-orbifold is an orientable hyperbolic 2-orbifold O with positive genus g and
p singular points. Then we have a presentation

7r1N:< a1, B, g,Bg, | loa, B1]- - g, By = 51+ 5p, >

S1y-+-58p, I sURPY = o = spP b =1, [h, %] = 1

with the condition e =), Z—i # 0, where h is the fiber.
The following result of Milnor [34] is needed to apply the results from
Section 2.3.3.

THEOREM 2.22. Let S — M — S be an oriented circle bundle over a
surface S with structure group PSLy(R). Then the following are equivalent:

(1) The structure group of M can be reduced to a totally disconnected
structure group

(2) e(M)] < [X(S)| for x(M) <0 and e(M) = 0 for x(M) > 0.

(8) M is induced by a representation ¢ : m1.S — PSLa(R) whose exten-
sion to m M admits a lift ¢ : m M — SLy(R) with ¢(h) = sh(1).

(4) There is a transverse foliation of M.

REMARK 2.23. The Theorem was generalized by Wood [48] to topolog-
ical groups G with PSLy(R) C G C Top,S*/ {£1}, where TopsS! is the
group of homeomorphisms of S that commute with the antipodal map. For

the generalized version replace SLy(R) by the universal covering G of G.
The foliation is smooth if G is a subgroup of the group of diffeomorphisms
of S! that commute with the antipodal map modulo +1.

It follows immediately from the proof of Theorem 1.1 and 1.2 in [48]
that the representations inducing M are precisely the ones satisfying the
properties in (3).

LEMMA 2.24. Let ¢1,--- ,gs denote elements in SLa(R) such that each
gi 1s conjugated to an element of the form sh(ay), for some o; € R. If
the product g1 ---gs can be represented as a product of g > 0 commutators
[T2_, [vi, wi], then

S

> lai) <29 -2 and i[aﬂ >2—2g. (2.4.1)

i=1 =1

Conwversely, if inequality 2.4.1 holds, then there exist conjugates g; of the g;,

i=1,---s and v1,w, - ,vg, Wy € SLa(R) such that
g
G gs = [ o wi]
=1

PRrROOF. The Lemma is a consequence of Lemma 2.1, Theorem 2.3, The-
orem 2.5, and Theorem 4.1 in [16]. The proof is included in the proof of
Theorem 3.2 in [16]. O
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PROPOSITION 2.25. If a representation p : w1 (N) — Iso.SLy(R) =

R xz SL2(R) has non-zero volume, then there are integers n,ni,...,n,
subject to the conditions

Ztni/aij —n<2g—2 and Z[nl/aﬂ —n>2-2g (2.4.2)

such that

p(si) = (Z - Zi (Z (Z) - n> gish <—a”> 951> (2.4.3)

ng

— ) - 1 2.4.4
(Z (%) n> , ) (2.4.4)
The volume of p is given by

vol(N, p) = 47r2|i (Z (Z) - n>2. (2.4.5)

Conversely, if there are integers satisfying the ineqalities 2.4.2 then there is
a representation p satisfying 2.4.3 and 2.4.4 with volume given by 2.4.5.
Moreover the p-image of o1,B1,...,04,8; can be chosen to lie in

SLy(R) = {(0,2)}e € SL>(R) }.

For the proof of the proposition we use the following Lemma

LEMMA 2.26. Let N be a compact manifold and p : m N x [0,1] —

Is0.SLa(R) be a smooth family of representations. Denote by p; the re-
striction of p to 1N x {t}. Then vol(N,p;) also depends smoothly on t.

PRrROOF. Consider the universal covering 7 : N > N. Nisa principal

e ~——

w1 N-bundle. Define a 71 N-left action on X x[0, 1], with X = Is0.SL2(R)/K,
where K = S! is a maximal compact subgroup, by:
pw: mNx (X x][0,1]) — X x][0,1]
(7, (z,1)) = (p(Y) - 2, t)
Taking the associated bundle with respect to this action yields a smooth
fiber bundle @ with fiber X x [0, 1] over N:

Let Q = N x X x [0,1]/ =, where (p,z,t) = (- p,pt(3)~! - 2,t) for
7 € mN. Then the X x [0, 1]-bundle over N is defined by mg : @ — N with
mQ([(p, z,1)]) = 7 (p).

Since the p-action leaves X x {t} invariant, we can in fact view @ as a
smooth fiber bundle over N x [0, 1] with projection map g : @ — N x [0, 1],
[(p, 2, 1)] = (7(p),1).

Obviously the restriction @Q; of @ to ﬁél(N x {t}) is precisely the fiber
bundle associated to the representation p;, with fiber X over N, where
t €[0,1].

As in Section 2.2 we can now map a G-invariant closed form w on X to
a closed form s*(w’) on N x [0,1] as described follows:
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First take its pull-back form ¢*(w) under ¢ : NxX — X and observe that
it is 1 N-invariant. Then take the closed form «w’ induced by the projection
onto . Finally take a section s : N x [0,1] — @, which exists since X is
contractible and consider the pull-back s*(w’) which is again smooth and
closed.

Clearly that restriction to N x {t} coincides with the form that we obtain
from w, when applying the same construction with respect to the restricted
bundle @, yielding the form w; = w'|g, and then using the restricted sec-
tion s; := 8|nxs, yielding the form s}(w}). Thus ay(w) := s7(w)’) varies
smoothly in .

On the other hand the cohomology class of sj(wj) by construction co-
incides with pjw. Hence for a given G-invariant form w on X the family
{piw}icpp) of cohomology classes admits a family of representatives a;(w)
varying smoothly in ¢t. Now let wx be the G-invariant volume form on X.
Then, by compactness of M,

iV =| [ i) =| [ auton)

also varies smoothly in ¢. That completes the proof of the Lemma. O

PROOF OF PROPOSITION 2.25. First assume that we are given a repre-
sentation p with non-zero volume. This implies that p(h) is in the center

of G, ie. p(h) = ((,1) € G = R xz SLy(R). The argument for this is

almost the same as the one given in [5] on page 663: Suppose p(h) # (¢, 1)
for any ¢ € R. Since h is an element in the center of G, p(m N) must lie

in the centralizer C of p(h). Hence the map p* : H3 ,(SLa(R)) — H3(N)
factors through H3 ,(C) = 0, where the latter vanishes since C is two-

dimensional. Two-dimensionality of C'is proved in Section 3.2.1. But, since

vol(N, p) = | [y p*wX’, for wx the volume form on X = SLy(R), it is im-
mediate that vol(V, p) = 0, a contradiction.
Now let p(s;) = (2, ;). Then s{"h% = 1 implies that:

(aizi, i) (¢, 1) = (asz + bi¢, ") = 1

and therefore there is an n; € Z such that:

a;z; + b;¢ = n; in R and x; is conjugate in SLo(R) to sh <—m> (2.4.6)
a;

Since the composition in the first factor of G is commutative we obtain

P

that every product of commutators in G must lie in SLy(R) and hence
[a1, B1] -+ - [og, Bg] = s1 -+ sp implies that:
g
(21+"'+Zp,$1.--1'p): O?H[p(a])ap(ﬁj)]
j=1

Consequently there is an n € Z such that

stz =nand []o(ey),p(8)] = sh(n)as ... xp. (2.4.7)
j=1
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Observe that after possibly changing the representatives (z;, z;) for the p(s;)
we may assume that n = 0. Applying 2.1, 2.3, and 2.4 of [16] yields condition
2.4.2.

Solving 2.4.6 and 2.4.7 for n; and ¢ we obtain

L S Y Zp:@—n (2.4.8)
e a;” e — a; ’ o

which implies equations 2.4.3 and 2.4.4.

—_~—

The statement, that for a given representation p : 1N — R xz SLa(R)
of non-zero volume we can always assume that the image of aq,- -+ , ay, 51,

-, B liesin SLoR, is a direct consequence of Lemma 2.26 and the structure
of the fundamental group of a Seifert manifold.

Indeed, as we see from the structure of the fundamental group and
the already proven fact that p(h) is an element of the center, the only
obstructions on the choice of p(ai),- -, plan), p(B1), -+, p(Bn) are given
by a commutator relation, which does not impose any restrictions on the
R-component. Hence we can always choose a smooth path of representa-
tions p; from p to a representation with image of ay,---,ay, 1, , By in

SLy(R) = {[(x,a)] € R xz SLy(R)|x = 0}. Then by the Lemma the vol-
ume vol(N, p;) also varies smoothly in ¢ and is therefore constant, since it
can attain only finitely many values.

Now we compute the volume of such a representation. Let pq : N> N
be a finite degree covering of Seifert fibered spaces with fiber degree 1, such
that N is a circle bundle over a surface F. According to Theorem 1.2 in
[36] we obtain

&= e(N) = (degp)e.

Let 7 be the fiber of N and p = pfp. Then (%)g = H?Zl [&;,g]] in m N

(cf. [41, p. 435]), and therefore ,T)((%)g) = (e¢,1) € Z(G) N SLy(R), since
the image of the fibre must lie in the center (see above) and the image of
the product of commutators must lie in SE;ED/R) Hence e =n € Z.

Let po : N — N be the covering along the fiber direction of degree €,
and then € = e(N) = 1. Then p:= p © pay sends m N into SLy(R) and the
fiber ¢ of N is sent to sh(7).

And finally there is a covering p, : N — N* along the fiber direction of
degree n, and where N* is a circle bundle over a hyperbolic surface F with

—_—~—

e* = e(N*) = n. Then p induces a representation p* : 1 N* — SLs(RR) such
that p = pZp*. In particular p*(h*) = sh(1), where h* denotes the fiber
of N*. By Theorem 2.22 and Remark 2.23, p* induces a (PSLy(R),S)-
transverse foliation on N*.

Hence according to Proposition 2.20 and 2.21, vol(N*, p*) = |47n2e*| =
472|n|. But then by Theorem 2.1 we obtain that:

vol(N, p) = 4n’n? = 4?2



Hence since

we obtain:

vol(N, p) =

2.4. PROOF OF PROPOSITION 2.3

()

degprdegps = . e,
_ NP AT a0
degp1degps e le]

=1

33
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2.5. Background on Chern-Simons Theory

In this section we give a short revision of Chern-Simons Theory, focusing
on its connection to Volumes of Representations.

2.5.1. Principal G-bundles, Connections and Curvatures.

2.5.1.1. Principal G-bundles. Let G be a Lie group. First we want to
quickly review the notion of a Principal G-bundle and state some properties
of Connections on Principal G-bundles. The main purpose is to fix notations
for the following sections. A principal G-bundle over a smooth manifold M
is a smooth manifold P together with:

e a smooth map 7 : P — M,
e a right G-action,

PxG — P
(p.g) = p-g=:r4(p)
satisfying that there is a covering {U,} of M by open sets together with
diffeomorphisms
71U, — U, x G
p = (7(p) ¢alp))
such that ¢q(ry(p)) = r¢(da(p)) for all p € U,.

Under these conditions we call P the total space, M the base space, G
the structure group, m the projection map and the diffeomorphisms are called
local trivializations. A G-equivariant bundle automorphism ¢ : P — P is
called a Gauge transformation and the group of all Gauge transformations
G(P) is called Gauge group.

For a given Lie group G we denote by g its by Lie algebra and by
exp : g — G its exponential map. Let w : P — M be a principal G-bundle.
For X € g, (p,t) — p-exp(tX) defines a flow on P. Its generating vector
field is denoted by X* and is called the fundamental vector field generated
by X.

The map g — T, P, X — X is injective with image ker(D,m). We call
ker(Dpm) =: V), the vertical tangent space at p and define V' :={J,cp V).

2.5.1.2. Differential forms with values in a Lie algebra g and connec-
tions. For a manifold M, the vector space of differential k-forms with values
in g is denoted by Q¥(M;g). Define the exterior product

A QF(M; g) x QH(M; g) — QFH (M g @ g)
by

wAn(Xy, - Xpt) o= o

the Lie bracket
[,.] : QF(M; g) x Q' (M; g) — Q¥ (M g)
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and the differential
d: Q" (M;g) — Q" (M; g)
by
k+1 -
dw(X1, - Xpt) : ZX (X1, Xiy -, Xpa1))

+Z 1)Hig( X“X]Xl’...73(\1.,...75(;.7...7)(“1).
1<j

A connection on P is a smooth distribution H := UpeP H,, satisfying TP =
Ha&V and Dyry(Hy) = Hyg, Vp € P, g € G. Every connection can uniquely
be identified with a connection 1-form w on P, that is, w € Q(P;g) with:
(1) ryw = Ady-1(w) Vg € G,
(2) w(A*) = AVAeg.
Given a connection H on P we obtain the corresponding connection
1-form w on P by definining:

wX)=0 ifXecH
w(A)=A ifAeyg

Given a connection 1-form w on P we obtain the corresponding connection on
P as H := ker(w). Due to this correspondence we usually do not explicitly
distinguish between a connection and its connection 1-form, but mean both
when talking of a connection.

Two connections Hy and Hs on P are called Gauge equivalent if there
is a Gauge transformation ¢ with D¢(H;) = Ho.

2.5.1.3. Curvature and holonomy. Let now w be a connection 1-form on
a principal G-bundle 7w : P — M. Then the curvature F* of w is defined by

1
w::dw+§[w,w].

The connection H = ker(w) is called flat if F* = 0 and H is integrable if
and only if it is flat. The set of connections on P is denoted by A(P) and
the subset of flat connections by FA(P).

A smooth curve ¢ : [0,1] — P is called horizontal (with respect to H)
if ¢(t) € Hepy VE € [0,1]. Let v : [0,1] — M be a curve in M. Then for
every p € 7 1(c(0)) there is a unique horizontal lift 7 : [0,1] — P of  with
7(0) = p.

There is a correspondence between flat connections on P up to Gauge
equivalence and representations m; M — G up to conjugation.

Given a flat connection H, a point p € P, and a loop ~ : [0,1] in M
starting at 7(p). Then the endpoint p, := 7(1) = p - g(y) of the horizontal
lift of v with 4(0) = p only depends on the homotopy class of v in M and
we obtain a representation p : 1M — G, [y] — g(7) !, called the holonomy
representation of H. -

Conversely, given a representation p : mM — G, m M acts on M x G
by [v] - (m, g) := ([v] - m, p([7]) - g). The quotient of M x G under this 7 M-

action, denoted by M x » G, is isomorphic to P and we obtain a connection
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by taking the push-forward of the trivial connection on M x G under the
projection map.

The correspondences are inverse to each other if M is connected. We
close this section with a short discussion of the so-called Maurer Cartan
connection:

ExaMPLE 2.27. Consider a trivial principal G-bundle P := M x G. The
tangent spaces to the submanifolds m x G with m € M define a connection
on G. It is the kernel of the connection 1-form wp; ¢ = d(lgq o ), where
ly denotes left multiplication on G. This connection is called the Maurer
Cartan connection. The connection is clearly integrable and thus flat, that
is, it satisfies the equation

1
dwnrc. = ) (wa.c.,wm.c.] -

2.5.2. Chern-Weil theory and the Chern-Simons action. For a
Lie group G a symmetric linear map f : ®§:1 g — K is called a polynomial
of degree I. The Polynomials of degree [ that are invariant under the adjoint
G-action Ad : G x g — g are called (Ad-)invariant Polynomials and the set
of all such Polynomials is denoted I'(G).

Given a principal G-bundle 7 : P — M and a connection w on P, then
every f € I'(G) defines a K-valued 2I-form f(A'F“) defined by

FINF) (X, Xay) o= FINF9(X0, - Xay).
By Chern-Weil Theory the form f(A'F“) is closed and is the pull-back of a
unique form o (f) on M under 7. The Chern-Weil Theorem shows that the
class of a*(f) in H?(M;K) does not depend on w, inducing the Chern-Weil
homomorphism
Wp : IN(G) — H*(M; K).

For a Lie group G a principal G-bundle EG — BG is called universal for
G if EG is contractible. Universal bundles always exist when we allow EG
and BG to be infinite dimensional manifolds and the base BG is unique up
to homotopy equivalence. An important property of the universal bundle is
that every principal G-bundle 7w : P — M is obtained as the induced bundle
of a continuous map & : M — BG that is unique up to homotopy. The
map is called classifying map and the corresponding bundle homomorphism
is also denoted { : P — EG. The universal Chern-Weil homomorphism
W : IN(G) — H?(BG) exists and satisfies &W (f) = Wp(f). Thus Wp is
completely determined by W and &. This property will be useful later.

In [8] Chern and Simons showed that for f € I'(G) the ry-invariant form
f(ALF®) is exact with primitive given by
1
Tf(w) = z/ flwA F Y,
0

where ¢y = tF“ + 1/2(t? — t)[w,w]. The form can be written without
integration as

-1
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In particular for [ = 2 we get the 3-form
Tf(w) = f(do Aw) + 5w AL,
Assume further that P — M admits a global section s € I'(P), i.e. is trivial.

The Chern-Simons invariant of w and s is defined by

cs(w,s) == /M s*T f(w).

The map
AP X P(P) — K
(w,s) = s(w, s)

is called Chern-Simons action.

Consider now the case where dimM = 2] — 1, e.g. | = 2, dimM = 3.
Then T f(w) is closed, because dT f(w) is the pull-back of a 2l-form on M,
as was mentioned above. Thus under these conditions, the Chern-Simons
invariant does not depend on the homotopy class of s.

Considering G as a principal G-bundle over a point and equipping it with
the Maurer-Cartan equation we define the set I[l](G) of integral polynomials
of degree [ by

1@ = {1 € I'G)Tf(wnc) € HY (G 2) ).

For f € Iy(G) and M a closed manifold the Chern-Simons invariant of two
different sections only differs by an integer and thus we obtain a well defined
functional

sy Auxe = K/ Z.

This is wrong for OM # ().

EXAMPLE 2.28. For our purposes important examples are G = SU(2; C)
and G = SO(3;R) and we restrict to the case [ = 2, since we are interested
in 3-manifolds.

For the group SU(2; C) the only Ad-invariant polynomial of degree 2, up
to multiplication by scalars, is the polynomial Tr(A- B), with A, B € s[,(C).
On the other hand the second Chern class C5 is given by

1

and is in I3(SU(2; C)). Thus it is natural to base the Chern-Simons classes
for the group SU(2;C) on the second Chern class.

For the same reasons the Chern-Simons classes of the special orthogonal
group G = SO(3;R) are based on the first Pontrjagin class f = P, €
I3(SO(3;R)), where

1

From now the Chern-Simons invariants of principal bundles with structure
group SU(2;C) or SO(3;R) will always be defined with respect to these
polynomials.
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Given a closed orientable Riemannian manifold M of dimension dimM =
n, then the positive unit frame bundle SO(M) is canonically a SO(n)-bundle
over M and the Levi-Civita connection on 7'M uniquely defines a connection
on SO(M) (cf. for instance [1]) which is also called Levi Civita connection.
If dimM = 3, then SO(M) is trivial and thus SO(M) — M admits sections
s. The Chern-Simons invariant of the Levi Civita connection evaluated on
a section s is denoted by ¢sy ¢ (M, s).

There is a 2-fold covering ¢ : SU(2;C) — SO(3;R) by a Lie group ho-
momorphism and there is only one Ad-invariant polynomial of degree 2 up
to scalar multiples for each of the two groups. Thus the question comes
naturally, whether there is a relation between the Chern-Simons invariant
of a connection w on a trivial principal SU(2; C)-bundle P = M x SU(2;C)
and the Chern-Simons invariant of the induced connection w’ on the corre-
sponding SO(3; R)-bundle P/ = M x SO(3;R), obtained via the surjective
bundle homomorphism f := (idys, ¢) : P — P’. f is a smooth covering of
degree 2 and thus in particular a local diffeomorphism.

Let ¢ : su(2) — s0(3) be the induced Lie algebra homomorphism. Then,
for X', Y’ € Ty P, p’ € P', the connection 1-form ' is defined by

W'(X') = s (w(X))

where X € T,P with p’ = f(p) and X’ = D f(X). It is not hard to check that
w’ is indeed a well-defined connection 1-form. Choosing a neighbourhood
U C P of p such that f|U is a diffeomorphism we observe that ' = ¢, o

((flU)~Hw).

LEMMA 2.29. Let P, P, w and W' be defined as above. Then for a
section 0 : M — P and the corresponding section &' := f o the Chern-
Simons invariants satisfy:

sy (W', 0") = —despr(w, d).

PROOF. Since ¢, : su(2) — s0(3) is a Lie algebra homomorphism it is
a linear map between finite-dimensional vectorspaces and respects the Lie
algebra structure. In particular it commutes with the exterior derivative,
the Lie bracket, and the wedge product. Thus commutativity of pull-back
and exterior derivative yield:

dw' = d(¢s o ((fIU)""w)) = a0 (d((fIU) W) = ¢ o (f|U) " (dw)
which means that
dw/(X,’Y/) = ¢*(dw(X7Y))
for X")Y' € Ty P, f(p/) =p, and X,Y € T,P with Df(X) = X', Df(Y) =
Y’
Also note that
[wlvwl] (leyl) = [¢*(W(X7 Y)),¢*(W(X, Y))] = ¢*([W(X> Y),UJ(X,Y)]).

Recall the explicit form of ¢,. Remember that

_ o =y -tz
5u(2)_{<y+zz iz )|x,y,z€]R},
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0 vy =z
50(3) = -y 0 —z ||z,y,z€R
—x z 0
Then it is known that
. ) 0o 2 2
& 1 Ytz \ 9 Oy —;:z
*\y+iz —iz - y
—2x 2z 0
Furthermore observe that
0 2y 2w i 1T —y +iz 2
Tr -2y 0 -2z = —8(x?+y?+2%) = 4Tr ( . Y- )
2z 2z 0 y+uz v

Putting these results together we obtain that
FTP()(X,Y, Z) = Pi(¢:((dw' A)(DF(X), Df(Y),Df(Z2))))

+ P10 A [ (DI X), DIY), DF(2))

= Pi(¢«((dw Aw)(X,Y, Z)))
" %pl(@(w A lw, @) (X, Y, 2)

4
= —40((dw A W) (XY, Z)) = 2 O((w A w, w]) (XY, 2))
= —A4TCy(w)(X,Y, Z)
The Lemma follows immediately:

csM(w’,é’):/ (5’)*TP1(w'):/Mé*f*TPl(w')

M

_ / ST Ch(w) = —Acsar(w, 6).
M

Now consider the following commutative diagram
SL(2;C) — PSL(2;C)
T T
SU(2;C) — SO(3;R)
and recall that the Lie algebra of SL(2;C) is the complexification of the
Lie algebra of SU(2;C). The same holds for the right side and thus the
Chern-Simons classes of SL(2;C) and PSL(2;C) are also based on C and

P;. Hence the Lemma also holds for P a SL(2; C)-bundle over M and P’ a
PSL(2;C)-bundle over M.

2.5.3. Volume and Chern-Simons classes in Seifert geometry.
This section is devoted to the proof of the following proposition:

PROPOSITION 2.30. Let p : mM — G = Iso.(SL2(R)) be a represen-
tation and A the induced flat connection on the associated principal bundle
P =M x,G. Assume that P admits a section 6 : M — P. Then:

espr(A,0) :/

IR <dA NA+ éA A [A, A]) = 2volg(M, p),
M
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where the Chern-Simons class is based on the polynomial R(A ® A) =

P

Tr(X?) +1t? for A= X +t € Lie(SL2(R)) ® R = Lie(G).

PROOF. The proof is inspired from [36],p. 532 and follows their repre-
sentation. The matrices

(0 )-8 (h)

together with the generator T of R form a basis of the Lie algebra g of G.
We get a new basis (X,Y, Z, W) by setting W = Z — Y — T which satisfies
the following commutator relations:
[X,Y]=-2Y,[X,Z] =27

Y, Z =Y, W] =[ZW]=-X,[X,W]=2Y +2Z.
Denoting by ¢x, ¢y, ¢z, ¢w the dual basis of g* the Maurer Cartan form
of G is given by

wMe: =9x QX + oy QY + 9z Q0 Z+ ow QW

It is immediate from the commutator relations that

wir.c,wme] =—4(dx Noy) @Y +4(dx Nopz) ® Z
+4(px Now) @Y +4(dpx Nopw) ® Z
—2(py Nz) @ X —2(dy Ndw) @ X —2(dpz AN dw) @ X

Let M be the universal covering of M, qq : M x G — G the projection onto

the second component and™: M x G — M X, G the canonical projection
onto the associated bundle. Then the corresponding flat connection A on

M x p G corresponds to the form ¢ (war.c.), where the push-forward under™
is well defined, since ¢ (war.c.) is T M-invariant.
According to Section 2.5.2 we obtain
1
TR(wpm.c.) = _ER(WM.C. Alwarcswa.cl) -

Since

wir.o. A [ware,wae] =

—2(dx NPy N 9z) ® (X ® X) —2(dx N dy A dw) ® (X ® X)
—2(ox Nz N dw) @ (X @ X) —4(dx Ay N dz) ® (Y ® Z)
—A(px Ny Aow) @ (Y @Y) —4(dpx Aoy A ow) @ (Y @ Z)
—2(oy Aoz A ow) @ (Y @ X) —4(dx Ndy Nz) ® (Z®Y)
—APpx NPz Ndw) @ (ZRY) —4(dx Nz N ow) @ (Z ® Z)
+2(dy NPz AN opw) @ (Z @ X) —4(px Aoy Npw) @ (W RY)
+4(px Ndz A pw) @ (W @ Z) — 2(dy AN pz N dw) ® (W @ X)

Recall that R is the symmetric polynomial defined by R((A+¢)® (A+t)) =

Tr(A2%)+1t2 for A+t € slo(R) R = Lie(Is0.SL2(R)) and thus by linearity
of the Trace

1
R((A1 +t1) ® (A2 +t2)) = §(A1A2 + Az Aq) + tito,
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for Ay + t1, Ag + t2 € slo(R) @ R Hence we get the following non-zero val-

—~—

ues for R, when evaluating on the base elements of Lie(Is0.SLa(R)) ®

—_—~—

Lie(Is0.SLa(R))
RX2X)=2R(Y®Z) =R(Z2Y)=1,RW o W) =1
Thus
TR(wnm.c.) =2¢6x Aoy Nz + g(QSX Aoy +dx Ndz) N dw.
It is easy to see that
d(¢y — ¢z) = 2(px N by + dx A ¢z),

d(¢w) = 0.
Thus we obtain

2
TR(wa.c.) = 20x N oy Aoz + d(dy N dw = 6z A dw)-
Now consider the following commutative diagram:

G— ™ . x

qG QXT

MXGLMXX

Since ¢x A ¢y A ¢z represents the volume form on X = SLy(R) the propo-
sition follows from the diagram and Stokes formula:

/M S*TR(A) = /M a5 TR(wirc)

=2 /M S qami(ox N oy N dz) + /M do

= 2/ s g% (ox N oy A oz)
M
= 2UOZG(M7 p)

where an appropriate 2-form « exists due to G-invariance of (¢y —dz) A o .
O

2.5.4. Volume and Chern-Simons classes in Hyperbolic Geom-
etry. This section is devoted to the proof of the following proposition:

PROPOSITION 2.31. Let M be a 3-dimensional manifold, M its universal
covering and p : mM — PSL(2;C) = G a representation. Denote by A
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the induced flat connection on the associated principal PSL(2;C)-bundle
P=Mx,G— M. Assume that P admits a section 6 : M — P. Then

T(esnr(4,9)) =~ —gvolg(M, p)

PROOF. Recall that p : PSL(2;C) = Iso,H? — H? is a principal
SO(3; R)-bundle over H?, where p denotes the natural projection, and in
particular K = SO(3;R) is a maximal compact subgroup of PSL(2;C)
with X = G/K = H3. Denote by wys the G-invariant volume form on H?
corresponding to the hyperbolic metric.

Note that the principal G-bundle M x ,G is trivial if and only if p admits
a lift into SL(2; C). That holds, since we know from obstruction theory that
any principal bundle over a 3-manifold M with simply connected group is
trivial.

Consider the complex basis

1 0 01 00
(o 5)r=(00)7=(15)
of 5l(2; C) which satisfies the commutator relations

[X,Y]=2Y,[X,Z] = —22,[Y,Z] = X

and denote by ¢x, ¢y, ¢z the dual basis of sI*(2; C). With respect to this
basis the Maurer Cartan form of G is

WM =0x X +dy @Y + ¢z ® Z.
Thus we obtain
[warc,wire] = 4(dx Aoy) @Y —4(px ANdz) @ Z +2(0Y A dgz) @ X

and consequently

wi.e. N wam.e,wa.e] = (2.5.1)
opx Ny Ndz) @ (ZRY) +4(dx Ny Adz) @ (Y @ Z) (2.5.2)
+2(dx Ny A dz) @ (X @ X). (2.5.3)

Thus we obtain that
TCy(wm.c.) = _éCQ(WM.C. Awnmc.,wm.el) = _4771#@( Aoy N dg.
It is immediate from Lemma 2.29 and its proof that
TP (wp.e.) = %@ﬁx Aoy A ¢z,

where wys.c. now denotes the Maurer Cartan form on PSL(2;C) by abuse
of notation.
According to Lemma 3.1 by Yoshida [49] we thus have

) 1, ) ;
iTP (wypc) = ﬁp wps + zcsL_C,(]HS) +dvy (2.5.4)

where ¢sy, ¢ (H?) is the Chern-Simons 3-form of the Levi-Civita connection
over H3 and dv is an exact real 3-form. Note in particular that -, as given
in [49], is invariant under the G left-action.
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To conclude the proposition we evaluate the following commutative di-
agram

where s = pod. In the following computations we will drop the index of g¢
and ¢ps and simply write ¢ for both, since the maps will be clear from the
context.

The forms ¢*TPy(warc.), ¢ p*wpys, and ¢*csp.o (H3) and ¢*dy are in-
variant under the left G-action. Consequently we can take the push-forward
of equation (2.5.4) under ~and obtain the equation

—_— 1
i¢* TPy (wrr.c) = ﬁq*p*w]Hs +ig*csp.o.(H3) + g*dy

of 3-forms on M Xp H3.
Taking the pull-back under § and integrating over M, equation (2.5.4)
becomes

1 - — _
icspr(A,9) = 7r2/ 0" q*p*wyps —|—i/ 8 q*es.o. (H3) —i—/ 0 q*dry.
M M M

By commutativity of the diagram 6*¢*p*wys = *p*¢*wys = s*¢*wys. By
left-invariance of ¢*v under G the push-forward g¢*v exists and we obtain
8 q*dy = 6"d(q*y) = 6"d(q*y) = d(5*(¢"))-

By Stokes formula and closedness of M we obtain [, d(6*(¢*y)) = 0
and by Section 2.3.2

UOl(M,p):/ s*q*wps.
M

Alltogether that implies

csnr(A,6) = —%UOZ(M, p) + es(M,; ), (2.5.5)

where cs(M,;0) = [, 6*q*cs(IH3). O

2.5.5. Normal forms. To compute volumes of representations explic-
itly we want to recall from [29] and [26] a few facts on normal forms of
connections near toral boundaries of 3-manifolds and their relation to the
Chern-Simons invariant. To simplify the situation we consider a compact
oriented 3-manifold M with toral boundary O0M = T and we choos a basis
(s,h) of Hi(OM;Z). Note that analogous statements hold in the case of
more than one toral boundary component.
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Let p : mM — G be a representation where G = PSL(2;C) or G =

P

SLy(R). Here it is important to note that there is no reason for the follow-

ing statements to hold when G = Is0.SLy(R) which is one of the central
obstructions to a generalization of Proposition 2.4.2 to non-geometric prime
manifolds. Consider the space of flat connections on the trivialized principal
bundle P = M x G and recall that every principal bundle with structure

group SLo(R) is trivial whereas for G = PSL(2;C) triviality is equivalent
to p admitting a lift into SL(2; C).

It follows from [49] and [26] that, for both choices of G, after conjugation
the representation attains one of three possible normal forms on OM.

For A € G = SL2(R) we distinguish the following three normal forms
after taking the projection of A onto PSL(2;R).
A is said to be in elliptic normal form if

p(A) € Ty = { ( cosp  sing >‘¢> € [o,w[}
p(A)EFpm—{<(1] i)

—sing coso
c€E IR}
and in hyperbolic normal form if

p(A)thyp:{<g an )‘0<a€1&}

REMARK 2.32.

in parabolic normal form if

P

(1) Every element in SL2(R) is conjugated to an element in normal
form.
(2) It is known (and not hard to prove) that whenever two non-central

—_—~—

elements A, B € SL2(R) commute and A is in elliptic/parabolic/
hyperbolic normal form, then B is also in elliptic/parabolic/hyper-
bolic normal form.

In the following we will mainly consider the elliptic case.
In a similar way we distinguish the following normal forms for A €
PSL(2;C). If trA # 2 and A is in normal form then

e21'7ro¢ 0
A—( 0 e_gma),ae@.

We call A elliptic if |trA| < 2 and hyperbolic if |trA| > 2. If trA =2 and in
A is in normal form then

1 a
Az(o 1>,a€@.

In the following we will only consider the first case. Thus assume that

both p(h) and p(s) attain the elliptic normal form for G = SLy(R) and the
hyperbolic or elliptic normal form for G = PSL(2;C). Let A denote the
corresponding connection on P. Then there exists a Gauge transformation
g such that the induced connection g * A satisfies
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The behaviour of the Chern-Simons invariant under Gauge transformations
that fix a given connection near the boundary is investigated in [29], Lemma
3.3, and in [49], Theorem 4.2 and can be summarized as follows

PROPOSITION 2.33. Let A, B be two flat connections in normal form
over an oriented 3-manifold with toral boundary. If A and B are equal near
the boundary and if they are Gauge equivalent then

(1) cspr(A,0) = esp(B,d") for G = SLa(R),
(2) cspr(A,0) —csp(B,0) € Z for G=PSL(2;C).

Denote by eR},(PSL(2; C)) the image, up to conjugation, of the ellip-
tic/hyperbolic presentation into SL(2;C) induced by the projection
SL(2;C) — PSL(2;C).

Clearly we obtain a natural map ¢ : C? — eRY,,(PSL(2; C)) by sending
(o, B) € C? to the conjugation class of the representation defined by

7207 — PSL(2;C)
e?iﬂ'a 0

S = 0 e—2i7ra

e2i7rﬁ 0
h = ( 0 e—2i7r,8 >

Consider the restriction map r : eRY,(PSL(2;C)) — eRY,,(PSL(2;C)).
The map p — («, ) defines a lift L of r and thus the following commutative
diagram

(D2
/ l
t
eRY,(PSL(2;C)) ——= eRY,,(PSL(2; C))
Fix a lift L of 7 and associate to any p in eRY,(PSL(2;C)) the triple

(a, B, e} (4)) € € x C*

where A is the connection over M corresponding to L(p) in normal form

A|T><[O,1] = (ZOédZL' + Zﬁdy) ® X

near the boundary.

As mentioned in the beginning of Chapter 3 of [29] all results of [29],
including Theorem 2.5, carry over to SL(2;C) and thus we obtain that
replacing A by B with a lift (a« +1/2, 3, ¢s},(B)) or by C with a lift (o, 8+
1/2,¢s3,(C)) gives us:

5%, (B) = ¢sh,(A)e ™ and 5%, (C) = et (A)eti™ (2.5.6)
whereas t(a, f) = t(a+1/2,8) = t(a, + 1/2

).
The following two results can be found in [29], Theorem 2.7 and end of
p-55:

PROPOSITION 2.34. Let M be an oriented compact 3-manifold with toral
boundary OM =T and p; : mM — PSL(2;C) a path of elliptic/hyperbolic
representations in eRY,(PSL(2; C)). Fiz a lifting L(pt) = (a(t), B(t)) of the
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restriction r : €9,(PSL(2;C)) — eRY,;(PSL(2;C)) and denote by A; the
corresponding path of flat connections. Then

1
esty(Ay) = ety (Ap)eap (—ssm JRCCEOR 5<t>o/<t>>dt)

and as a Corollary

COROLLARY 2.35. Let V = D? x S! denote the solid torus and let p :
mV — PSL(2;C) denote a representation. If L(p) = (1/2, ) with respect
to the meridian longitude basis on OV = 0D? x S! then

sy (B) = exp(—4in)
where B is the flat connection over V' corresponding to the lifting L(p).

ProOOF. First compute ¢sj,(A) where A is a connection in normal form
corresponding to the lift (0,3) € C2. For that consider the path of con-
nections A; = (0,¢3). Triviality of Ay implies ¢sj,(Ap) = 1 and thus by
Proposition 2.34 ¢sj, (A1) = 1. The formula is proven by applying equation
(2.5.6) once. O

2.5.6. Additivity principle. In this section a very important tool in
the computation of volumes of representations of non-geometric manifolds is
derived. Let M be a closed 3-manifold M and denote by [M] its orientation
class. Let T be a separating torus cutting M into two pieces M; and Mo
and denote by [M;,0M;] and [Ms, 9Ms] the induced orientation classes so
that the orientations on M7 and OM> are opposite on T. In particular
[M] = [M1,8M1] + [MQ,@MQ].

Let W(T') = [0,1] x T be a regular neighbourhood of 7" such that T" =
{1/2} xT, MynW(T) =1[0,1/2] x T, and MaNW(T) =[1/2,1] xT. Let G
be either PSL(2;C) or SLy(R). Then by applying the same arguments as
n [29], respectively [26], we may assume that A is in normal form. Then
by linearity of integration

sy (A) = csiy, (A|My)eshy, (A|Ma).
Now denote by V the solid torus D? x S! with meridian m and fix a slope ¢ in
T. For i = 1,2 perform a Dehn filling identifying m with the slope ¢ and let
]\/4\ M; UV = M;(c) be the resulting closed oriented 3-manifold. Suppose
that A|M1 and A|Mj smoothly extend to flat connections A1 and Ag on M1
and M2 That is equivalent to: Some/Any representation p corresponding
to A satisfies [c] € kerp. Again using linearity of integration we obtain

cs}‘@\l(Al)cs;‘v;(Ag) = ey, (A|My)esy, (Ar|V)eshy, (A|Mz)esy, (A2|V).

Since the chosen extensions of A|M; to Z\Z on V coincide on the T direction
and are opposite on the [0, 1] direction, then Proposition 2.33 and implies

et (A1 |V)est (Aa] V) = 1.

Thus we obtain from Proposition 2.31 and Proposition 2.30 together with
the above equations that

volg (M, p) = volg(M(c), p1) + volg(Ma(c), p2),
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where p; is the extension of p|m M; to 711]\/47,-, 1=1,2.

47
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2.6. Manifolds with virtually positive hyperbolic volume

In this section we prove Proposition 2.5. Given a compact oriented 3-
manifold ¢ with connected, toral boundary, denote by i : 0Q — @ the
natural inclusion. Then, according to Lemma 3.5 in [22], we obtain that

Rank(H,(0Q: R) 5 H(Q; R)) = 1, (2.6.1)

since dimpH1(0Q) = 2. Then we obtain by the universal coefficient the-
orem in homology, that we can choose a meridian-longitude basis (u, \) of
H1(0Q;Z), such that ix()) has infinite order, whereas i4(u) is a torsion el-
ement in H1(Q;Z). Remember for the sequel that we can make this choice,
since we will frequently use it when choosing representations. When @ has
non-connected toral boundary we write 0QQ = Ty U --- U T, and we fix a
basis (A, pt;) on each component of T;. Before going into the proof of the
Proposition we recall the following Lemma (cf. [24],[32]):

LEMMA 2.36. Let Q be a compact, oriented and irreducible 3-manifold
with toral boundary. Then there exists a prime number qo, depending only
on Q, such that for any prime number q > qo there exists a finite covering
P @ — @ inducing a q X g-characteristic covering over 0Q such that each
Seifert piece of@ is a product of a surface with positive genus by the circle.

REMARK 2.37. In particular the Lemma applies to all compact oriented
3-manifolds @ with toral boundary whose interior admits a complete (finite
volume) hyperbolic metric, since @ is irreducible. For this it is obviously
enough to check it for the interior of ). But this is indeed true, because
of Theorem 2.3 in [44] together with the fact that every orientable prime
3-manifold is either irreducible or S2 x St (cf. [22]) and the latter obviously
possesses a geometric structure modelled on S? xR. Furthermore the Lemma
also holds for all Seifert fibered spaces S over an orientable surface with
nonempty boundary and x(S) < 0. Additionally in that case the preimage
of a boundary component of S under the ¢?-characteristic covering consists
of at least two components. For the latter see Theorem 2.4 in [32].

From this lemma we derive:

LEMMA 2.38. Let QQ be a compact oriented 3-manifold with toral bound-
ary whose interior admits a complete (finite volume) hyperbolic metric.
Then there exists a prime number py, depending only on @Q, such that for
any family of slopes (mi,...,my) in 0Q with m; C T; for i = 1,...,r
and for any prime number q > pg there exists a finite covering p : @ —
Q inducing the q x g-characteristic covering over 0Q and a representa-
tion p : mQ(p~L(my U---Um,)) = PSL(2;C) of positive volume, where
@(pil(ml U---Um,)) denotes the closed surgered manifold obtained from Q
after performing a Dehn filling on each component Uij of p~UT;) identifying
the meridian of a solid torus with a component of p~*(m;) N Uz-j for any
1=1,...,r.

PRrROOF. Now choose a prime number py such that py > max {C,q},
where C' is chosen as in Theorem 2.16 and ¢ is the prime number given
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in Lemma 2.36, when applied to ). Thus given a slope m; = a;\; + b;;
in T;, with (a;,b;) co-prime, then for any prime number ¢ > py we have

\/qa? +qb? > C for i = 1,...,r. Therefore we can apply Theorem 2.16 im-

plying that Q((qa1, gb1), ..., (qa,, gb,)) is a hyperbolic orbifold. In particular
there exists a representation p : m1Q((qa1,gb1),. .., (qar,gb;)) = PSL(2;C)
with positive volume and such that for each i = 1,...,r the element p(m;) is
. ei“/q 0 . . ZT; 0
conjugated to < 0 e-in/a > and p(l;) is conjugated to ( 0 o ) for

some x; € C*, where [; is the slope ¢;A\; + d;p; in T; with a;d; —b;c; = 1. The
latter condition makes sure that [; and m; form a basis for the toral boundary
component. This choice of representation is possible by 2.6.1 and the corre-
sponding conclusions, since these choices lead to a discrete and faithful rep-
resentation and therefore by Theorem 2.1 we obtain that the volume of this
representation is identical with the hyperbolic volume and consequently es-
pecially positive. On the other hand, Lemma 2.36 applies to @ for any ¢ > po
which gives rise to a finite covering p : Q — Q. Since it induces the ¢ x ¢-
characteristic covering on the boundary then it induces an orbifold finite cov-
ering p: Q(p~Y(myU---Um,)) — Q((qa, qbr), ..., (qai, gby)). Accordingly
popy is a representation of the (non-singular) manifold Q(p~!(miU---Um,.))
whose volume is positive, where for the last step we use Theorem 2.1 (4). O

Now we can prove the Proposition:

PRrROOF. Let N have a hyperbolic piece ) such that each non-separating
component of Q) is shared by a Seifert piece. Let N = QU (Q1 U---UQy),
where each @; is a component of N\Q. For each of the components Q;
with connected boundary fix its meridian-longitude basis (u;, A;); and for
each component Q; with non-connected boundary le, e T;j , denote by hé-,
I = 1,...,1; the regular fiber of the Seifert piece adjacent to () that is
represented in TJl The latter is possible due to the conditions posed on N.

For each component @; denote by ¢; the prime number such that for
any prime number ¢ > ¢; there exists a ¢ x g-characteristic covering map
Q; — @ by Lemma 2.36 and Remark 2.37. When 0Q); is connected denote
by Tzk - 8@“ k=1,...,r; the connected components over dQ);. Then the
pair (uf, \F) with p¥ = p~1(u;) N TF and AF = p~1(\;)) N TF is a basis of
H,(TF;Z). When 9Q); is non-connected then we fix a trivialization of the
Seifert pieces adjacent to Géj providing a section-fiber basis of Hj (TJZ, Z)

for each component of OQVJ-.

Apply Lemma 2.38 to @ with the family of slopes {1}, {hé }1,; and let po
be as in the Lemma. Let ¢ > max {po,q1, - ,q} be prime and Q — Q the
corresponding ¢ x g-characteristic covering. Denote by p : M — N a finite
covering such that each component of p~1(Q;) is homeomorphic to @7 and
each component of p~1(Q) to @ Such a covering exists and a description of
its construction is given in [32].

For each component @ of p~1(Q), let @ = @(Uip_l(,ui) Upj p_l(hé)). By
Lemma 2.38, there is a representation

p:mQ — PSL(2;C)
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with
vol (@, p) > 0.
p satisfies the following conditions:
(1) when 9Q; is connected p(uF) is trivial and p(A¥) is conjugated to

i 0
OZ ol where x; € C*
i

(2) when 0Q); is not connected then the fibers of the Seifert pieces
adjacent to 0Q, over 0Q);, are sent to the trivial element under p.

an element of type ( v

REMARK 2.39. Notice that we do not index p by the components of
p~1(Q) to keep notation simple.

When 0Q); is connected we choose a basis e}, ...e;" of the torsion-free sub-

modulus of H1(Q;;Z) so that \; € <e}>. Denote by k; the non-trivial integer

such that \; = kiéil and choose a complex number §; = a;e? € C* such that

Efki = x; and consider the homomorphism 7; : <e}> — PSL(2;C) sending

eil to % 2 > For each component @l of p~1(Q;), consider the represen-
7

tation given by the composition

mQ; = Hi(Qi; 7)™ Hi(Qi;Z) — (el) B PSL(2;C)

where H1(Qi;Z) — <e%> denotes the natural projection onto the Z-factor
spanned by e!. Note the composition of the above homomorphisms sends ,uf
to the unit of PSL(2;C), since ,uf was sent to the torsion part of H1(Q;;Z)
first, and then was sent to the unit under the natural projection. Therefore
the composition of the above homomorphisms gives rise to a cyclic repre-
sentation R
n:mQ; - PSL(2;C)
where Q; = Q; (Up pF), such that

CORI G

K3
and R
VOI(Qi? 77) =0
For the latter we need to work a little bit. First observe that we obtain a

path
wyeitdi 0
(mi)e(ef) = ( to 1 —ite; )

e
Wt

of representations (ej ) — PSL(2; C) where w; = ta; + (1 —t). It induces a

path of representations

N 7r1@i — PSL(2;C)

such that 71 = n and ng is the trivial representation. Observe that by
definition the path of representations 7, lifts to a path of representations
e mQ — SL(2;C). Since from the obstruction theory it follows that
any principal bundle with simply connected structure group is trivial and
SL(2;C) is simply connected we obtain that the induced bundle M xgz,
SL(2;C) is trivial for all ¢. Consequently also the bundle M x,, PSL(2;C)
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is trivial for all £. From that we obtain that the path of representations 7
induces a path of flat connections A; on the trivial PSL(2;C)-bundle over
M. This defines a connection A on the product @Z x [0,1] (actually on the
corresponding trivial PSL(2; C)-bundle, but by triviality we can identify
it with a unique 1-form on the base) that is not flat anymore but whose
curvature FA satisfies FAAFA = 0. Where the latter is due to the fact that
FAt = 0 for all t and hence FA = §Adt. Hence the same argument as in [28],

page 351, proves that cs (Ao) %.(Al) = 1. Therefore vol(@i,n) =0.

Let now 0Q); be not connected and denote by Q] a component of p~ (Qj)
Denote by {Sl} the Seifert pieces of Qj adjacent to OQJ with a fixed trivial-
ization F]l x S'. Denote by {si,}x, the components of 8F]l- ﬂ@Q], by {Sk,l}k’yl
the components of 8Fjl- \ aF]l- N 8@; and by f:l its S'-fiber. Let ﬁjl be the
surface obtained from F]l by collapsing each boundary component 5271 to a
point and let A be the set of ”‘singular points”’ obtained by collapsing each
component of UZ(OF} \aF]l N 8©j) to a point.

Define a relation R on @j: xRy iff either x and y are in the closure
@j \ UZSl or x and y lie on the same S'-fiber of a Seifert piece Fl x St for
some [. ThlS is an equivalence relation and we can consider the crunchmg
map & : Q] — Q] /R. Clearly the quotient space QJ /R is homeomorphic to

UZF;/A. The fundamental group of QJ /R is an extension of *lﬂ'lF; by some
cycles 71, - -+, 7, obtained due to the identification of all points of A.

Fix A/A as base point in Q;/R. There is a representation
¢ :m(Qj/R) — PSL(2;C) with

<Z>(ﬁl) = 1Vl; ¢(sk) = p(sk)VE, I <Z>(s§€7l) = 1Vk,l and ¢(v;) = 1,

since F\ ! has positive genus and each element of PSL(2;C) is a commutator
by [40]

Let Q] be the closed manifold Q](Ulp (hé)) By continuity ¢ induces a
map f*mQj — ﬂl(Qj/R). It clearly factors through @j and thus gives rise

to a representation 771@\]- — 71'1(@]-/7?,) — PSL(2;C), which we also denote

by ¢.
Note that

vol(Qj,¢) =0
Consider the long exact sequence in cohomology that is induced by Ulﬁjl» —
<Ulﬁj) JA:
c— H"NA) — HY((UF/A) — HY(UFY — H'(A) -

Since A is a set of points H™ = {0} for all n > 0 and since ﬁjl is a surface
fI”(Ulﬁ]l-) = 0 for all n > 2. Thus it leads to an isomorphism HS(QJ/R) o~
H3(Qj/R) ~ H?’(UIFJZ») ~ {0}.

We use the definition of the volume through Continuous cohomology
from Section 2.3.2. The induced homomorphism ¢* : PSL(2;C)) —

cont (
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H3(@j) factors through H3(QVJ/R) = 0. Thus ¢*(wyz) = 0 and

volpgr(2:0)(Qj &) = ’/M ¢" (wps)

Now we exploit additivity in order to complete the proof. Choose flat sly(C)-
connections A,B; (when 0Q); is connected) and B; (when 0Q); is not con-

=0.

nected) in normal form and corresponding to the representations p|m @,

n|mQ; and ¢|m1Q; over each component @, Q; and ij of p~1(Q), p1(Q))
and p_l(Qj). By construction they glue together in a smooth and flat way
and give rise to a global representation ¢ : 1M — PSL(2;C) and thus by
the additivity principle

vol (M, ) = dvol(Q, p) > 0

where d denotes the number of connected components of p~!(Q). This
completes the proof. O



2.7. MANIFOLDS WITH POSITIVE SIMPLICIAL, BUT ZERO HYPERBOLIC VOLUME3

2.7. Manifolds with positive simplicial, but zero hyperbolic
volume

PROPOSITION 2.40. There are infinitely many I1-edged 3-manifolds N
with non-vanishing simplicial volume but vol(N, PSL(2;C)) = {0}.

Proor orF PROPOSITION 2.40. To obtain a non-vanishing simplicial vol-
ume it is sufficient that one of the geometric pieces is hyperbolic. We con-
struct the 3-manifolds IV, by gluing a hyperbolic piece to a Seifert piece.

Let M; = F xS' where F is a surface with positive genus and connected
boundary and let (s, h) C 9M; be a canonical section-fiber basis. It is proved
in [37] that there are infinitely many one cusped, complete, finite volume
hyperbolic manifolds M, endowed with a basis (u, A) C 9Ms such that both
M>s(X) and My (p) are connected sums of lense spaces and thus have zero
hyperbolic volume.

Glue M7 and M, by the homeomorphism ¢ : OM; — OM, defined by
#(s) = pand ¢(h) = A7t My = My Uy Ms. M, is a one-edged Haken
manifold with positive simplicial volume. Let T be the image of OM; in
My.
’ Let p: m My — PSL(2; C) be a representation and A the corresponding
connection over M. Then either p(s) or p(h) is trivial, since if p(h) # 1, then
its centralizer Z(p(h)) must be abelian in PSL(2;C). h is central in m M;
which implies that p(m1M;) is abelian Furthermore sis homologically zero
in Mj, because it is a product of commutators in 71 M; and thus p(s) = 1.

Let now ¢ be either s or h so that p(¢) = 1 then after conjugation
we may assume that A is in normal form with respect to 7. Conjugation
doesn’t change the volume of p, since My is closed. Denote by A; and Aj
the flat connections over M; and M. Due to triviality of p(() there are
extensions of A; and A, to flat connections ;1\1 and ;1\2 on M;(¢) and M3(().
By additivity . .

c57w¢ (A) = cs’]‘\/h(c) (Ay) x cs’]‘%(c) (Ag).
Proposition 2.31 implies

vol(Mg, p) = vol(Mi(C), p1) + vol(Mz(C), p2) (2.7.1)
where p; denotes the extension of pr ar, to w1 M;(¢). Thus vol(Mg,p) =0
by choice of My and Ma. O

REMARK 2.41. Note that equation (2.7.1) still holds replacing My by
any one cusped complete hyperbolic manifold. In this case it follows from
Section 2.2 that vol(Ma2((), p2) < volMs and therefore, the volume of the

hyperbolic piece is not reached by the volume of any representation of 71 M
into PSL(2;C).
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2.8. Volumes of representations of 1-edged manifolds

This section is devoted to the proofs of Propositions 2.13 and 2.14.

Consider an one-edged 3-manifold N = Q_ U, Q.+, where the gluing map
T:0Q_ =T_ — 0Qs = Ty is an orientation reversing homeomorphism.
On each of the T¢, e = + we fix a basis T¢(se, he) with the properties given in

Section 2.1.4. Then A = ( ¢ Z
the basis (s—,h_) and (s, h4), which satisfies detA = —1, and
T(s—) = asy +bhy,7(h_) = bsy + dh. (2.8.1)

denotes the integral matrix of 7 under

It follows from 2.36 and [24] that N admits a n-sheeted covering N, where
n depends only on the pieces @Q— and @), that induces a g x g-characteristic
covering over T = Ty, such that for p = n/q*:
(1) N = @v_ Usr @:, where 62; covers Q for e = + and @: is a product
of a surface of genus > p + 2 with S' if Q. is a Seifert piece.
(2) when Q_ and Q. are both Seifert manifolds then Q_ and Q. can
be chosen connected so that N is a p-edged manifold with p > 2
(A p-edged 3-manifold is a manifold whose dual graph consists of 2
vertices and p edges and each edge is shared by the two vertices),
(3) The basis T.(s, he) can be lifted and denoted by TY(s!,hl) for
j=1,---,p, and the matrix of the gluing 7 : T - Ti is the same
than A for all j under the lifted basis, where the T?’s denote the
components of 8@;.

The following Remark gives an explanation for these assumptions.

REMARK 2.42. In the case where both pieces are Seifert, i.e. N
Q4+ Uy Q_ with @4 and QQ_ Seifert we proceed as follows:

Step 1: Apply Lemma 3.5 (ii) of [9]. That implies that we may, after
possibly switching to a covering, assume that we have two Seifert pieces that
are products of a surface of genus > 2 by a circle.

Step 2: Now increase the number of edges to d > 2, by performing a
1-characteristic covering ” ‘along one of the tori of the surface”’ of sufficiently
high degree on both Seifert pieces (See figure 4 in [9]). Using a covering of
the same degree on both pieces makes sure that we can glue them in order
to obtain a closed manifold NV and a covering p: N =Q; UQ_ — N.

Step 3: Finally apply Lemma 4.4 which gives us a d-characteristic
covering p: N = Q4+ UQ_ — N. For this covering we obtain, according to
its proof, the following formulas for the genus of the underlying surfaces F
and Fl:

g(Fy) = d(g(Fy) —1) + (Cl(‘l;” + 1) > d+ 2.

The last inequality holds, since g(Fy) > 2 and d > 2. This shows that we
may assume properties (1)-(3) when both pieces are Seifert.
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In the case where N = Q4+ U, Q_ with Q4 hyperbolic and Q_ Seifert
we neither need that the genus of the surface is > p+ 2, nor that @, or @+
is connected. Hence an application of Lemma 6.1 immediately gives us the
required covering.

_ The notations used in Section 2.8.2 don’t pay attention to the fact that
@Q_ and Q4 might not be connected, but, as far as I see, it is really only a
matter of some notational modifications. The reason that these two proper-
ties are not required is basically due to the fact that we cannot write every

element of SLy(R) as a product of commutators and these conditions make
sure it is possible, whereas we can write every element of PSL(2;C) as a
product of commutators.

2.8.1. Graph manifolds. In this section Proposition 2.13 is proved.
Obviously for that it is sufficient to prove the following Lemma:

LEMMA 2.43. Let N denote a closed oriented graph manifold satisfying
conditions (1)-(3) and denote by G the group R xz SLa(R). Then:

(i) if a = d =0, then 872p € vol(N, G)
(ii) if ac # 0 then 472p/|ac| € vol(N,G)
(iii) if cd # 0 then 4m*p/|cd| € vol(N, G)
(iv) if c = 0 then 4w2p/|b| € vol(N, G)

PROOF. b # 0, since otherwise N would be a Seifert manifold (cf. Sec-
tion 2.1.4).

Denote by Q_ = F_ x S! and by Q4 = F; x S! the two (connected)
Seifert pieces and recall that (s',h") and (s%,h’ ) are section fiber bases
of 0Q_ and 0Q, respectively, where ¢ = 1,--- ,p. Choose base points z_ €
nt@Q_ and x4 € int@4 for the fundamental groups and p arcs connecting
x_ with h® Ns’, resp. x4 with hy Ns, to see these elements in 7 Q_, resp.

T Q4.

(i) Suppose first a = d = 0. Then b = ¢ = +1. First suppose b = ¢ = 1.
Since the genus of both F_ and F is greater equal than p+2 we can choose
a representation p : 1N — SLa(R) with p(st) = sh(1) and p(h.:) = sh(1),
because of Proposition 2.3 in [32].

We can apply Proposition 2.4.2 to the SLy(R)-manifolds Q_(1,—1) and
Qf(—l, 1), obtained by attaching p solid tori along the p boundary tori
T%, identifying the meridians of the solid tori with a' s + " h* for Q)_,
where ai = 1 = —b', respectively aisi + b ht for Q,, where ai =
—1 = —0b’.. Then an easy computation shows that in both cases (4 and -)
choosing n¥. = b’ and 2, = 0 p restricts to a well-defined representation on
Q-(1,-1), resp. Q+(—1,1), that satisfies all conditions in Proposition 2.4.2
and hence volg(Q_(1,—1), p) = volg(Q+(—1,1)) = 47%p. Then the claim is
a direct consequence of the additivity principle for the volume volg(N, p),
which applies since 7(s. — h') = —s% + h’, (cf. Section 2.5.6). '

In case b = ¢ = —1 proceed analogously, taking p(s’,) = sh(—1), p(s".) =
sh(-1), a, =1 = -V’ and n, = a’, instead.
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(ii) Now assume ac # 0. Then the closed manifold Q4+ ((a,c),- -, (a,c))
has Euler characteristic +pc/a.

Since g(F4) > p we can clearly apply Proposition 2.4.2 with z; = --- =
zp=n =0and ny = --- = n, = 1, yielding a representation p : m Q4 —

P

R xz SLy(R) such that

putst) = (0,00 (=2) )oputni = (11). (258.2)

Using equation (2.1.1) we obtain:

pi(s2) = (0,sh(0)) = (0,1), py(h') = < sh( )) (2.8.3)

Then we can obviously extend py to p: m N — R xgz SLQ(]R,) by sending
the subgroup m F_ of m@Q_ to the unit of G. To apply the additivity

principle we need that the representation has image in SLs(RR). For that it
suffices to construct a c-fold cyclic covering ¢ : N. — N, so that the induced

representation p = p o gy : 7T1j\7¢ — R xz SLy(R) has image in SLy(R).
This covering p : ]A\TJC — N can be obtained as follows: Consider the covering
P+ Qp = Q4 defined by ¢4 : mQy — Z)cZ with ¢, (s',) =0, ¢4 (k') =
1; and the covering p_ : Q_ — Q_ defined by ¢_ : mQ_ — Z/cZ with
#_(s1) =0, ¢_(h) = d. Then by 2.8.1 there is a map ¢ : ;N — Z/cZ
which restricts to ¢4 on Q4 and ¢_ on @Q_. This defines the covering p. It
is straightforward to check that

plsi) = (0,sh (=1)), B(h,) = (0,sh(1)),
p(si) = (0,sh(0)), p(ht) = (0,sh()),

where the (sg, h@) s are the lifts of the elements s_, s, (k% )¢, (h'.)¢/9¢4ed) ¢

kerg to N,. Hence indeed p takes values in SLy(R) and hence we can apply
the additivity principle.

jince st = asi_ + chi, we obtain s = a;_; + lfﬁi Thus applying that
e(Q+((a,1),--+,(a,1))) = p/a, Proposition 2.4.2 implies:

UOZ(@:-((av 1)7 T (CL, 1)7 15)) = 471'282/’6’ = 47T2!p/a| (2.8.4)
and furthermore
vol(Q ((1,0),---,(1,0))) = 0. (2.8.5)

The latter equation is obtained as follows: First observe that Q_((1,0),-- -, (1,0)) =
F x S! for F a closed surface of genus equal to the genus of F_ and therefore
especially greater equal than p+2 > 2. But surfaces of genus > 2 are hyper-
bolic and hence Q_((1,0),- - ,(1,0)) is modelled on the H? x S!-geometry.
But then it is immediate from Remark 2.2, that vol(Q_((1,0),--- ,(1,0))) =

0. Hence by the additivity principle:
vol( C,ﬁ) = 47%|p/al (2.8.6)

Since by Theorem 2.1 vol(Ne,p) = |c|vol(N,p), we obtain vol(N,p) =
472p/|ac|. This completes the proof of (ii).
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(iii) This is a consequence of (ii) by interchanging the roles of @4 and
Q_ and therefore replacing A by A~

(iv) Observe that for ¢ = 0 we obtain a = —d = £1, since —1 = ad—bc =

ad. Define a representation p : mQ—_((b,—a),---,(b,—a)) — SLa(R) by
p(s*) = sh(a/b), p(h*) = sh(1), for i = 1,---,p. Such a representation
exists, since |p/b| < p < 2g — 2 and hence we can find elements of SLs(R)
satisfying the commutator relation. For that representation Proposition
242 withn; =---=n, = —a and z; = --- = 2, = n = 0 can be applied.
Hence we obtain that:

1
UOZG(Q—((bv _a)7 ) (b7 —G)), p) = 4W2H62 = 471'2‘6’ = 471'2‘1?/[)’

On the other hand in order to apply the additivity principle we choose the

corresponding representation 1 : mQ@Q_ — SLa(R), defined by (s’ ) =
sh(1/b), ¥(h%) = sh(1). Then the manifold Q1 ((0,1),---,(0,1)) is a con-
nected sum of copies of 8% x S!. This is proved in part 6.2.4 of Theorem
6.3.3 in [46]. Then, under these conditions, Theorem 1 in [30] says that a
connected sum of copies of §% x S! is dominated by a product o x S* for o
some surface. Since such a product has zero Seifert volume it is immediate
that also a connected sum of copies of S2 x S* has zero Seifert volume. Thus
volg(Q+((0,1),---,(0,1)), p) = 0 and therefore

UOZG(Nv P) = UOZG(Q+((b7 —CL), T (bv —CL)), P)

where by slight abuse of notation we denoted the extension of p to N also
by p. This completes the proof. O

2.8.2. Seifert and hyperbolic pieces do appear. In this section the
proof of Proposition 2.14 is carried out. The proof is divided in two cases,
which involve quite different arguments in certain stages. As in [29] denote
by D the space of deformations of hyperbolic structures on int@), near the
complete one dg € D. Since ()4 has only one cusp there are functions

(o, 3) : D* = D\dy — C?

such that for each d € D* there exists a representation p; Mm@y —
PSL(2;C) induced on the boundary by the representation

eQm’a 0 eQm',B 0
Sy — < 0 6_27”@ and h+ —> 0 6_27ri’8 (287)
In this situation the map D* > d +— (o, 3) € €2 is a lift of the composition
map

D* — WY, (PSL(2;C)) — Ry, (PSL(2;C)).
By Thurston Hyperbolic Dehn filling Theorem there is a constant C' > 0
such that if a2 + ¢2 > C then there exists d € D* such that

1
ac +cff = 3 (2.8.8)

as is mentioned in [29] on page 555. Let V= D? x S! be a solid torus
endowed with the standard meridian-parallel basis (m,[) on the boundary.
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The representation pg extends to a discrete and faithful representation

pt i mQ4(a,c) = PSL(2;C)
where Q4 (a,c) is obtained by gluing 0V to Q4 identifying the meridian

m of V with the slope asy + chy. Let then A(J{ denote the flat connection
over Q4 (a,c) in normal hyperbolic form over 0@, corresponding to this
representation. It decomposes into Az{ U Ag over Q4+ UV. Then we can
choose a lift L(p}) such that

AT10Q4 = (iadz + ifdy) ® X
in the basis (s4,hy). By (2.8.7) and (2.8.8) this means that

1
AoV = <i2da: + i(ba + dﬁ)dy) ®X

in the basis (m,[). A similar construction can be done replacing (a,c) by
(b, d).

1. Gluing along the section s_ = JF_. Denote by p; : wlé): —
PSL(2;C) the representation defined by the composition p; o px, wWhere

D CZF — Q+ is the gx g-characteristic covering map defined at the beginning
of the section. Evaluating this representation on s’ and h’. we obtain that
p+(s’) is the trivial element and py (k') is given by

e22'7rq(boz+d,8) 0
0 e—?iﬂq(ba—i-dﬂ)

in PSL(2;C). Consequently there exists a global representation p : TN —
PSL(2;C) such that p[W1Q+ — py, since h is an infinite cyclic element
in the center of 7r1Q_ = m(F_ x S'). Denote p_ = plmQ Let A be
a flat connection in hyperbolic normal form with respect to T5 such that
A= A_UA; where A_, resp. Ay, is the restriction of A over @v_, resp.
@\;. Note that A4 = (p\@\;)*(A;r) FOr each j = 1,--- ,p we identify the
meridian of a solid torus Vj D2 x S! with s/ , Tesp. asJ'r + ch? , and then
we get closed manifolds Q_ (1 0) and Q+(a c¢) where A_ and A, extend to
flat connections A_ and A+ such that

s (A) = cs Tra c)(A ) X chfEO)(A_)
by the additivity principle.
REMARK 2.44. Again A;\Vi = (p|V£)*(Ag) but mind that p|Vi : Vi —
V' is a q x g-characteristic covering branched along the core of the solid
torus. Therefore the lifting of the representations induced on the Vj+’s is

(1/2,q(bac + dp)).

Denote by 75, o= the extension of py and p_ to 11Q4 (a, ¢) and 11 Q_ (1, 0).
Splitting the former equality into real and imaginary parts we obtain:

vol(N, p) = vol(Qy (a, ), 5) + vol(Q_(1,0), 7~)
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Since @v_ (1,0) is by construction a product of a surface ﬁ(l,o) with the circle,
the simplicial volume satisfies:

0 < |Q-(1,0)[| = [|F0) x 8'[| < K - |[Fugpll - IS"]] = 0

where the inequality is true for some K > 0, since ﬁ(l,o) and S' are both

oriented closed connected manifolds and the last equality holds since m;S*
is abelian (cf. [20], Chapters 0.2, 3.0 & 3.1). It is immediate from Theorem
2.1 (3) that

vol(Q-(1,0), p-) = 0.
On the other hand the representation py does, a priori, not lie in any de-
formation space of hyperbolic structures of @+ and hence we have to simplify

first for getting a geometric interpretation of vol(]v, p) = vol(@:(a, ), pt)-
As consequence of Remark 2.44; Corollary 2.35 and additivity of integration
we obtain that

S5 (a0 (A) = 55 (A Jexp(—dimpg(ba + dp)).

Since p is induced by restriction from pJ then c5év(A+) = (es3), (A;r))qu
+
and therefore

_ A) = (cs*(AT))Pe e
S5 (0.0 (A) = (055 (A7) eap(—dimpg(ba + dF))

Applying Corollary 2.35 once more we obtain

o~

€50, (a.0) (A7) = e5Q, (A7 )exp(—dim(ba + dB))
leading to

—

* T o * —+ 2 .
575 oy (A4) = (65, 0y (A])™ exp(dimpalq — 1) (b + dB)).

Applying equation (2.5.5) and Remark 2.12, where the latter can be applied

t0 €59 (a,0) (AT) since p} is discrete and faithful, we obtain:

55+ 0y (At) =eap(2imesr,c.(Q+(a. )"

erp (2];(]2 volQ4 (a,c) + 4impq(q — 1)(ba + dﬁ))

Using equation (2.5.5), we obtain:

exp(2imes(M,;9)) x exp (i vol (@Jr(a,c), ﬁ+>> =

9 2
e:cp(2i7rc5L,c_(Q+(a,c)))pq2 X exp < Pl
T

volQ4(a, c) + 4impg(q — 1) (ba + dﬁ))

Separating real and imaginary terms and multiplying by 7/2 we then obtain
that the following equality must hold:

vol (@+(a, c), ﬁ+) = pg” vol Q4 (a, ¢) + Re (2in*pg(q — 1) (ba + dB))
Hence it is only left to prove that

mpq(q — 1)

Re (2i7r2pq(q —1)(ba + dﬁ)) = length()
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and simplifying further:
1
Re (2mi(ba + dB)) = 3 length(~)

It is an immediate consequence of Lemma 4.2 in [37] that
length() = Re(2mi(ba + df3))

Therefore completing the proof up to a factor of 1/2 which I couldn’t figure
out yet.

2. Gluing along the fiber h_. Finally the verification for (b,d) is
carried out. As above, by the Thurston Hyperbolic Dehn filling Theorem
there is a constant C' > 0 such that if v/ + d? > C then there exists d € D*

such that

1
b+ dff = 3. (2.8.9)

Let V = D? x S! be a solid torus endowed with the standard meridian
parallel basis (m, ). The representation py extends to a discrete and faithful
representation py : m Q4+ (b,d) — PSL(2;C), where Q4(b,d) is obtained by
gluing OV to 9@+ identifying the meridian of V' with the curve bsy + dh.
Let g; denote the connection over (b, d) in normal hyperbolic form over
0@+ which decomposes into AI UAg over Q4+ UV We choose a lifting L(p;;)
such that
AT10Q4 = (iadz + ifdy) ® X

in the basis (s, hy). By equation (2.8.9) this means that
1
AoV = <i2dx +i(aa + cﬁ)dy) ® X

in the basis (m,[). Denote by p; : mQ, — PSL(2; C) the representation
defined by the composition pj o ps, where p : @+ — @4 is the ¢ x ¢-
characteristic covering map defined above. This representation induces the
following relations: pi(h’) is the trivial element and p(s’) is sent to

€2i7rq(aa+c,8) 0
0 6—2i7rq(ao¢+c,3)

in PSL(2;C). Again since by [40] each element of PSL(2;C) is a commu-
tator, there exists a global representation p : mN — PSL(2;C) such that
p|w1@+ = p4, because the only further restriction for its existence is that
[a1, B1] - [arg, By] = sL -+ - 8. Denote p_ = plm1Q_. Let A be a flat connec-
tion in hyperbolic normal form with respect to TN such that A=A_U A,
where A_, resp. Ay, is the restriction of A over Q , Tesp. Q+ For each
j=1,---,p we identify the meridian of a solid torus D% x S! with #’ and
with bs’, Y+ dhj then we get closed manifolds Q (0,1) and Q, (b, d) where
A, and A_ extend to flat connections A+ and A_ such that

¢s%(A) = cs A).

~

G vy A+) X 85 o 1)
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Keeping the same notation as in the previous section we get, by splitting
the former equality into real and imaginary parts according to the additivity
principle, we get

VOI(Na P) = VOI(@+(b7 d)v ﬁ-‘r) + VOI(@— (07 1)7 ﬁ—)

Since now Qv_ (0,1) is by construction a connected sum of S? x S'-factors,

then vol(@Q-(0,1),p—) = 0. Now applying the same arguments as in the
former section we get

_ 1
vol(N, p) = pg® vol Q. (b,d) + 7qu(qg)l‘mgth(v)

where 7 is now the geodesic added to 1 to complete the cusp with respect
to the (b, d)-Dehn filling. This completes the proof of 2.14.






CHAPTER 3

New results

3.1. Introduction

In this chapter the new results contained in this thesis are proved. They
are split into two parts. In Section 3.2 we derive an additivity result for the
volume of a representation of a non-geometric 3-manifold when decomposing
along tori. Namely we prove the following proposition:

PropoOSITION 3.1. Let M = My U, Ms be a 1-edged manifold and p :

M — G = Is0.SLay(R) a representation and X = G/K for K a maximal
compact subgroup. Let (s1,h1) be a basis of H1(OMy;7Z) = H1(T%* Z) and
(a,b) € Z* with ged(a,b) = 1 and p(asy + bhy) = (0,1).

Then for ]\/4\z = M;(a,b), i = 1,2, p extends to p; : 7r1]\/4\1 — G and
ﬁg :7T1]/\4\2 — G and

vol(M, p) = vol(Mj, p1) + vol(Ma, p2).

For a non-geometric prime 3-manifold M and a representation p : my M —

—~—

Is0.SLa(R), the main difficulty in generalizing the additivity result in 2.5.6
is that we can not use Chern-Simons theory, since the associated principal
G-bundle of p over M does not admit a section in general.

Instead of using Chern-Simons theory we directly consider the associated
principal X-bundle of p over M. We prove that it is trivial over a neigh-
bourhood T' x (—1,1) of each essential torus T C M and derive from this
that we can normalize every section s : M — M x, X in a neighbourhood
of T.

In Section 3.3 we focus on the question whether there is a representation
of non-zero volume for a given graph manifold M with a particular focus on
one-edged graph manifolds.

Given a one-edged graph manifold M, we are able to compute the vol-
ume for most representations (see Proposition 3.14) and we derive from
these results that for a large class of one-edged graph manifolds there is a
representation of non-zero volume (see Proposition 3.15).
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P

3.2. Additivity for representations into /so.SL2(R)

This section generalizes the additivity results in Section 2.5.6 to repre-

P

sentations into Iso.SLa2(R).

—_—~—

3.2.1. The centralizer of an element in /so.SL2(R). In this section
we prove the following proposition

PROPOSITION 3.2. Let (¢,sh(n)) # ((,A) € Isoesf;(ﬁ).
Then the centralizer Teay of (¢, A) in Iso.SLo (IR) is the group RxzI' 4,

P

where I' 4 is the Z—dzmenszonal abelian centralizer of A in SLa(R).
In particular F@ is connected, abelian and 2-dimensional.

—_——

Consider the universal covering p : SLa(R) — PSL2(R) and a non-
central element A € SLy(R), i.e. A ¢ {sh(n)|n € Z}.

LEMMA 3.3. Let A € ng\(TR) be a non-central element. The centralizer
T'4 of A is the preimage of the centralizer F Ay of p(A) in PSLa(R).

PROOF. Let B € SLQ(R) with BA = AB. Then p(B) is in the cen-
tralizer of p(A) and thus p(T'4) C Tpa). Conversely let B € SLy(R) with

p(B) € Tp(a), that is p(B)p(A) = p(A)p(B). Then p([4, B]) = 1 and thus
[A, B] = sh(n) n € Z.
By Lemma 2.24, we can write sh(n), n € Z, as commutator if and

only if n <2—-—1=1andn >1—-2 = —1 and thus n = 0. It follows
that [A, B] = sh(0) = 1 and consequently B € I'4. Hence we obtain that
p(FA) D) FP(A)' O

COROLLARY 3.4. Let A € SZQ\(TR) be a non-central elliptic/parabolic/
hyperbolzc element then the centralizer I‘ A of p(A) is isomorphic to Tey/

Lpar /T hyp as Lie group and thus in partzcular abelian, connected, and 1-
dimenstonal.

ProoF. We consider only the elliptic case, the other cases are analogous.
By Remark 2.32 there is g € PSLQ(]R), such that gp(A)g~! is in elliptic
normal form. Then clearly I‘p( A =9 1719 and the isomorphism is given
by conjugation by ¢g: h + ghg~!. Thus T p(4) 1 connected and abelian of
dimension 1. (]

Consider A € SLy(R) with its centralizer I'y = p’l(fp(A)). Corollary
3.4 implies that I'4 is a 1-dimensional abelian Lie group, but it is not con-
nected in general.

Let T4 be the identity component of I'y. Then p(I'g.) = fp(A) and
since the kernel of p is {sh(n)|n € Z}, we obtain that

Ta=p '(Tpa)) = {sh(n)B|B € T} (3.2.1)

Denote by I'cy, Ipar, nyp the preimages of the groups T, fpar, fhyp under
P.
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PRrROOF OF PROPOSITION 3.2. First observe that F( A= =R xzT'4:
Let (z,B) € F@, that is (z + (, BA) = (2,B)-(¢,A4) = (¢, A)-(2,B) =

(C+2,AB). Thus BA = AB and therefore B € T'y which implies that
(2,B) € R xz I'y. Clearly all implications can be reversed. Hence we
obtain that FW =R xzI4.

F@ is clearly abelian and 2-dimensional.

Let (¢, A), (z,B) € R xz T'4. Then by equality (3.2.1) there is n € Z
such that sh(n )B and A are in the same connected component of I' 4.

Let 2 : [0,1] = I'4 be a path with 72(0) = A and 2(1) = sh(n)B and
define v : [0,1] = R by 71(¢) = (1 —¢t){ + t(z — n).

We obtain a path

vy = (’}/1,’)/2) : [O, 1] —)RXZ FA
d

with v(0) = (¢, 4) and (1) = (2 —n,sh(n)B) = (z, B). Thus Fi(CA) is
connected. O

3.2.2. Additivity of the volume of a representation. Let M =
M7 U; M be a closed 3-manifold, where M7 and Ms are glued along a torus
T? = My N Ms.

LEMMA 3.5. Let M, X be smooth manifolds with X contractible, G a
Lie group, and assume G acts on X from the left. Let p : mM — G be
a representation and My C M a submanifold. Assume that p restricts to
p1:m My — G. Then there is a natural diffeomorphism

J/\Zl X p1 X gp—l(M1)7
where p : M x, X — M 1s the projection.
Proor. Choose a connected subset J\/fl of M which covers M. Then

there is a covering ¢ : ]\71 — J\/I\l and as such ¢ is in particular open and
continuous. Consider the map

M X, X = p H(M)

[(m, )] pg, = [((m), )] 5y -

¢ is well-defined:
Since ¢ is a covering ¢(7 - m) =v-¢(m). For v € m My:

O([(y-m, o) 2)] ) = [0y (M),
[7 (m) 71‘,1:)]M

[(¢(m), )]M

It is not hard to see that 1 is continuous and open and in fact it is a
homeomorphism. For that it is left to check that 1) is bijective:
Injectivity:
Let [(¢(m1),2z1)],; = [(¢(m2),22)],,- Then there exists v € m M such
that (y.¢(m1), p(7) " to1) = (¢(m2),r2). In particular v.¢(m1) = ¢(ma),
and p(y)~'w1 = .
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Since ¢(my1), ¢(ma) € My, we obtain that  can be represented by a
loop in M; and thus be interpreted as element of mM;. It follows that
[(ma, 1))y, = (M2, 22)] -

Surjectivity:

Let [(m,x)],; € p~1(My). Then there is v € m M such that v.m € M.

Let my € M; with ¢(my) = v.m. Then clearly [(ml,p('y)_lzr)]Ml €
M, X p, X is mapped to [(m,z)],,.
1 is a diffeomorphism, since all maps are smooth. O

The following Lemma will be used, when proving additivity:

LEMMA 3.6. Let M be a 3-manifold, X a contractible 3-manifold, p :
mM — G a representation, s : M — M x, X a section, and w a G-
invariant closed form on X. Let i1 : M1 — M be a submanifold, s; =
soiy : My — My x,, X the induced section, and p1 : m My — G the induced
representation. Then

B E
sjw) = s*W' iy,
where Wy, resp. W', are the closed forms that w induces on My X, X, resp.
M x, X.

ProOF. Let p : Mx X — Mxp X, p1: ]\Z x X —, X the natural
projections. Consider the following diagram:

M i M,

By definition of the maps and Lemma 3.5 the diagram is clearly commuta-
tive. Let w be a G-invariant closed k-form on X.
By commutativity of the upper triangle we clearly obtain

P q*w = qlw.

Let w’ and w| be the k-forms on M X, X and M, X, X induced by ¢*w,
resp. ¢jw. Commutativity of the upper square implies

W = Wy

Let Z1,- -+, Z € T(My %, X) and let Zy, - - , Z € T(Myx X) with p1.Z; =
Zi, it =1,--- , k. By commutativity:

p*w*ZZ = @pl*Zz,l = 17 e 7k
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Thus
@21, Z) =S (20, 0 Zk) = & (up1nZi, - 0P Z)
= (P2, ptnZr) = (@ W) (W21, 9 Zy)
= (@w) (21, Zy) = wi(Z1, -+, Z).
Commutativity of the lower square then clearly implies
s*W |y, = iis*W = 5P W = siw)
O

REMARK 3.7. As a consequence of Lemma 3.6 from now we will not
distinguish between wj and w’ and simply write w’ always.

Fix a section s : M — M x, X. The inclusions i : M; — M, ig : My —

M induce sections s
81:i108:M1—>M1 XPX,
82:i208:M2—>M2 XPX.

We derive a normal form for s in a neighbourhood 7' x (—1,1) of T'.

Let pr : mT — G be the restriction of p to mT. As a consequence
of Lemma 3.5 we obtain that p~1(T" x (=1,1)) & (T x (—=1,1)) x,, X as
X-bundle over T' x (—1,1).

Since mT = Z @ Z is abelian, Proposition 3.2 implies that pp(mT) is
contained in a 2-dimensional connected, abelian subgroup I' < G. Hence
there is a homotopy of representations p' : m7 — I' such that p° = p, and
p' = pr, where p, = e denotes the trivial representation.

LEMMA 3.8. (T x (=1,1)) xpp. X = T x (=1,1) is trivial.

PROOF. Recall that T = R?/Z?, where Z?> = mT acts by (n,m)
(o, B) = (a +n, B+ m) on R? and consider the map

(Tx(=1,1)) x X = (T x (—=1,1)) xpp. X
(((, B, 2).2) = (((@ B, 2),p* ) (=1,0)p" )0, = 1)pr (~[a), = |B))x)

It is not hard to see that the map is a well-defined, continuous isomorphism
of X-bundles over T' x (—1,1) and consequently (7' x (—1,1)) x,,. X is
trivial. O

PROOF OF PROPOSITION 3.1. Let (s1, h1) be a basis of Hy(0M;;Z) and
asy + bhy a slope in T', with ged(a,b) = 1. Clearly, after a diffeomorphism
of the base T' x (—1,1) of the restricted bundle (7" x (—=1,1)) x,, X, we
may assume that as; + bh; is homotopic to the generator (1,0) € mT of the
meridian S! x pt x 0 C T x (—1,1).

The restriction s : T x (—=1,1) — T x (=1,1) x X of the section s
is of the form s (((a,ﬁ),z)) = (((a,ﬁ),z),sT (((a,ﬁ),z))) for a smooth
sp:T x (—1,1) — X.

Let ¢ : X x[0,1] = X be a deformation retraction of X to zp € X with
¢(x,0) = z, ¢(x,1) = 29 and let f : (=1,1) — [0,1] be a smooth cutoff
function with f(z) =1, for |z| < 1/4, and f(z) =0, for |z| > 1/2.
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Define sp : T'x(—1,1) — X by sp((«, 8), 2) = ¢(s((a, B), 2), f(2)). S is
a smooth section, since ¢, s, and f are smooth, and satisfies sp((«, 8), z) =
xo, for |z| < 1/4, and s7((e, B), 2) = sr((«, B), 2), for |z| > 1/2.Then by
construction sy extends to a smooth section s : M — M x, X.

Assume that pp(1,0) = (0,1) € G and recall that (1,0) corresponds to
the slope as; 4+ bh; in M;. Then the representation p extends to a rep-
resentation p; on ]\/4\1 = M(a,b) = M; U Vi, where V; is a solid torus
attached to M; by identifying the slope asi + bhy in dM7 with the meridian
of V1. Obviously the trivialization in Lemma 3.8 induces a trivialization
over (T x (—1,0]) U V4. In this trivialization the section s : 7' x (—1,0] — X
extends to a smooth section 51 : T' x (—1,0] UV} — X with Sp|y, = o,
which extends |, to 5: ]\/4\1 — J\//.71 x5 X.

Similarly the representation p extends to a representation ps on ]\//72 =
Ms(a,b) = My U Vs, the trivialization in Lemma 3.8 induces a trivialization
over Vo U (T x [0,1)) and 5 : T x [0,1) — X extends to a section Sy :
Vo U[0,1) — X with Sa(p) = xo on Vo, which extends 5|pz, to 2 : My —
]/\ZQ Xﬁz X.

Observe that since the gluing between M7 and 0Mj is orientation re-
versing and the sections 57 and 55, as well as the representations p; and ps
coincide on the solid torus V; = V5, we obtain

[ siwr =— [ sn
V1 V2

Thus using Lemma 3.6, the volume vol(M, p) (without absolute values) can
be computed as follows:

UOZ(M,,O):/ ?W'X:/ §|7V,IW'X+/ il
M M, Mo

_ A~k ! ~ / -~k / ANk /
/ s]leX—i-/ sle—i-/ 32wX+/ 53w
My i Va Mo
/ /
= /A Sjwx +/A SHwx
My Mo

= vol(]\/il, )+ UOZ(M% p2)

Thus we proved additivity directly from the definition of the volume of a
representation without using Chern-Simons theory. (]

REMARK 3.9. Additivity can be generalized in an obvious way to non-
geometric manifolds that contain more than one essential torus {71, -- Ty},
since all arguments in the proof only depend on neighbourhoods 7; x (—1,1)
of the tori.
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3.3. Representations on Graph manifolds

Let M be a connected graph manifold. That is, the JSJ decomposition
of M consists of Seifert pieces only which we denote My, ---, M;. Denote
further by T, ---, T} the tori along which the JSJ-decomposition is per-
formed and by Ay, ---, A € GL(2;Z) the gluing maps. For the moment
assume that every two Seifert pieces are connected by at least one torus.

We want to give an explicit description of the set

{Volg(M, p) ‘p cmiM — Iso.SLa(R) a representation} ,

where Volg(M, p) is the volume of the representation.

For the classification the following Lemma is useful.

LEMMA 3.10. Let M be as above and let p : ;M — Iso.SL2(R) = G
be a representation. Denote by hi, ---, h; the fibers of the Seifert pieces.
Then there exists a connected 2-dimensional Lie subgroup C' < G such that
for each i = 1,--- |1 either p(h;) = (¢;, 1) or p(miM;) C C where w1 M; is
the subgroup of the fundamental group generated by all loops in M;.

PROOF. Assume that p(h;) = (x, A) # ((;, 1) for some i, that is, p(h;) is
not central in G. Without loss of generality we may assume that ¢ = 1. Since
hi commutes with every ¢ € 71 M7, Proposition 3.2 implies that p(mw M) is
contained in the 2-dimensional connected abelian subgroup C' = R x7z 1" 4 of

—_—

G, where T'4 is the centralizer of A in SLy(R). Now consider the boundary
tori of M;. For simplicity we assume that there is only one boundary torus
T7 which connects My to Ms. If there is more than one boundary torus then
the proof generalizes in an obvious way.

Choose section fiber bases on the boundaries of M7 and Ms that belong

to 17 and denote them by (s1,h1) and (se, he). Let 4] = < Ccl Z ) be the

gluing map, satisfying
(Sghg) = (Slhl)Al.

Then p(s2) = p(s1)*p(h1)¢ and p(ha) = p(s1)°p(h1)? and thus p(hs) = ({2, 1)
or p(ha) € C. The claim follows, since by assumption M; and M;, i # j are
connected by some torus for all 4, j. O

3.3.1. One-edged Graph manifolds. We now consider a one-edged
Graph manifold M. That is M consists of two Seifert pieces My and My
glued along one torus T = OM; = OMo.

Choose section fiber bases (s, A1), (52) h(2)) for the boundaries &M,

a b

resp. OM,. Let A = < c d > € GL(2;Z) be the gluing matrix with

(3(2),h(2)) = (3(1),h(1)) A. In particular b # 0 since M is not a Seifert
fibered manifold and after possibly changing the orientation of the section
fiber basis detA = —1.
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We fix the notation for the generators of the fundamental group of M.
j=1,2 as follows:

) B0 a§J>,BU>] _ [ 23(3)7/3;](3)] M 7<a() RO
7l'1Mj:< Oégj),ﬁu) g(J)vﬁgu) ( ;J))al(h(j)) g _1 ’L_l . ,d(J),
A9 ﬁéﬂ(j) [hm,*} -1

The Seifert van Kampen Theorem (see for instance [23, p.43]) implies that
the fundamental group w1 M of M is generated by

8(1)7h(1),(1g1)7,8£1)7‘ ’ (1)7/8 (1)77§ )7 7/)/6(;1))7
5(2)7h(2);a§2)7ﬁ£2)a e 9(2)a69(2)7’7§ )7 T 77&2))

which are subject to the following relations

[agﬁ’ 59)} [ o), ﬂgm} _79) A ),
() (RO =1 -

[h(]) WlM] =1,j
52) = (s(1))a h(l))c,h@) = (sW)b(p1))d

Assume we are given a representation p : mM — G = Iso.SLy(R) =

—_—

R x7z SL2(R) and we want to compute vol(M,p). By Lemma 3.10 it is
sufficient to distinguish 3 cases:
(1) p(mM) C C for C some two dimensional Lie subgroup of G.

(2) p(h")) = (¢, 1) and p(h®) = (¢2,1) for some (1, (2 € R.
(3) p(h) = ({1,1) and p(m M) C C for some two-dimensional Lie
subgroup of G.

Case 1: A dimension argument in cohomology directly implies vol(M, p) =
0. It can be found in the proof of Proposition 2.4.2.

Case 2: Since A~ = < —d > we obtain:

C —a

AL = ps(® — gh@
{ K2 = ps) £ gp)

Let p(s(M) = (2, 2M), p(s@)) = (2, 2(3)). Then the relations () imply

() (C1,1) = (bZ(Q) — a(a, (x(Q))b)
(2.1 = (020 +dcy, (1)),

Since b # 0 it is immediate that there exist n(!), n(® such that z(!) is a
conjugate of sh <n< )) and z(? is a conjugate of sh <”< )).

LEMMA 3.11. Given a representation p : mM — G with p(h9)) =
(CJ, 1), G € R, j = 1,2, then p is homotopic to a representation with (; € Q,
=1,2.
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PROOF. Fix the following notations for j =1,2,i=1,--- ,dY):

p(h9) = (G, 1),
p(sV) = (200, 20),
p(17) = (29, 2D).

G) pd)
and let e; = Zg“l b(J>,J 1,2.

()

From the relatlons in the fundamental group we obtain that the x,

are conjugated to elements of the form sh(—ngj ) /a;) for integers nl(j ). Let

d@ n
TP =i ﬁ’ 7 =1,2. Then

G _ M i

PAEAE s B (3.3.1)
aZ(J) a@(a) J

29 = e~ (3.3.2)

From the gluing we obtain that ¢; = b2 —aly +n®. Plugging in equation
(3.3.2), we obtain

(1 =b(e2(y —12) — ala +n? (3.3.3)
Again from the gluing along the torus it follows that for some n,¢) € Z
3(2) = GZ(l) + (1 + N,2)-

. 1) _p,2 .
One easily checks that n o) = M and as a direct consequence we

observe that necessarily an(!) —n(®) = 0 mod b. Plugging in equation (3.3.2)
for 2, we obtain

2(2) =a (€1C1 — 7”1) + (1 + M,(2)
and equation (3.3.3) then implies

2 =q (61 (b (eaCa — 1r2) —ale + n(2)) — 1“1>
+c (b (e2G2 — r2) — aa + n(z)) + 12
=(ae1 + ¢)(bez — a)Ca + (aer + ) (P —bry) + n o) — ar

With equation (3.3.2) that implies
(ae1 + ¢)(be2 — a)C2 + (ae1 + c)(n(2> —bro) +n,@) —ar: = ez — T2

— (2) (1) (2)
ad=fe=—1 a((bei+d)ea—(ae1+c))C2 = (ae1+c)b (r2 - nT)Jra (T‘1 - nT) - (7"2 - nT)

ad=fg=-1 a((ber + d)ea — (ae1 +¢))2 =a ((bel +d) (7"2 - @) + (7"1 - ?))

Hence we obtain that

‘oo (be1 +d) <r2 - #) + (7“1 — %D)
(be1 + d)es — (aeg + ¢)

Hence (2 must be rational whenever (be; + d)ea — (ae1 + ¢) # 0. If the left
side is zero, then we see from the fundamental group that we can homotope
the representation in such a way that (o becomes rational. Indeed, we see

(3.3.4)
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that we can easily homotope p in such a way that (2 becomes rational,
if we ignore the obstruction given by s = (s())*(h()?. But whenever
((aer + ¢)(bea — a) — e2) = 0, then this obstruction clearly does not affect
(2 due to equation (3.3.4). Thus we may assume that (s is rational and as
a direct consequence also (1 must be rational. O

REMARK 3.12. Note that the proof of Lemma 3.11 in particular shows
that if (be; + d)ea — (ae1 + ¢) # 0, then (;, j = 1,2 depend only on 1, 73,
nW, n@ and M.

Thus we can write (; = f;—: and it is easy to see that the obstructions on

(1) — ps
q

the fundamental group imply that then also z is rational.

For gluing in a solid torus along the slope as") + Bh() so that the
representation extends to this torus it is necessary and sufficient that

(=M + B¢, (2M)2) = p(sV)*p(h ™M) = (0,1).
It suffices to find 7, s € Z such that b|r (since then 7“%1) € 7Z) and

rzM 4+ sCi + 7 = 5 +5¢1 =0,

since that implies
(1) (1)
plrst? +561) = (7o 4561, (@0)) = (=2 shr ™) ) = 0.1
We see that such r,s € 7 exist, and a possible choice is r = bpn ,
0o ged(b,pp)

s = —%th. Furthermore at least one of them can be assumed to be
non-zero.

Thus it is possible to perform a Dehn filling on M; so that the represen-
tation extends to M (a, 3), where a = r and § = s and perform the same
Dehn filling on My, denoting the slope by as® + gh(2.

REMARK 3.13. Note that Mj(«,3) and Mas(a, B) might be orbifolds,
since there is no reason for which we can always assume ged(a, 8) = 1,
because we need that b|a.

If ged(a, 8) = 1 we can apply Proposition 3.1 and obtain

UOZ(Ma P) = UOZ(Ml(CM, B)) + UOZ(MQ(&7 5))

Case 3: After possibly taking a conjugate representation we may assume
that C' is one of the following three 2-dimensional Lie groups R xz ¢y,
R Xz Fpm, R Xz thp'

Note that in any of the three cases the restriction of p to w1 M> is com-
pletely determined for a fixed p(h")) up to homotopies of the p(agl)) and
p(BY).

The elliptic case is very similar to case 2 above and thus will not be dis-
cussed here. For the other two cases note that C' = R?, where identification
is as follows:

By Proposition 3.2, the centralizer of (z,A) is the group R xz 4,
where I'4 is either Iy, or I'py,. We know from Section 3.2.1 that I'y =
{sh(n)B|B € T'a.}.
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Thus we can uniquely write (z, B) € T'per/Thyp as (2, B') with B’ €
LCpar,e/Thyp,e- Since T'pare/Thype = R this gives us the desired identification
of C with R2.

We claim that in those two cases p(h(?)~%p(s))0 = p(hV)) = (¢, 1) =
(0,1). To see this consider the obstructions coming from 7M. As above
let

p(h®)) = (G2, y®)
p(s?) = (:@,2)

P17 = (27,2
The obstructions we get are
(1) p(h@)=2p(s@)b = ((1,1) = 2D = ¢y
@) o) o =0 1) = o =~y 2 = Uy

3) 0.0 = p([af87] - [a ;2)75;?3@) o) o3 2 ()

(1),(2) @ p® (2) b
=, gy@) - <Z§l1 1(2))9( =0, 22 ( d )

a;

But then since () # 0 the first equation in (3) implies

Plugging that into the second equation that we derived in (3) implies that
P %Cg = b2% —agy = 0.

Hence p(h(M)) = (0,1). But then we cut M open along T and perform a Dehn
filling on M> with slope bs® — ah(® and on M, with slope h(}). Additivity
implies that

vol(M, p) = vol(Ma(b, —a), p) + vol(M1(0, 1), p) = vol(M7(0,1), p),

where the last equality follows since C' is 2-dimensional.

It follows from [46, part 6.2.4 of Thm. 6.3.3] that M;(0,1) is a connected
sum of copies of S2 x S!. By [30, Theorem 1] a connected sum of copies of
S? x S! is dominated by a product o x S! for a surface o and thus has zero
Seifert volume. Hence we obtain

vol(M, p) =0

The discussion in particular shows that Case 2 and Case 3 with C' el-
liptic are the most interesting cases, since in all other Cases the volume of
the representation is zero. We now concentrate on Case 2 and give a de-
scription of all representations that occur in this case. From this result we
will conclude that for a large class of one-edged Graph manifolds there is a
representation of non-zero volume.
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ProrosITION 3.14. Let M = M; U, My be a one-edged graph mani-
(49) b,
fold, where M; = (g( D1 aly) >, j = 1,2 with section-fiber bases

» (J)"“’(ld(]-)

(h(j),s(j)), with respect to which the gluing is given by the matric A =

(ZZ)JMMMAQM%:QQﬁmM.

Assume that (bey + d)ea — (aey +¢) # 0. Let nl) ngj), e ,né](g.) € 7Z,
j =1,2, satisfying the conditions

v | @) () 49 7@ ()
i _n n 9,0 i —
ZL”)JJ{ bJ<29 2and2{ w { bwzz 2g9), j=1,2,

i=1 P z
(3.3.5)
an™ —n® =0 mod b. (3.3.6)

FONYY a@ o) ~ @ .
Let furthermore ej = 7"} (J), ri=> i ROE andr; =r; — "=, j=1,2.

Then there is a representation p : 1M — [50¢SLa(R) with

p(h9) = (¢, 1),
p(’y(j)) _ (Z(j) x(]))
p(S(J)) = (z(])jx(j)%
G) _ n? s : 0) o o ") /()
where z;”) = ﬁ (J)Cj, 2U) = ejCi—rj, x;” is conjugated to sh(—n;" /a;”’),

U = sh(nl) /b) for] =1,2, and

(b€2 — CL)’I/“\l + 7y

G = (be1 + d)es — (aeg + ¢)

(b61 + d)?g + 5“\1
(bex + d)ea — (ae1 + ¢)

are uniquely determined by 71, 2, and M.

G =

Conwersely given a representation p : 1M — 50,8 Ly(R) with p(h1)) =
(¢5,1), 7 = 1,2, then there are integers ngj), n9) satisfying the conditions
(3.3.5) and (3.3.6), and up to conjugation the representation also satisfies
all the other properties.

PROOF. Assume we are given n(]) cee ((i]()), W) e Z, j = 1,2, satisfy-
ing conditions (3.3.5) and (3.3.6). Set 2\9) = sh(nU)/b). Condition (3.3.5)
and Lemma 2.24 imply that there are conjugates 751(]) of sh(—nl(-j ) /agj )),

i=1,--- d(J) 7 = 1,2 such that

. g . '
a2 =TT o] j = 1,2,
=1

where U%J),wg ), o v(](])),w(](j)) € Sz;(f{)



3.3. REPRESENTATIONS ON GRAPH MANIFOLDS 75

Setting p(a(j)) = (O,Ugj)), p(ﬂl-(j)) = (O,w(j)), i=1,---g\ 29 = =y —

i i
@)
ﬁgja

W =i -
, xz(j), RO = ¢ € R, j = 1,2, it is straightforward to check that p sat-
isfies all relations in 7 M except for p(s®) = p(s)p(hW)e, p(h(?)) =
p(s)Pp(h D)L,
Using condition (3.3.6), these two relations are equivalent to

an® — n®

b
G = b2V 4 d¢y +n®

Thus we obtain the system of linear equations

2@ =z 4oy +

1 —e 0 0 z(D o

—a —-c 1 0 G - 7"’”11)_"2

0 0 1 —e PON I . (3.3.7)
b —d 0 1 G n()

and the representation is well-defined if and only if equation (3.3.7) is ful-
filled. Computing the determinant of the 4 x 4 real matrix implies that there
is a unique solution if and only if (be; +d)ez — (ae1 +c¢) # 0, which is satisfied
by assumption.

Thus there are unique (j, 2\9) € R solving the linear equation and we
saw in the proof of Lemma (3.3.4) that

71+ (ber + d)72
(bex + d)ea — (ae1 + ¢)

and since the situation is symmetric in M7 and Ms up to exchanging A by
A~ we obtain

G =

?2 + (b€2 — a)?l
G = -
(ber + d)es — (aer + ¢)
This completes the first part of the Proposition.
The second part is an easy consequence of the relations in the funda-
mental group and Lemma 2.24. O

We apply this result to prove that there is a representation with non-
trivial volume for a large class of one-edged graph manifolds.

ProprosiTION 3.15. Let M = My Uy My be a one-edged graph mani-
. () b
fold, where M; = (g(J), 1; %7 R 16)) >, 7 = 1,2 with section-fiber bases
ay

7 a,3)

(h(j),s(j)), with respect to which the gluing is given by the matric A =

( o > that is (s, B} = (s, b)) A,

Assume that

9cd(age,Pey + Cesle; — APese,,b) =1, (3.3.8)
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Pey Pey

with e; = ey’ € = 4oy’ gcd(Pey s Gey) = 9cd(pey, Gey) = 1 and that g( ) g( ) >

2.

Then for every n® with ged(n®,b) = 1 and —2b < n(?) < 2b there is a
representation p : myM — Iso.SLa(R) of the form in Proposition 3.14 with
volume

vol(M, p) = 47° (F1¢1 + Tala) -

In particular choosing n® = 1, there is a representation with non-zero
volume.

PRrOOF. The above results in Case 2 imply that we obtain manifolds
My = Mi(M\, 1), Ma = Ma(Ag, u2) whenever we can choose Ao,y € Z
such that ged(Aa, p2) = 1, bjA2, and

n
A2 A -t uG=0j=12

Using that 2 = e3¢y — r and solving for ‘/\L—;, we obtain

@\ 1 ™
2 n o
L rp— | o= + —. 3.3.9
A2 ? ( ? ) G2 TG ( )
Observe that e; = e; + ’;—;, is the Euler number of Z\/Zj, j =1,2 and thus
T
& = 2. (3.3.10)
©)

Since condition (3.3.8) immediately implies condition (3.3.5), we can use
equation (3.3.4) in equation (3.3.9), and obtain

P2 n® (bey + d)es — (aey + )
)\2 2 2 b (be +d) (74 —M>+<T _ﬂ)
1 2 b

62<T1—%1)>+(a61+ )( —@)
(bel—i-d)( T))+( #)

i ()« (i o) (B2 -2
(2 ) (- 22) + (22— F)

Let rj = o, ged(pr, . 4r,) = 1, j = 1,2. Then

ua b (PeyPridey Ory + (aPey + ey )Prodr ey) — (n“)peQ ey + 1P (ageype; + e, qel)) Grq Grg

Y [b ((bpey + A)Prodry — nPpe,qry @ry) — (NP d 4+ 1MW )ge; @ry @ry ] Ges

Assuming that gcd(gr, qr,,b) = 1, we obtain that for b|Ae it is sufficient to
choose M), n(? € Z such that

b| ( d—l—n(1)>

and
ng<n(1)pe2QB1 + n(2) (aq62p81 + qe2qelc> 7b> =1
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Multiplying n(®)d + n") by a and remembering that ged(a, b) = 1 we see
that

bn®@d +nM o bn®(be — 1) + anM < blanV) — 2.

Hence this conditions is equivalent to condition (3.3.6) and is thus satisfied
for every representation p of the form in Proposition 3.14 and conversely we
do not have to take care of condition (3.3.6), when choosing n") and n(®.
In particular n® = —dn® mod b and n® = an® mod b. That implies
that

n(l)p62q61 +n(2) (GQGgpm + q€2q€10) = n(2) (GQezpm + Geyqes C — dpeQQel) mod b.

Condition (3.3.8) implies that ged(n® (age,pe, + GesGe, ¢ — APese,) s b) = 1
if and only if gcd(n@),b) = 1 and in particular every choice of n(® with
ged(n®),b) = 1 guarantees that M; and M, are manifolds.

Remember that the proof of Proposition 2.25 showed that for a SEQ\(TR)-
manifold N, and a representation f mapping the fiber to (¢, 1), we obtain

vol(N, f) = 4n?e(N)C2.

Since by assumption ¢V, ¢(® > 2, we know that ]\/4? is an SLs(R)-manifold
if and only if €; # 0 and else it has geometry H? x R in which case the volume
of any representation vanishes, thus the Volume formula always holds and
using equation (3.3.10) we obtain

vol(M, p) = vol(My, pl57,) +vol (Ma, pl7.)
= 4r* (@1 + €3)
— A2 (7“1 24 2 2>
2 G & G
= 47” (F1¢1 + T2Ga) -

Now we prove that there exists a choice for ngj), n@ i=1,---,d9, 7=12
whenever ged(n®,b) =1 and 0 < n® <b.

Choose nl(-J) =0, for all i and j and n® = —dn® mod b with —2b <
n() < 2p.

Then we obtain 71 = —%2 n(M) = kb — dn®@, 7 = —22 and, since

1 b y 12 b ’

—2b < nMW . n@ < 2b, and ¢M, ¢ > 2. it is immediate that condition
(3.3.5) is satisfied. Thus there is indeed a representation for every such n(?).

Finally we prove that for n(2) = 1 we can choose n*) such that we obtain
a representation with non-zero volume. Define u = 472 /((bey +d)es — (ae1 +
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¢)) # 0. Then we obtain the volume
vol(M, p) = 4m* (P11 + T2Ca)
= u (27172 + (beg — a) 7 + (bey + d) 75)

- <2(kb —d)+ <bp°’2 - a) (nM)2 4 (bp‘f1 + d>>
b qez Qel

u
= m [(2kb - 2d)q€1 Ges + (bpeQQel — QQe, q@)(kb — d)2
e1es

+bpel Qey + dQe1 Qeg]

o u
b2q61 qez

+ k (QbQE1 Ges — 2bd (bp€2 Ge; — QQe, QGQ))

+d2 (bp82 de; — QQe, qez) + bpel Ges + dqe1 Q€2:|

[k2b2 (bpez ey — QQeyQey )

Recall that ge, , Ge,, b # 0. Hence b?(bpe, e, —aGe, Gey) and (2bqe; Gey — 2bd (bPeyGe, — ey Ges))
cannot vanish simultaneously. Thus vol(M, p) is a non-constant polyno-
mial of degree 2 in k. Since we have at least three different choices for
k with —2b < n(1) < 2 it is immediate that there is a choice for k with
vol(M, p) # 0. O

REMARK 3.16. In this section we restricted ourselves to a closer anal-
ysis of one-edged graph manifolds. The main tools in our analysis were
additivity and Lemma 3.10. As mentioned in Remark 3.9, one can apply
the additivity formulas also to other non-geometric manifolds and thus both
results also hold for a much larger class of graph manifolds. This suggests
that using similar methods one might be able to derive non-vanishing results
for volumes of representations for a larger class of graph manifolds.
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