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Abstract

In this thesis we study Kahler groups and their connections to Geometric
Group Theory. This work presents substantial progress on three central

questions in the field:

1. Which subgroups of direct products of surface groups are Kéhler?

2. Which Kéhler groups admit a classifying space with finite (n — 1)-

skeleton but no classifying space with finitely many n-cells?

3. Is it possible to give explicit finite presentations for any of the groups

constructed in response to Question 27

Question 1 was raised by Delzant and Gromov in [58].

Question 2 is intimately related to Question 1: the non-trivial examples
of Kahler subgroups of direct products of surface groups never admit a

classifying space with finite skeleton.

The only known source of non-trivial examples for Questions 1 and 2 are
fundamental groups of fibres of holomorphic maps from a direct product
of closed surfaces onto an elliptic curve; the first such construction is due

to Dimca, Papadima and Suciu [62].
Question 3 was posed by Suciu in the context of these examples.

In this thesis we:

e provide the first constraints on Kahler subdirect products of surface

groups (Theorem 7.3.1);

e develop new construction methods for Kahler groups from maps onto

higher-dimensional complex tori (Section 6.1);

e apply these methods to obtain irreducible examples of Kahler sub-
groups of direct products of surface groups which arise from maps
onto higher-dimensional tori and use them to show that our condi-

tions in Theorem 7.3.1 are minimal (Theorem A);



e apply our construction methods to produce irreducible examples of
Kahler groups that (i) have a classifying space with finite (n —1)-
skeleton but no classifying space with finite n-skeleton and (i) do
not have a subgroup of finite index which embeds in a direct product

of surface groups (Theorem 8.3.1);

e provide a new proof of Biswas, Mj and Pancholi’s generalisation
[24] of Dimca, Papadima and Suciu’s construction to more general
maps onto elliptic curves (Theorem 4.3.2) and introduce invariants
that distinguish many of the groups obtained from this construction
(Theorem 4.6.2); and

e construct explicit finite presentations for Dimca, Papadima and Su-

ciu’s groups thereby answering Question 3 (Theorem 5.4.4).
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Chapter 1

Introduction

Mision, quizds en parte cumplida.

Javier Llosa Garcia

In this thesis we study Kahler groups and their connections to Geometric Group
Theory. A Kdihler group is a group which can be realised as the fundamental group
of a compact Kéahler manifold. Kéahler groups have been the focus of a field of active
research for the last 70 years.

Being Kahler places strong constraints on a group. For instance, the group must
have even first Betti number, be one-ended, be 1-formal, and it is not the fundamental
group of a compact 3-manifold without boundary unless it is finite.

On the other hand, the class of Kahler groups is far from being trivial. It includes
all finite groups, surface groups (fundamental groups of closed orientable surfaces),
abelian groups of even rank; and direct products, as well as finite index subgroups
of Kahler groups are again Kéhler. In addition, there are examples of Kéahler groups
with exotic properties such as non-residually finite Kahler groups and non-coherent
Kahler groups.

Despite being a field of active research for many decades, we are still remarkably
far from understanding Kahler groups. In fact we do not even have a good guess as
to what a classification of Kéahler groups may look like.

The chances of answering the question of which groups are Kahler improve con-
siderably when we restrict ourselves to specific classes of groups. It has already been
mentioned that a Kahler groups which is the fundamental group of a compact 3-
manifold without boundary must be finite, and there are other instances of this kind
of result. For instance, Kéahler groups which are 1-relator groups must be fundamental
groups of closed orientable orbisurfaces and Kéhler groups which have positive first

[2-Betti number are commensurable to surface groups.



Many of these results are based on a strong connection between Kahler groups
and surface groups: any homomorphism from a Kéhler group G = m M (M compact
Kéhler) onto a hyperbolic surface group is induced by a holomorphic map with con-
nected fibres from M onto a closed Riemann surface. With their fundamental work
on cuts in Kahler groups, Delzant and Gromov [58] initiated the more general study
of the relation between Kahler groups and subgroups of direct products of surface
groups. They provided criteria that imply that a Kahler group maps to a direct

product of surface groups. Their work led them to ask the following question:
Question 1. Which subgroups of direct products of surface groups are Kdhler?

Further impetus to their question has been given by the recent work of Py [107]
and Delzant and Py [59], who showed that Kéahler groups which act nicely on CAT(0)
cube complexes are subgroups of direct products of surface groups.

Despite the significance of Delzant and Gromov’s question and the fact that it
has been around for more than 10 years now, our knowledge of Kéahler subgroups of
direct products of surface groups is very limited. There are only two known classes
of examples. The first class consists of the finite index subgroups which are trivially
Kéhler. The second and much more interesting class is a class of subgroups arising as
kernels of homomorphisms from a direct product of hyperbolic surface groups onto Z.2.
This class was constructed by Dimca, Papadima and Suciu by considering fibrations
associated to 2-fold branched covers of elliptic curves [62].

Their work was motivated by the question of finding Kahler groups with exotic
finiteness properties. A group G has finiteness type F, if it has a classifying space
K(G,1) with finite r-skeleton. It has finiteness type F. if it has a classifying space
with finite r-skeleton for every r and finiteness type F if it has a finite classifying
space. For every r > 3 they construct a subgroup of a direct product of surface groups
of type F,_; but not of type F,. This was a big breakthrough in the field, since it
showed that Kahler groups can have exotic finiteness properties. We will refer to
Dimca, Papadima and Suciu’s examples as the DPS groups.

Given the close relation between Kéahler groups and surface groups and the very
good understanding of the finiteness properties of subgroups of direct products of
surface groups following the work of Bridson, Howie, Miller and Short [29, 30], it
comes as no surprise that the first examples of Kahler groups with exotic finiteness
properties are subgroups of direct products of surface groups. In fact, it follows from
the work of Bridson, Howie, Miller and Short that any non-trivial example of a Kahler

subgroup of a direct product of surface groups must have exotic finiteness properties.



Thus, there is a close connection between Delzant and Gromov’s question and the

following question:
Question 2. Which Kdhler groups are of type F,._1 but not of type F,.?
In the context of the DPS groups, Suciu asked the question of

Question 3. Is it possible to find explicit finite presentations for any of the groups

constructed in response to Question 27

The significance of Question 3 lies in the fact that having explicit finite presenta-
tions opens up many possibilities for explicit interrogations of these groups.

With this thesis I contribute to an answer to each of these three questions. Con-
cerning Question 1, I develop construction methods that lead to new classes of Kéhler
subgroups of direct products of surface groups (see Chapters 4 and 6); these examples
have appeared in [98] and [100]. T also provide criteria which imply that a subgroup
of a direct product of surface groups is not Kéhler (see Chapter 7), as well as criteria
which imply that a Kahler group is a subgroup of a direct product of surface groups
(see Chapter 3). The focus in Chapters 4, 6 and 7 is on subgroups that arise as ker-
nels from a direct product of surface groups onto an abelian group. These subgroups
are called coabelian. They form an important class of subgroups — for three factors
all finitely presented full subdirect products of surface groups are virtually coabelian
while for more factors they are virtually conilpotent. We want to emphasise that the
key constraints that we derive in Chapter 7 are very general: they apply to all Kahler
subgroups of direct products of surface groups and also to Kahler groups which map
to direct products of surface groups with finitely generated kernel.

We call a group urreducible if it has no finite index subgroup which splits as a
direct product of two non-trivial groups. A subgroup of a direct product of groups
is called coabelian of even (odd) rank if it arises as the kernel of a homomorphism
onto an abelian group of even (odd) rank. The main consequence of our analysis of
coabelian Kahler subgroups of direct products of surface groups can be summarised

as follows:

Theorem A. Let G < m Sy, x---xmSy, be a Kdahler subgroup of a direct product of
fundamental groups of closed Riemann surfaces Sy, of genus g; >2, 1 <i<r. Assume
that G is of type F,, with m > %’" and has trivial centre.

Then G has a finite index subgroup which is coabelian of even rank, and every

finite index coabelian subgroup of G is coabelian of even rank.



Conversely, for any r >3, r—=1>m > 2{ and g1, g, > 2, there is a Kahler
subgroup K < mSg, x - x S, which is an irreducible full subdirect product of type

Fn but not of type Fi1 (and has trivial centre).

The examples constructed in the context of Question 1 have exotic finiteness
properties and thus contribute towards an answer of Question 2. Towards Question
2, we will also provide a completely different class of Kéhler groups based on Kodaira
surfaces (see Chapter 8). These groups do not have any finite index subgroups which
are subgroups of direct products of surface groups. Their construction is contained
in a joint paper with my advisor Martin R. Bridson [32]. Concerning Question 3, T
construct explicit finite presentations for the DPS groups in Chapter 5. These results
are published in [99].

1.1 Structure and Contents

In Chapter 2 we summarise relevant background material from the literature and
explain the results discussed in the introduction in more detail. We start by recalling
important notions concerning Group Theory required in this work in Section 2.1. In
Section 2.2 we give a short general introduction to Kahler groups, expanding on some
of the material in this chapter. In Section 2.3 we give a detailed overview of what
is known about the deep connection between Kéhler groups and surface groups and
more generally Kéhler groups and subgroups of direct products of surface groups.
To highlight the significance of these results we discuss constraints on Kahler groups
coming from Geometric Group Theory which are closely related to surface groups
— these are contained in Section 2.4. In Section 2.5 we give an introduction to the
finiteness properties of groups with a particular focus on the DPS groups.

In Chapter 3 we provide new criteria that imply that a Kahler group is a subgroup
of a direct product of surface groups. These emphasise the importance of solving
Delzant and Gromov’s Question 1. In Section 3.1 we prove that every residually
free Kéahler group is a subdirect product of surface groups and a free abelian group
(Theorem 3.1.1). In Section 3.2 we consider maps from Kéhler groups onto torsion-
free Schreier groups with non-vanishing first Betti number and show that any such
map factors through a map onto a surface group (Theorem 3.2.1). This provides us
with new criteria for a Kéahler group to be a subgroup of a direct product of surface
groups (Theorem 3.2.3).

In Chapter 4 we provide a new class of Kahler subgroups of direct products of r

surface groups which are of type F,_; but not of type F, for every r > 3 (Theorem

4



4.3.2). All of our groups arise as fundamental group of fibres of holomorphic maps
from direct products of closed hyperbolic Riemann surfaces onto elliptic curves which
restrict to branched coverings on the factors. In fact, we show that the fundamental
group of the fibre of any such map with at least three factors and connected fibres
provides an example. From a group theoretic point of view, all of these examples are
kernels of homomorphisms from a direct product of surface groups onto Z?2. Our class
is inspired by the DPS groups. This general construction is contained in Sections 4.1,
4.2 and 4.3. In Section 4.4 we give some very concrete examples which to us seem like
the most natural generalisation of Bestvina-Brady groups in the setting of Kéahler
groups. In Sections 4.5 and 4.6 we introduce invariants that distinguish many of
the groups obtained from our construction. In particular, they show that our class
contains genuinely new examples (Theorem 4.6.2).

In Chapter 5 we construct explicit finite presentations for the DPS groups. In
Sections 5.2 and 5.3 we apply a method by Bridson, Howie, Miller and Short [31] to
obtain these explicit finite presentations (Theorem 5.3.1). In Section 5.4 we show
how to simplify these presentations. This leads to presentations in which the relations
naturally correspond to the standard relations in the direct product of surface groups
(Theorem 5.4.4).

In Chapter 6 we provide a new method for constructing Kahler groups from maps
onto higher-dimensional complex tori, and apply it to obtain a new class of examples
of Kahler subgroups of direct products of surface groups; these arise as fundamental
groups of the smooth generic fibres of these maps. Our construction method is ex-
plained in Section 6.1; the main result of this section is Theorem 6.1.7. We also
consider two special cases of our construction which are of particular interest. The
first one is a generalisation of Dimca, Papadima and Suciu’s [62, Theorem C] to maps
with fibrelong isolated singularities (see Definition 6.1.4 and Theorem 6.1.5). The-
orem 6.1.5 and its proof are contained in a joint paper with Martin Bridson [32].
The second one is the special case of Theorem 6.1.7 when all singularities are isol-
ated (Theorem 6.1.3). All of these results require the higher-dimensional tori to
have certain symmetries. They are for instance satisfied when the torus is a k-fold
direct product of an elliptic curve with itself. The construction methods developed
in Section 6.1 allow us to construct new examples of irreducible Kéahler subgroups
of direct products of surface groups arising as kernels of homomorphisms from the
direct product onto Z?* (Theorem 6.4.1). These groups cover the existence part of
Theorem A.



In Chapter 7 we give criteria which imply that a subgroup of a direct product of
surface groups is not Kahler and, more generally, that a group which maps onto such
a subgroup is not Kéhler (Theorem 7.3.1). We use our results to provide constraints
on coabelian subgroups of direct products of surface groups arising as kernels of a
homomorphism onto a free abelian group. We we will show that in many cases in
which the free abelian group has odd rank, the kernel of such a map is not Kahler.
In particular, we will see that no subgroup arising as kernel of a homomorphism onto
Z is Kéhler (Theorem 7.1.1) and that for all £ the kernel of a homomorphism from
a product of r factors onto Z2**! cannot be Kahler if it is of finiteness type F,, with
m at least % We use our results to prove that there are non-Kahler full subdirect
products of surface groups which have even first Betti number (Theorem 7.2.4).

In Chapter 8 we construct classes of examples of Kahler groups with exotic fi-
niteness properties of a different kind. They arise as fundamental groups of smooth
generic fibres of holomorphic maps from a direct product of Kodaira fibrations onto
an elliptic curve. We will provide two classes of examples. For the first and more
interesting one, we modify Kodaira’s construction of the first such fibrations with pos-
itive signature (see Section 8.2). In this way we obtain examples of irreducible Kéhler
groups of type F,._1 but not of type F, (r > 3) which do not have any subgroup of finite
index which is a subgroup of a direct product of surface groups (Theorem 8.3.1).
For the second class, we consider Kodaira fibrations with signature zero and obtain
examples of type F,_; but not of type F, which have finite index subgroups which
are subgroups of direct products of surface groups (Theorem 8.1.1). However, these
groups are in general not themselves subgroups of direct products of surface groups
— we will give precise criteria for when they are such subgroups in Section 8.4. This
Chapter is based on a joint paper with Martin R. Bridson [32].

In Chapter 9 we discuss a promising strategy for a proof of Conjecture 6.1.2; a
conjecture we make in Chapter 6. This conjecture would provide a generalisation of
Theorem 6.1.7 to holomorphic maps with isolated singularities and connected fibres
onto general higher-dimensional complex tori, dropping any assumptions on symmet-
ries of the tori. It is based on a putative induction argument which makes use of the
local structure of a fibration with isolated singularities. A key ingredient in the induc-
tion is Theorem 9.3.1 about lines in varieties. The proposed induction is explained
in Section 9.4. The current gap in the argument stems from a lack of properness in
a map that occurs in the induction step, as required in the current proof of Lemma

9.4.3. However, we believe that it should be possible to close this gap in future by



means of a closer examination of the local topological structure of a fibration with
isolated singularities.

There are three appendices. In Appendix A we discuss some classical results
from homotopy theory that we make use of in Chapter 9. In Appendix B we give
a brief discussion of the Lefschetz Hyperplane Theorem and its significance for the
construction of Kahler groups. In Appendix C we introduce the basic notions of

formality and explain some of its implications for Kahler groups.



Chapter 2

Background

In this chapter we want to provide an overview of the theory of Kéhler groups with
a particular focus on the relation between Kahler groups and subgroups of direct

products of surface groups.

2.1 Group Theory

We begin by summarising some results from Group Theory that we will use in this
work. In particular, we will give an introduction to residually free groups and their
structure theory.

We start by recalling a few basic notions from Group Theory. Let G be a group,
H < G be a subgroup, and gH = {g- h|h € H} be the left coset of g in G with respect
to H. The index [G: H] e Nu{oo} of H in G is the number of pairwise disjoint left
cosets of H in G. We say that H is of finite index in G if [G: H] < 0o. The centre of
G is the subset Z(G) :={g € G| gh=hg for all heG}.

For a group property P we call a group virtually P if the group has a finite index
subgroup which has the property P. For instance, we call a group virtually abelian
if it has an abelian subgroup of finite index.

Two groups G and H are called commensurable if there are subgroups G; < GG and
H, < H of finite index such that Gy 2 H;. We say that G and H are commensurable up
to finite kernels if there is a finite sequence G = Py, ..., P, = H of groups such that P; is
commensurable to P, for 1 <i < k—-1. For residually finite groups commensurability
up to finite kernels implies commensurability; this is false in general (see [51] for more
details).

A presentation of a group G consists of a generating set S = {s;},.; of G together
with a set R = {7“]}].E ; of relations (words in the generators and their inverses) r; =

such that r; is trivial in G and G = F/(S)/{(R)). Here F(S) denotes the

+1 +1
ST, S .
1(3)  Ting) ()’



free group on the set S and ((R)) denotes the normal closure of R in F'(S), that is, the
smallest normal subgroup of F(S) containing all words in R. We write G = (S | R).

We call a group G finitely generated if there exists a presentation of G with a
finite generating set and we call G finitely presented if in addition, we can choose a
finite set of relations.

An important connection between groups and geometry is provided by the Cayley
graph Cay(G,S) of a group G with respect to a finite (or countable) generating
set S. Tt is defined as the graph with vertex set V = {g| g€ G} and edge set E =
{(g,98) | g€ G,s€S}. If S is finite then every vertex of Cay(G,.S) has valency 25|,
i.e., there are 2|S| edges incident to every vertex of Cay(G, S). For every Cayley graph
Cay(G, S) there is a canonical corresponding cell complex together with a geodesic
metric with respect to which every edge has length one. In the following we do not
distinguish between a Cayley graph and its realisation as cell complex and denote
both by Cay(G,S).

For a topological space X we define its set of ends as the limit lim 7y(X \ K') over
all compact subsets K c X. The cardinality of the set of ends is called the number of
ends of X and is denoted by e(X) e Nu {oo}.

For a finitely generated group G, the number of ends of a Cayley graph Cay(G,.S)
is independent of the choice of finite generating set S. Thus, we can define the number
of ends of a finitely generated group G by e(G) = e(Cay(G, S)), where S is any finite
generating set. The following theorem summarises some facts about the number of

ends of a group. The proofs can be found in [111]:
Theorem 2.1.1. Let G, H be finitely generated groups. Then the following hold:
1. if G and H are commensurable, then e(G) = e(H);
2. G 1is finite if and only if e(G) = 0;
3. G is infinite and virtually cyclic if and only if e(G) = 2;
4. [Stallings [121]] G is an amalgamated product or an HNN extension over a finite

group if and only if e(G) > 2.

For a finite simplicial graph I, denote by V(I) its vertex set and by E(I") its edge
set. We define the Right Angled Artin group (RAAG) Ar for I' as the group with the

finite presentation

Ar = (V(D) | [v,w] if vw e E(T)).
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A group is called wvirtually special if it has a finite index subgroup which embeds
in a RAAG. There are other equivalent definitions for a group to be virtually special,
but for our purposes this definition is sufficient.

A Cozeter group C'is a group that has a presentation

(91,90 | (gig;)7, 1<, 5<r)

with e; = 1 and e;; < 2 for ¢ # j with e;; € (Nu {oo}). By convention, if e;; = oo no
relation is imposed.

For a group G we define its k-th nilpotent quotient by G/vx(G), where v(G) =
[k-1(G),G] is the k-th term of the lower central series of G and v, (G) = G. We say
that G is nilpotent of nilpotency class k if v,1(G) is trivial. We call G residually
nilpotent if for every g € G there is k > 1 such that ¢r(g) # 1 where ¢y : G - G/v(G)
is the canonical projection. The maps ¢, have the universal property that any map
GG — H onto a nilpotent group H of nilpotency class at most k-1 factors through ¢y.

A group G is called solvable if its derived series D) (G) = [D*-D(G), DE-D(G)],
DO(@G) = G, becomes trivial for sufficiently large k. Since D®)(G) < 441 (G), every
solvable group is nilpotent. The converse is false: an example of a solvable group
which is not nilpotent is the fundamental group of the Klein bottle.

A subgroup H < A; x ---x A, of a direct product of groups A; is called subdirect
if the projection of H to each factor A; is surjective. For 1 <4y <--- < <7, we will
write (A;, x---x A;, ) n H for the intersection of H with the subgroup corresponding
to the image of the canonical inclusion A;, x---x A;, = Ay x---x A,. The group H
is called full if its intersection H n A; with every factor is non-trivial. For a group H
we call the maximal integer k such that Z* embeds in H the abelian rank of H. We
call a group G wrreducible if it does not have a finite index subgroup which splits as
a direct product of two non-trivial groups.

We call a subdirect product H < Ay x---x A, conilpotent of class k if y,,1(A;) < H
for 1 <i<r. The group H is called coabelian if it is conilpotent of class one. In this
case H = ker (A; x---x A, - Q) is the kernel of the quotient homomorphism onto
the abelian group @ = (A; x---x A,)/H. The same is not true for groups of strictly
higher nilpotency class k > 1; they are group theoretic fibre products over nilpotent
groups of class k. We call H coabelian of even (odd) rank if H is coabelian and the
torsion-free rank of @ is even (odd).

An important class of groups that we will encounter in several instances in this

work is the class of limit groups. A finitely generated group G is called a limit group
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(equivalently, fully residually free) if for every finite set S c G there is a homomorph-
ism ¢ : G - F, such that the restriction of ¢ to S is injective. More generally, a group
G is residually free if for every g € G~ {1} there is a homomorphism ¢ : G - F, such
that ¢(g) # 1.

Limit groups can be seen as “approximately free groups”: in many ways their
behaviour closely resembles the behaviour of free groups. They come up naturally
in Geometry, Group Theory and Logics, providing several different viewpoints and
equivalent definitions. There has been an extensive study of limit groups in recent
years [112, 86].

It is easy to see that direct products of residually free groups are residually free.
In contrast, the product of two or more non-abelian limit groups is not a limit group
and they behave in many ways like free groups. The following fundamental result

describes the relation between residually free groups and limit groups.

Theorem 2.1.2 ([14], see also [31]). A finitely generated group is residually free if

and only if it is a subgroup of a direct product of finitely many limit groups.

Two important classes of limit groups are finitely generated free groups and sur-
face groups (fundamental groups of closed orientable surfaces). More generally the
fundamental group of any closed hyperbolic surface (orientable or non-orientable) is
a limit group [12] except Ty = (a,b,c| a?b?c?), the fundamental group of the non-
orientable closed surface with Euler characteristic —1, which is not residually free: in
a free group, any triple of elements satisfying the equation z?y? = 22 must commute
[102], so [a,b] lies in the kernel of every homomorphism from I'_; to a free group.

The following Theorem summarises the most important properties of limit groups

that we will frequently use.

Theorem 2.1.3. Let A be a non-abelian limit group. Then the following hold:
1. A is torsion-free;
2. N\ is virtually special;

3. if G < A is a finitely generated normal subgroup then G s either trivial or of

finite index in A;

4. the centre of A is trivial.
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Proof. (2) is [132, Corollary 1.9]. (3) is [28, Theorem 3.1]. (1) and (4) are well-
known and easy to prove. (1) is a direct consequence of the fact that any group
homomorphism from a finite group to a free group is trivial. For (4) observe that for
an element g € A and elements i and k in the centraliser of ¢ their images under any
homomorphism to a free group must lie in an infinite cyclic subgroup (see Theorem
2.1.4 below). Hence, the image of [h, k] vanishes for any homomorphism to a free

group implying that [h, k] is trivial. O
A particularly strong result holds for the subgroup structure of surface groups.

Theorem 2.1.4. Every subgroup A" < m Sy of a non-abelian surface group is either
a surface group or a free group. The group A’ is a surface group if and only if it is a
finite index subgroup of m.Sy. In particular, the centraliser of any element in m Sy is

infinite cyclic.
Proof. See for instance [81, Theorem 1]. O

The work of Bridson, Howie, Miller and Short provides us with a very good un-

derstanding of the structure theory of residually free groups.

Theorem 2.1.5 ([31, Theorem C]). Let G be residually free. Then there are non-
abelian limit groups T'y,--- T, such that G|Z(G) embeds as a full subdirect product
of I'y x .- x .. This embedding induces an embedding of G in Gy x I'y x - x T',..
Furthermore, if H is another residually free group with ¢ : H|Z(H) > G/Z(G) and
Ay, -, As are non-abelian limit groups such that H|Z(H) embeds as a full subdirect
product of Ay x .- x A, then r = s and after reordering factors I'; @ A; for 1 <i < r.
In particular, ¢ is induced by an isomorphism Ay x - x A, - 'y x --- x ', which maps

factors isomorphically to factors.
Theorem 2.1.5 extends Theorem 2.1.2. We will make repeated use of this result
and its consequences.

2.2 Kahler manifolds and fundamental groups

In this section we want to give a brief introduction to the theory of Kahler groups.
We begin by summarising some basic notions in Algebraic Topology and Kéhler man-

ifolds.
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2.2.1 Algebraic Topology

In handling Kéhler groups, Algebraic Topology is an essential tool, and we want to
recall some basic notions which we will use.

Let X, Y be topological spaces and A c X, B c Y be subsets. Two continuous
maps f,g: (X, A) - (Y,B) with f(A) c B, g(A) c B are called homotopic, if there
exists a continuous map H : X x [0,1] - Y with H(Ax [0,1]) ¢ B and H(-,0) = f,
H(-,1)=g. Write f ~g.

Let D™ be the closed n-dimensional unit disk in R® and S~ = 9D" its boundary.
For a map f: (D", S" ') - (X, A) denote by [f] ={g|g =~ f} the homotopy class of
f. The n-th relative homotopy group of the pair (X, A) is the set

(X, A) ={[f]| f: (D", 5"") > (X, A) is continuous} .

The set 7, (X, A) admits a natural group structure which is explained in [80, Chapter
4]. The most important case is A = {xy} for some xy € A. In this case, provided
that X is connected, we often just write m,(X) instead of m,(X, A), since a different
choice of zy leads to an isomorphic group. We call 7 (X) the fundamental group of
X.

Other important notions from Algebraic Topology are homology H, (X, R) and
cohomology H*(X, R) of a topological space with coefficients in a ring or m; X-module
R. We don’t want to define homology and cohomology here, but just refer to [80,
Chapter 2 and 3].

A classifying space K(G,1) for a group G is a CW-complex X with m(X) = G
and m;(X) = {0} fori + 1. If R = K is a field, then H,(X, K) and H*(X, K) are vector
spaces and we define the n-th Betti number to be the dimension of H"(X, K). For a
group G, we define its group homology (respectively cohomology) with coefficients in
a ZG-module R as H.(K(G,1), R), respectively H*(K(G,1), R), where K(G,1) is
a classifying space.

On cohomology we can define the cup product

-u-t HY(X,R) x H(X,R) - H*'(X, R),

which is bilinear and satisfies the equality au = (-1)¥Fua. Let K be a field. We
call a subspace V ¢ HY( X, K) isotropic if the restriction of the cup product to V'
vanishes, that is, 0 = au § for all o, f € H' (X, K).
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2.2.2 Kahler manifolds

Next we want to introduce a few basic notions about Kahler manifolds. Recall that
a smooth real manifold of dimension n is a topological space M together with a
smooth atlas {(U;, ;) }..;, with U; ¢ M open, M = U;;U;, and ¢; : U; > ¢(U;) c R™ a
homeomorphism, such that all transition maps ¢; o gb;l 29, (U;nUj) - ¢;(U;nU;) are

i€l

smooth.
A smooth real n-manifold is called a Riemannian manifold with metric g, if g :

T,M xT,M — R defines an inner product on every tangent space
T,M = {5(0) | v: (-€,€) > M smooth, e >0,7(0) =p} 2 R",

varying smoothly with p.

A smooth real manifold of dimension 2n is called a complex manifold of dimension
n, if in addition ¢(U;) c C™ for all i € [ and all transition maps are holomorphic. A
complex manifold admits an almost complex structure J, that is, amap J : TM - T M
whose restrictions J, : T,M — T,M, p € M, are linear maps with J? = —1. Note that
the action of .J, on T,,M corresponds to multiplication by the complex number ¢ in
local coordinates.

A Kihler manifold (M, g,w) is a complex Riemannian manifold (M, ¢g) so that all
tangent vectors X,Y e T,M satisfy g(JX,JY) = g(X,Y) and w(X,Y) = g(JX,Y)
is a closed non-degenerate 2-form on M. Usually we will just write M instead of
(M, g,w). Complex submanifolds of Kahler manifolds are Kéhler, since the restric-
tions of g, J, w are well-defined and inherit the required properties.

An important example of a Kahler manifold is the n-dimensional complex project-
ive space CP™ = C** [ {(z1,, 2ns1) ~ (A21, -, Azpy1), A € C*}. A complex submani-
fold of CP™ is called a smooth projective variety. It follows from Kodaira’s embedding
theorem [76, p.181] that many compact Kahler manifolds are smooth projective vari-
eties. In the converse direction, Voisin proves in [129] and [130] that there exist
compact Kahler manifolds which are not homotopy equivalent to any smooth pro-
jective variety.

For a complex manifold X, being a Kédhler manifold imposes constraints on the de
Rham and Dolbeault cohomology groups of X. For instance, all Betti numbers of odd
degree with coefficients in C are even [76, p.117]. The constraints are a consequence of
Hodge theory, a theory closely related to harmonic maps and forms on manifolds. This
explains why harmonic maps are an important tool for many results about Kahler
manifolds (and groups). For more background information on Kéhler manifolds, [76]

is a good reference.
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2.2.3 Kahler groups

A Kahler group G is a group which can be realised as the fundamental group of a
compact Kéahler manifold. In particular, every Kéhler group is finitely presented.

It has long been known that every finitely presented group can be realised as
the fundamental group of a compact manifold of dimension at most four without
boundary. This can be seen via the following classical construction. For a finitely
presented group

I'= <:L‘17"'7xn | Tla"'ark>

consider the connected sum M = # 53 x St of n copies of 5% x St. Its fundamental
group is a free group on n generators. Choose k pairwise non-intersecting simple loops
Y1, Y, in M such that +; represents the conjugacy class of r; in m M. Using Dehn
surgery we can replace a small tubular neighbourhood of v; (diffeomorphic to S*x D3)
by D2 x S2 for i =1,--- k. This yields a closed, smooth, orientable real 4-manifold M
with fundamental group I'.

It is also known that every finitely presented group can be realised as fundamental
group of an almost complex manifold of dimension four [91], of a symplectic manifold
of dimension four [72], and of a complex manifold of complex dimension three [126].
In fact, for every finitely presented group, one can even find a 3-dimensional complex
manifold which is also symplectic [72]. However, the symplectic and complex structure
will in general not be compatible.

The whole story changes when for a finitely presented group G we try to find a
compact Kahler manifold M with fundamental group G. This is due to strong con-
straints on compact Kéahler manifolds coming from Hodge theory and, more generally,
the theory of harmonic maps. Indeed, even one of the most direct consequences of
Hodge theory, which is that the first Betti number b (G) = by (M) = dim(H;(M,R))
of a Kéhler group is even, provides strong constraints. For instance, it follows imme-
diately that Z2*! is not Kahler for any k. On the other hand, there are non-trivial
examples of Kéhler groups, the simplest being the fundamental groups Z2* of complex
tori and the fundamental groups I'; = .S, of closed orientable hyperbolic surfaces S,
of any genus g. Another class of examples are finite groups (Serre [113]; see Appendix
B below for a proof).

Observe that finite covers of compact Kahler manifolds and direct products of
compact Kéhler manifolds naturally carry the structure of a compact Kahler mani-

fold. Thus finite-index subgroups and direct products of Kahler groups are Kahler.
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Combining all of these results already provides us with a variety of examples and non-
examples of Kéhler groups. In particular, we observe that free groups of any rank
are not Kahler, since they have finite index subgroups with odd first Betti number.
We shall mention at this point that while finite index subgroups of Kahler groups
are Kéahler, it is not true that finite extensions of Kahler groups are Kahler. For
instance, the fundamental group of the Klein bottle is not Kéhler, since it has first
Betti number one, but it has the Kahler group Z? as index two subgroup.

The question of which finitely presented groups are Kahler was first asked by Serre
in the 1950s and has driven a field of very active research ever since. While a lot of very
interesting results and constraints have been found, there is still no classification of
Kahler groups. In fact, we do not even know what such a classification could look like.
One of the key difficulties in understanding Kahler groups is the construction of new
examples with interesting properties. Kahler groups with interesting group theoretic
properties have been constructed. Among others, there are examples of non-residually
finite Kéhler groups (see Toledo [128], Catanese-Kollar [47]) and non-coherent Kéhler
groups (see Kapovich [84], Py [108]), showing that the class of K&hler groups is far
from trivial. All of the known constructions employ very specialised techniques. As
a result, the known classes of examples remain few and far between.

One aspect which makes the study of Kéahler groups particularly interesting is
that it lies at the meeting point of three fundamental fields in mathematics: Algeb-
raic Geometry, Differential Geometry and Group Theory. As a consequence one can
take different viewpoints on Kahler groups. In this work the focus will be on the
connections between Kahler groups and Geometric Group Theory. Other approaches
to Kéhler groups include formality and the study of the de Rham fundamental group,
which in particular provide results about Kahler groups which do not map onto sur-
face groups (see Appendix C), and Non-Abelian Hodge theory (see [116] and also
[3, Chapter 7]). For a general overview on Kéhler groups see [3]. For a more recent

survey with a focus on Geometric Group Theory see [38].
2.3 Kahler groups and their relation to surface
groups

Some of the most classical results in the study of Kahler groups are on their relation to
surface groups. Indeed, one of the first results revealing a connection between Kahler

manifolds, surfaces, and algebra (in the form of differential forms) is the Theorem of
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Castelnuovo-de Franchis [43, 50] which appeared in 1905, thereby long predating the
study of Kéhler groups. Their Theorem has since been generalised by Catanese [44].

Notation. We write S, to denote the closed orientable surface of genus g.

Convention. Unless an explicit choice of complex structure on S, has been made,
we say that a map f: X — S, is holomorphic if we can choose a complex structure

on S, such that f is holomorphic.

Theorem 2.3.1 ([44]). Let M be a compact Kdhler manifold and let U < HY(M,R) be
a mazimal isotropic subspace of dimension > 2. Then there is a surjective holomorphic
map f: M — S,, with g > 2, and a mazimal isotropic subspace V < H'(S,,R) such
that f*V =U.

In fact, Siu [118] and Beauville [16] showed that there is a direct relation between
the existence of a holomorphic map from a Kéahler manifold M onto a closed Riemann
surface S, of genus at least two and the existence of a group homomorphism m G —

7r15g.

Theorem 2.3.2 ([118, 16]). Let M be a compact Kihler manifold and let G = m M.

Then the following are equivalent:
1. there is an epimorphism ¢ : G — m .Sy, with g >2;

2. there is g’ > g > 2 and a surjective holomorphic map f: M — Sy with connected
fibres such that ¢ factors through f.:m M — mSy.

A Kahler group is called fibred if any of the equivalent conditions in Theorem
2.3.2 holds. In fact there is a stronger version of Siu-Beauville’s Theorem which first
appears explicitly in Catanese’s work [46], but was probably known much earlier (see
discussion in [93]). Let S, be a closed orientable surface of genus g > 1, let D =
{p1,--,pr} € S, be a finite set of points together with multiplicities m = (mq, -+, my)
with m; > 1. Choose loops 71, -:-,7, bounding small discs around py,---, p,.. We define
the orbifold fundamental group of S, with respect to these multiplicities as the quo-
tient

1" Sgm = m(Sy N D)/ ({7}

i=1,..., k).

There is a natural epimorphism 7S, ,,, - m 5.
Throughout this thesis by a closed orientable orbisurface we will always mean a
2-orbifold with fundamental group 7¢"®S, ,, of this particular form; in particular, we

do not consider any other 2-orbifolds.
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Lemma 2.3.3 ([46, Lemma 4.2],[57, Theorem 2]). Let M be a compact Kdihler man-
ifold. Assume that there is a surjective holomorphic map f: M — S,, g > 1, with
connected fibres. Let D = {p1,--,pr} € S, be the set of critical values of f, let m;
be the highest common factor of the multiplicities of the components of the divisor
fY(p:) and let m = (mq,...,my).

Then there is an induced homomorphism ¢ : T M — 7S, ,, with finitely gen-
erated kernel such that f. : m M — m.S, factors as g, o ¢, where g, is the natural
epimorphism ¢S, , = TS5,

Conversely, if ¢ : G =m M — 7S, ,, is an epimorphism with finitely generated
kernel for some closed Riemann orbisurface Sy, of genus g > 2, then ¢ is induced by

a surjective holomorphic map f: M — Sy, with connected fibres.

Note that the orbifold part of the converse direction of Lemma 2.3.3 is contained
in [57, Theorem 2]. Catanese provides other, equivalent, conditions for the fibering
of Kéahler groups in [46].

For a fixed Kéhler manifold M and closed Riemann orbisurfaces S, 5", we say that
two surjective holomorphic maps f: M — S and f': M - S" are equivalent if there
is a biholomorphic map h : S — S’ such that f’ = ho f. The number of equivalence
classes of surjective holomorphic maps with connected fibres onto closed Riemann
orbisurfaces of genus at least two is finite. This result was stated explicitly and
proved by Delzant [55, Theorem 2| and by Corlette and Simpson [49, Proposition 2.8]
in 2008, but, as Delzant remarks, it was known well before then. In fact it was already
implicit in Arapura’s work [4], where the result was proved for surfaces of fixed genus.
Indeed Arapura’s work implies this result, since the rank of the abelianisation of a
Kahler group gives an upper bound on the maximal genus of a surface group quotient.

We want to state the following direct consequence of this result and Lemma 2.3.3.

Theorem 2.3.4. Let G be a Kdahler group. Then there is a finite number r of closed
Riemann orbisurfaces ¥; of genus g; > 2 and epimorphisms ¢; : G — "%, with
finitely generated kernels, 1 < ¢ < r, such that any epimorphisms G — m .Sy, with
h > 2, factors through one of the ¢;.

These results provide us with a very good understanding of the nature of maps
from Kahler groups onto surface groups, in particular regarding the connection bet-
ween algebra and geometry. They would however not be quite as significant if they
would not be complemented by a variety of powerful criteria which provide us with
maps from Kahler groups onto surface groups. This powerful combination lies at the

heart of a lot of progress in restricting the class of fibred Kahler groups.
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Most of the results of this form show that certain classes of Kéahler groups must
admit a map onto a surface group or, more generally, onto a subgroup of a direct
product of surface groups. There have been two key approaches to providing criteria
for the fibering of Kahler groups. The first one is to consider harmonic maps from
a Kéhler manifold (or its universal cover) to a suitable geometric space, for instance
a tree, and then use these to generate a codimension one foliation of the Kéhler
manifold. Then one shows that this foliation comes from a holomorphic map onto
a closed Riemann surface. The second approach originates in the work of Green
and Lazarsfeld [74, 75] on character varieties. We start by discussing some of the
consequences of the harmonic maps approach.

Two of the first explicit results of this form are Gromov’s result from 1989 on
Kéhler groups with non-trivial first /2-Betti number and Carlson and Toledo’s results
on maps from Kéhler manifolds to hyperbolic manifolds (and more generally to locally

symmetric spaces).

Theorem 2.3.5 (Gromov [77]). A Kdhler group has non-trivial first [?-Betti number

if and only if it is commensurable to a surface group m S, with g > 2.

Theorem 2.3.6 (Carlson, Toledo [42]). Let G = mM be the fundamental group of
a compact Kahler manifold M, let ' = m{N be the fundamental group of a compact
hyperbolic manifold N = H} [T for I' < Isom(H}) a discrete cocompact lattice, n > 2,
and let ¢ : G — T be a homomorphism. Then ¢ factors through a homomorphism
VG —>mS, (9>2) such that either the image of 1 is infinite cyclic or v is induced
by a surjective holomorphic map f: M — S,.

Theorem 2.3.6 is based on the work on harmonic maps on Kéahler manifolds by
Siu [117], Sampson [110], and Eells-Sampson [66].

Based on Gromov’s methods developed in [77], Arapura, Bressler and Ramachan-
dran proved that Kahler groups must have zero or one end. By Stallings’ Theorem

2.1.1(4) about ends of groups this can be stated in the following algebraic form:

Theorem 2.3.7 ([6]). If a group G admits a decomposition as an amalgamated free
product G = A xp B or HNN-extension G = Axa of groups A, B over a finite group
A with [A:A]>2 and [B: A] > 2 then G is not Kdhler.

Gromov and Schoen [78] showed that in fact the relation between Kéhler groups,

amalgamated free products and surface groups is even stronger
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Theorem 2.3.8 ([78]). Let X be a compact Kihler manifold and G = m X . Assume
that G splits as an amalgamated free product G = Gy *a Gy with [G1:A] > 2 and
[Go:A]>3.

Then there is a representation p: G — PSL(2,R) with discrete, cocompact image
and a finite covering X' — X together with a holomorphic map f: X' - S,, g > 2,
such that plr, x = fe.

An alternative, more recent, proof of Theorem 2.3.8 can be found in [105].

A different approach leading to fibred Kéahler groups is based on the study of char-
acter varieties of Kéhler groups, that is, the variety of homomorphisms Hom(G, C*)
from a Kéahler group G to the complex numbers C* = C \ {0}. This approach goes
back to the work of Green and Lazarsfeld [74, 75] and Beauville [15, 17]. Based on
Beauville’s work, Arapura [5, 4] gives a very explicit criterion in terms of the derived

subgroup of a Kahler group.

Theorem 2.3.9 ([5, 4]). If a Kdihler group G is fibred then H,([G,G],R) is not
finitely generated. Conversely, if Hi([G,G],R) is not finitely generated then there is

a finite index subgroup Go < G and a surjection Gy — w1 Sy, with g > 2.

A partial generalisation of this result was subsequently proved by Napier and
Ramachandran [104].

Theorem 2.3.10 ([104]). Let G = 7 M be the fundamental group of a compact Kdhler
manifold M and let ¢ : G — Z. be an epimorphism with ker¢ not finitely generated.
Then there is a surjective holomorphic map f : M — S,, with g > 2, such that ¢
factors through f.:m M — m.S,.

The connection between maps to surface groups and the derived subgroup, which
was first observed by Beauville [15] and lead to Theorem 2.3.9, has proved to be of a

deep nature and ultimately culminated in Delzant’s alternative [56].

Theorem 2.3.11 ([56]). Let G be a Kdahler group. Then one of the following holds:

1. there is a finite index subgroup Gy < G which maps onto m.Sy, for some g>2;

2. every solvable quotient of G is virtually nilpotent.
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A consequence of Theorem 2.3.11 is that every virtually solvable Kahler group is
virtually nilpotent. Note that Theorem 2.3.11 was preceded by various partial results
on polycyclic Kahler groups (see Arapura and Nori [7]) and solvable Kéhler groups
(see Campana [40], [41] and Brudnyi [37]). For a good overview of these results see
[38]. We note that there are examples of nilpotent Kdhler groups which are not
abelian, for instance the (2n + 1)-dimensional Heisenberg group which is Kéhler for
n at least two (see Sommese and Van de Ven [119], Campana [39]). It is not known
if there is a Kéhler group of nilpotency class larger than two.

These results provide us with an array of criteria which allow us to prove that
a Kahler group is fibred. Considering that there are only finitely many equivalence
classes of homomorphisms from Kéhler groups onto surface groups, a natural next
question to ask is whether there are cases in which we can in fact determine all such
maps and (more strongly) if there are criteria which allow us to determine when a
Kahler group is in fact a subgroup of a direct product of surface groups.

The study of finding maps from Kéahler groups to direct products of surface groups
was initiated in the fundamental work of Delzant and Gromov [58] on cuts in Kéhler
groups. In some sense their work can be seen as an attempt to generalise the work
on the number of ends of a Kéahler group to relative ends. Before stating their results
we want to introduce some of the relevant notions.

For a proper geodesic metric space X and a subspace Xy c X, we define the space
of relative ends, denoted by Ends(X|Xjy), to be the inverse limit of the subspaces
X, ={xe X |dist(x,Xy) > r}, as r > oo. Note that this coincides with the space of
ends of X if X is compact, but can be different if X is not compact — consider for
instance R x {0} c R x R.

If there is an action by a group H on X and Xj is the orbit of a point in X,
we define the space of ends of X with respect to H as Ends(X|H) = Ends(X|Xj).
If G is a finitely generated group, X = Cay(G,S) is its Cayley graph with respect
to a finite generating set S, and H < G is a subgroup, then we call Ends(G|H) =
Ends(Cay(G)|H) the space of (relative) ends of G with respect to H. We say that
H cuts G (at infinity) if |Ends(G|H)| > 2 and we say that H is a branched cut of G
(at infinity) if |[Ends(G|H)| > 3.

Next we define stability at infinity. For this, let M be a complete connected
Riemannian manifold, x € M any point and B(z, R) a ball of radius R around z. Let
E be an end with respect to B(z, R), that is, a non-compact connected component
of M~ B(x, R). We define the capacity of E as cap(E) = infyes [, |Vo[*, where ® is
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the set of smooth maps ¢: X - R with 0< ¢ <1, ¢|x.p =0, and ¢|g is equal to 1 on
the complement of a compact subset of E.

Similarly, we define the capacity ¢(x, R) of the complement M \ B(x, R) of a ball
of radius R around x € M. We call M stable at infinity if c(z, R) - o0 as R — oo and
the convergence is uniform in . An important implication of stability at infinity is
the existence of certain harmonic maps which behave in a “good” way on the ends of
M.

The definition of a stable cut of a finitely presented group G by a subgroup H is
a bit different. One way to define it is to require that for a smooth manifold M with
G = m M, the quotient manifold X = M, /H of the universal covering M of M satisfies
a strong isoperimetric inequality, that is, an inequality of the form vol(0A) > k-vol(A)
for some constant k£ > 0 and all compact subsets A of X with smooth boundary 0A.
Stability at infinity of X follows from this, but is not equivalent to it. For more
details on stable branched cuts and their properties, see [58].

Let G be a group. We say that a subgroup H < G induces a stable branched
cut of G if the group H is a stable branched cut of G. Then, following Delzant and
Gromov, its sbe-kernel K is defined as the intersection of all its subgroups that induce
stable branched cuts of G. We say, that K has finite type if there are finitely many
subgroups of this sort so that K is the intersection of all of their conjugates. We call
G of sbe-type, if K = {1}. This allows us to state an algebraic version of the main
result of [58], the so-called sbe-Theorem.

Theorem 2.3.12 ([58, sbc-Theorem|). Let G be a Kdhler group with sbc-kernel K
of finite type. Then there is a finite index subgroup Gy < G and a subgroup Fy of a
direct product F' = m Sy, x--- xSy, g; 22, such that Iy is isomorphic to the quotient

group Go/(K nGy), where the isomorphism is induced by a short exact sequence

1->KnGy—-Gy— Fy— 1.

The proof of Theorem 2.3.12 uses results and techniques related to the theory of
harmonic maps to trees developed by Gromov and Schoen [78]: the existence of stable
branched cuts implies that there are harmonic maps from the corresponding Kahler
manifold to a tree and as a consequence there are finite index subgroups of G that
map onto surface groups; the finite type hypothesis on the sbe-Kernel is then used to

obtain the short exact sequence in Theorem 2.3.12.
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Theorem 2.3.12 is particularly interesting in those cases where K is finite or trivial,
as then GGy and Fj are commensurable up to finite kernels. In this context, we obtain

the following Corollary [58]:

Corollary 2.3.13 ([58, sbe-Corollary]). Let G be a torsion-free Kdhler group which
does not contain any non-trivial abelian normal subgroups. Then G has a subgroup
Go < G of finite index which is isomorphic to a subgroup of a direct product of surface

groups if and only G is of finite sbc-type.

Delzant and Gromov announced a generalisation of the sbc-Theorem [58] which
does neither require the finiteness conditions on K, nor the stability condition on the
cuts defining K, but details did not yet appear. However, significant progress in this
direction has been made since. This will be discussed below.

One important class of groups to which Theorem 2.3.12 applies are hyperbolic
groups which contain a quasi-convex subgroup. We call a cut coming from a quasi-

convex subgroup a convex cut. These groups satisfy a stronger condition.

Theorem 2.3.14. If a hyperbolic Kahler group admits a convex cut, then it is com-

mensurable to a surface group.

Another class of groups to which the methods of Delzant and Gromov are relev-
ant is the class of Kéhler groups acting on CAT(0) cube complexes. This idea was
mentioned in [58], but was not explored there in much depth. It is only in the more
recent work by Py [107] and Delzant and Py [59] that this question is studied for
suitable actions.

More precisely, Py [107] studies Kéhler groups that virtually map to Coxeter
groups or virtually map to RAAGs.

Theorem 2.3.15 ([107, Theorem A\]). Let M be a compact Kdihler manifold and
let T' = myM. Let W be a Cozeter group or a RAAG and assume that there is a
homomorphism ¢ : 1" = W.

Then there exists a finite covering q: My — M and finitely many surjective holo-
morphic maps with connected fibres p; : My — ¥; onto closed Riemann orbisurfaces
i of genus g; > 2, 1 <1 < N, such that the restriction of ¢ to I'g = my My factorises
through the map

Y :To— (Fp)ap x ﬂfrbZl X e X WfrbZN.

The map v is induced by the p; and the natural projection 'y — (I'g)an of Iy onto its

abelianisation.
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In other words, there is a homomorphism f : (Tg)ap x TPy x o x 7OPY Ny — W

such that ¢poq, = f o).

Corollary 2.3.16. If a Kdhler group G is a subgroup of a Coxeter group or a RAAG
then there is a subgroup Go < G of finite index which is isomorphic to a subgroup of

the direct product of a free abelian group and finitely many surface groups.

To prove Theorem 2.3.15, Py exploits the existence of walls in the Davis complex
of a Coxeter group: he uses these to construct group actions of Kahler groups on
trees and then deduces his results from the theory of Gromov and Schoen [78].

Delzant and Py consider the more general situation of Kahler groups acting on
CAT(0) cube complexes [59]. Recall that we call an action of a group G by isometries
on a metric space X properly discontinuous if X is locally compact and for each
compact subset K c X the set {ge G| K ngK # @} is finite. We call the action of G
cocompact if the quotient X /G is compact. The action of G on X is called geometric
if it is properly discontinuous and cocompact with finite point-stabilisers.

Delzant and Py proved very recently [59] that if a Kéhler group acts nicely on a
CAT(0) cube complex then this action virtually factors through a surface group. In

the particular case of a geometric action they obtain a very strong constraint.

Theorem 2.3.17 ([59]). Let G be a Kdhler group. Assume that there is a CAT(0)
cube compler X such that G acts on X by isometries. If the action of G on X is
geometric then there is a finite index subgroup Gy < G which is isomorphic to a direct

product ZF x 1Sy, x - xSy, with k,r e N and g; >2, 1 <i<r.

Given the existence of maps from Kahler groups to direct products of surface
groups for many classes of groups that have been at the centre of recent progress in

Geometric Group Theory, such as RAAGs, a very natural question is the question of
Question 1. Which subgroups of direct products of surface groups are Kahler?

This question was first raised by Delzant and Gromov in [58]. However, to this
point we do not know much about Kahler subgroups of direct products of surface
groups and one of the central goals of this thesis is to extend our understanding of

these groups.
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2.4 Restrictions in low dimensions

We want to give some recent applications of the theory of fibred Kahler groups, in

particular to Kahler groups G of low cohomological dimension
cd(G) =sup{i| 3 a G-module M s.t. H'(G,M) #0}.

These results are based on advances in Geometric Group Theory in the era following
Perelman’s proof of Thurston’s geometrisation conjecture, in particular Agol’s proof
of the virtual Haken conjecture [1] and the work of Wise [132], Haglund and Wise
[79], and Przytycki and Wise [106] on special cube complexes. Their work provides
us with a much better understanding of the structure of low-dimensional groups. For
instance many of them are large, i.e. have finite index subgroups that map onto non-
abelian free groups, which implies that they have finite index subgroups which map
onto surface groups. See [21] for a recent survey of low-dimensional K&hler groups
which covers similar results.

It is an open problem whether all Kahler groups of cohomological dimension at
most three are commensurable to surface groups [24]. In particular, it is not known
if there is a Kahler group of cohomological dimension three. Note that there are
examples of Kahler groups of any cohomological dimension except 1 and 3. For even
cohomological dimension, examples are provided by complex tori and products of
Riemann surfaces, while for odd dimension we have the (2n + 1)-dimensional Heis-
enberg group. Historically, the first examples of Kéhler groups with arbitrary odd
cohomological dimension > 5 were cocompact lattices in SU(n, 1), which were con-
structed by Toledo [127]. There are no Kéahler groups of cohomological dimension
one, as groups of cohomological dimension one are free (see Stallings [121]).

A 3-manifold group is a finitely presented group that arises as the fundamental
group of a connected 3-manifold. We first want to address the question of which
3-manifold groups are Kéhler groups. This question was posed by Donaldson and
Goldman, in 1989, and the first non-trivial results were obtained by Reznikov [109]
who came to the question independently, in 1993.

Dimca and Suciu [65] answered the question fully for fundamental groups of closed
connected 3-manifolds in 2009 (quoting Perelman’s solution to Thurston’s Geomet-

risation conjecture). Their work initiated a sequence of recent results in this area.

Theorem 2.4.1 (Dimca, Suciu [65]). Let G be a finitely presented group that is both,
the fundamental group of a closed connected 3-manifold and a Kdahler group. Then G
s finite.
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The proof of Dimca and Suciu is obtained by comparing Kahler groups and 3-
manifold groups with respect to their resonance varieties and with respect to Kazh-
dan’s property (T). Alternative proofs of the same theorem have since been published
by Biswas, Mj, and Seshadri [25], using results by Delzant and Gromov [58] on cuts
in Kahler groups, and by Kotschick [94], using Poincaré Duality. The work of Biswas,

Mj, and Seshadri gives a further result:

Theorem 2.4.2 ([25]). Let Q) be the fundamental group of a closed 3-manifold, let G
be a Kdhler group, and let N be a finitely generated group. Assume that G fits into a
short exact sequence

1-N->-G->Q~-1.

If Q is infinite then one of the following holds:
1. @ s virtually a product 7, x mSy;
2. @ is a finite index subgroup of the 3-dimensional Heisenberg group; or
3. Q is virtually cyclic.

A projective group is a group that is the fundamental group of a compact projective
manifold. A quasi-Kdhler group G is a group that is the fundamental group of a
manifold X = X \ D, where X is a compact, connected Kéhler manifold and D is
a Divisor with normal crossings; G is called quasi-projective if X is projective. A
3-manifold M is called prime if whenever M = M,# M, is the connected sum of two
3-manifolds M; and My then M = My or M = Ms. A graph manifold is a prime 3-
manifold which can be cut along a finite number of embedded tori into disjoint pieces
My, ..., My such that every piece is a circle bundle M; - B; over a compact surface
B; (possibly with boundary).

After answering the question for Kéhler groups, Dimca, Papadima, and Suciu
raised, and partially answered, the question of which quasi-Kahler groups are 3-
manifold groups [64]. The work of Dimca, Papadima and Suciu was generalised by
Friedl and Suciu [69].

Theorem 2.4.3 ([69]). Let G be a finitely presented group that is both, the funda-
mental group of a connected 3-manifold N with empty or toroidal boundary, and a

quasi-Kahler group. Then all prime components of N are graph manifolds.

Kotschick [95] gives a complete answer for arbitrary 3-manifolds (allowing bound-

ary).
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Theorem 2.4.4 ([95]). Let G be an infinite group which is a Kdhler group and the
fundamental group of a 3-manifold. Then G is the fundamental group of a closed

orientable surface.

Biswas and Mj [23] completed the classification of quasi-projective 3-manifold

groups

Theorem 2.4.5. Let G be a quasi-projective 3-manifold group. Then one of the
following holds:

1. G is the fundamental group of a closed Seifert-fibred manifold;
2. G is virtually free;

3. G is virtually 7. x F, for somer >1;

4. G 1s virtually a surface group.

Another class of groups that can be studied using similar machinery is the class
of 1-relator Kéhler groups. A one-relator group is a finitely presented group G that
admits a presentation of the form (xq,---,2; | r) with one relator r. The question of

which one-relator groups are Kéahler was answered by Biswas and Mj in [22]:

Theorem 2.4.6 ([22, Theorem 1.1]). A group G is an infinite one-relator Kdihler
group if and only if G is isomorphic to a group of the form

(al,bl,---,ag,bg | (ﬁ [ai,bi])n>.

i=1
Since the finite one-relator groups are precisely the finite cyclic groups and all
finite groups are Kahler, this theorem provides a complete classification of one-relator
Kahler groups. The proof of Biswas and Mj uses Delzant and Gromov’s work on cuts
in Kéhler groups [58] and results about groups of cohomological dimension two. An
alternative proof based on [2-Betti numbers has since been given by Kotschick [93].
In the same work, Kotschick establishes two other constraints on Kahler groups

using [2-Betti numbers. For a finitely presented group G we define its deficiency as
def(G) =sup{n-k |Gz (X |R),|X|=n,|R|=k}.

Theorem 2.4.7 ([93]). A Kdhler group G has deficiency > 2 if and only if it is the

fundamental group of a closed Riemann orbisurface.

Theorem 2.4.7 generalises Theorem 2.3.5 and work of Green and Lazarsfeld [75].
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Theorem 2.4.8 ([93]). A Kdhler group G is a non-abelian limit group if and only if

it is the fundamental group of a closed hyperbolic Riemann surface.

We want to end this section with a very recent result by Friedl and Vidussi on rank
gradients of Kahler groups [70]. Let G be a finitely generated group. Denote by d(G)
its minimal number of generators. Let {H;}, be a descending sequence of finite
index normal subgroups H;,1 < H; < G. The rank gradient of the pair (G, {H,},) is
defined as

d(H;) -1

[G:H;]
For a Kéhler group G and a primitive (i.e. surjective) class ¢ € H'(G,Z) =
Hom(G,Z), call the pair (G,{H;}) a Kdhler pair where {H;} is the sequence defined
by H; = ker (G 7 Z/iZ) 4 G. The Kéhler pair defined by ¢ is denoted by (G, ¢).

I"g(G, {HZ}) = limi_,oo

Theorem 2.4.9 ([70]). The rank gradient of a Kdhler pair (G, ¢) is zero if and only
if the kernel of the homomorphism ¢ : G - 7. is finitely generated.

The proof of this result uses Napier and Ramachandran’s Theorem 2.3.10.

2.5 Exotic finiteness properties

Question 1 is closely related to finiteness properties of groups. We say that a group
G is of finiteness type F, if it has a classifying K(G,1) with finite r-skeleton. In
particular, G is of type Fi if and only if it is finitely generated and of type JF; if and
only if it is finitely presented. It is clear that type F,,.; implies type F,,. We say that
G is of type F if G is of type F, for every n and G is of type F if it has a finite
classifying space.

Finiteness properties are well-behaved under passing to finite index subgroups and

under finite extensions.

Lemma 2.5.1. Let G and H be commensurable up to finite kernels. Then G is of
type Fp, if and only if H is of type F,,.

Proof. See for instance [71, Proposition 7.2.3]. O

While the same is not true for arbitrary subgroups and extensions, as we will see

from the examples below, some of the implications remain true.
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Lemma 2.5.2. Let N, G and Q) be groups that fit into a short exact sequence
1-N->-G->Q~-1.

If N is of type F,,—1 and G is of type F,, then Q is of type F,,. Conversely, if N is of
type F,, and Q 1is of type F,, then G s of type F,.
In particular, if N s of type F then G is of type F,, if and only if Q) s of type F,.

Proof. See [71, Section 7.2] and also [20, Proposition 2.7]. O

2.5.1 Finiteness properties of residually free groups

The first example of a finitely presented group which is not of type F3 was constructed
in 1963 by Stallings [120]. It arises as the kernel of a homomorphism Fy x Fy x Fy - Z,

which is surjective on factors. Stallings example was generalised by Bieri [20].

Theorem 2.5.3 ([120, 20]). Forr > 1 let ¢, : Fy x--- x Fy - 7, be an epimorphism
from a product of v free groups onto 7. whose restriction to each factor is surjective.
Then kero, is of type F,._1 but not of type F,.

These examples are known as the Stallings—Bieri groups. They were subsequently
generalised by Bestvina and Brady who produced large classes of groups with pre-
scribed finiteness properties using combinatorial Morse theory [19]. Their groups
arise as kernels of surjective maps from RAAGs to the integers and their finiteness
properties are determined in terms of properties of the defining graph.

A class of groups whose finiteness properties are particularly well understood are
subgroups of direct products of limit groups. It follows from the work of Bridson,
Howie, Miller, and Short [29, 30, 31] that a subgroup of a direct product of limit
groups is of type F. if and only if it is virtually a direct product of limit groups.
More precisely, they show:

Theorem 2.5.4 ([30, Theorem A]). Let n>1 and let G < Ay x ---x A, be a subgroup
of a direct product of limit groups N;, 1 < i < mn. The group G is of type F,, for
m > n if and only if G has a finite index subgroup H < G which is a direct product
H = A} x---x Al of limit groups AL <A;, 1<i<n.

As a consequence of Theorem 2.5.4, subdirect products of finitely many surface
groups which are of type F, are Kéhler, since finite index subgroups of Kahler groups
are Kahler. This reduces Question 1 to Kahler subgroups of direct products of n
surface groups which are not of type F,.

We will also need a result by Bridson and Miller about kernels of projections to

surface or free group factors.
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Theorem 2.5.5 ([34, Theorem 4.6]). Let A be a non-abelian surface group, let A
be any group, and let G < A x A. Assume that G is finitely presented and that the

intersection AN G is non-trivial. Then G n A is finitely generated.

2.5.2 Finiteness properties of Kahler groups

In his book on Shafarevich maps and automorphic forms [89], Kollar raised the
question if every projective group (fundamental group of a smooth compact project-
ive manifold) is commensurable to the fundamental group of an aspherical quasi-
projective variety. One way to give a negative answer to this question is to show
that for some r > 3 there exists a projective group of type F,._; but not of type
F., because aspherical quasi-projective manifolds are homotopy equivalent to finite
CW-complexes and thus their fundamental groups are of type F [60].

Dimca, Papadima and Suciu showed that the Bestvina—Brady groups do not
provide a negative answer to Kollar’s question, since the only Bestvina-Brady groups
which are Kahler are the free abelian groups of even rank which are of type Fo, (see
[61, Corollary 1.3]). However, Dimca, Papadima and Suciu [62] observed that one can
imitate the Bestvina—Brady construction to obtain Kéhler groups (indeed projective
groups) with exotic finiteness properties, thus giving a negative answer to Kollar’s
question. Throughout this work we will refer to their groups as the DPS groups.

Let >3 and let I'y, = m .Sy, g; > 2, 1 <@ <1, be surface groups with presentation
ng = <ai’."’a2¢’ i""’bzi | [ai’bi] [a;vbfm])

Consider the epimorphism ¢, ...  : Ty x---xT'y — Z? defined on factors by

Py, : rgi ‘ - 7= (a,b | [a,b])
ai,as a
'bll,bg' > b
Az, Ay, > 0
by, b8 0.

Although they did not describe them this way, the DPS groups are the groups
kergy, ... 4,. We want to explain Dimca, Papadima and Suciu’s geometric construction
that underlies the map ¢g, ... 4, -

Let E be an elliptic curve, that is, a complex torus of dimension one, let g > 2, and
let B = {by,--,bay—2} € E be a finite subset of even size. Choose a set of generators
a, 3,71, -, Y2¢-2 of the first homology group H;(E\ B, Z) such that ~; is the boundary

of a small disc centred at b;, i =1,---,2g — 2, and «, § is a basis of m F.

30



Then the map H{(E ~ B) — Z/2Z defined by 7; = 1 and «, ~ 0 induces a
2-fold normal covering of 7 (E ~ B) which extends continuously to a 2-fold branched
covering f, : S, = E from a topological surface S, of genus g > 2 onto £. It is
well-known that there is a unique complex structure on S; such that the map f, is
holomorphic.

For gy,--,g» > 2 as above, let f,, be the associated holomorphic branched covering
maps. It is not hard to see that with a suitable choice of standard symplectic gen-
erating set of m 5, we can identify the induced maps f,, . : I'y, 2 mS,, > mE = 7>
with the epimorphisms ¢,, described above (see Section 5.1).

We use addition in the elliptic curve to define the holomorphic map f = f, .4, =

Yict Jg 0 Sg x xSy — E. The induced map f, on fundamental groups is
Ggyege Ly X0 x Ly > 27 =m B,

Away from a finite subset C' c Sy, x ---x S, with f(C) = By x -+ x B,, the map
f is a proper submersion. Dimca, Papadima and Suciu show that f has connected
fibres [62]. Hence, by the Ehresmann Fibration Theorem (see Appendix A) all of its
generic smooth fibres f~1(p) over the open subset p € E\ f(C) of regular values are
homeomorphic. We denote by Hy, ..., the generic smooth fibre of f;, .., . Note that
Hy, .4 can be endowed with a Kahler structure, since it can be realised as complex
submanifold of Sy, x---x S, . Dimca, Papadima and Suciu proved that Hy, .., has

the following properties:

Theorem 2.5.6 ([62, Theorem A]). For each r > 3 and g¢1,--, g, > 2, the compact

smooth generic fibre H = Hy, ..., of the surjective holomorphic map
f=Jgrimge Sy ¥ x Sg, > E
1s a connected smooth projective variety with the following properties:
1. the homotopy groups m;H are trivial for 2<i<r -2 and m._1H is non-trivial;
2. the universal cover H of H is a Stein manifold;

3. the fundamental group m H is a projective (and thus Kdhler) group of finiteness
type F,_1 but not of finiteness type F,;

4. the map f induces a short exact sequence

1 »>mH - mSy, x---xwngrﬁﬁlE:Z2—>1.
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The construction of Dimca, Papadima and Suciu is the first construction of explicit
examples of subgroups of direct products of surface groups which are Kahler and not
type Fo. Biswas, Pancholi and Mj use Lefschetz fibrations to give a more general
construction of such examples as fundamental groups of fibres of holomorphic maps
from a direct product of surface groups onto an elliptic curve. However, they do not
show that the class of examples that can be obtained from their construction does
not simply consist of disguised versions of the DPS groups. Before this work, these
were the only known constructions of Kahler groups which are not of type Fo.

Following the proof of existence of Kahler groups with exotic finiteness properties
it seems natural to ask for the structure of this class of Kahler groups which leads us

to the question of
Question 2. Which Kdhler groups are of type F._1 but not of type F,.?

A challenging instance of this question would be to ask for examples which do not
contain any subgroup of finite index which is isomorphic to a subdirect product of
surface groups.

Another natural challenge in understanding Kéahler groups with exotic finiteness

properties is:

Question 3. Is it possible to find explicit finite presentations for any of the groups

constructed in response to Question 27

This question was posed by Suciu in the context of his examples with Dimca and
Papadima. The recent results by Py [107] and Delzant and Py [59] have intensified the
interest in understanding the Kahler subgroups of direct products of surface groups
and we anticipate that finding explicit descriptions of such groups will be useful in
this context.

In this thesis I will present substantial progress on Questions 1, 2 and 3. In
particular, I will give new examples of Kéahler subgroups of direct products of surface
groups, provide new constraints on Kahler subgroups of direct products of surface
groups, produce new examples of Kahler groups with exotic finiteness properties that
are not commensurable to any subgroup of a direct product of surface groups, and

construct explicit finite presentations for the DPS groups.
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Chapter 3

Residually free groups and Schreier
groups

In this chapter we are concerned with finding new criteria that imply a Kahler group
is a subgroup of a direct product of surface groups. These results emphasise the
importance of finding an answer to Delzant and Gromov’s question of which subgroups
of direct products of surface groups are Kéahler.

In the first part of this chapter we will prove that a Kahler group is residually
free if and only if it has a finite index subgroup which is a full subdirect product
of finitely many surface groups and a free abelian group (see Theorem 3.1.1). This
result is obtained by combining work of Py [107] and Wise [132] with the structure
theory for residually free groups by Bridson, Howie, Miller and Short [31, 30, 29].

We then proceed to consider the relation between Kahler groups and Schreier
groups (see Section 3.2). Following the terminology of de la Harpe and Kotschick
[52], a Schreier group is a group G all of whose normal subgroups are either finite or
of finite index in G. Interesting classes of Schreier groups are limit groups [28] and
groups with non-trivial first /2-Betti number (see [52] for other examples). One might
view Schreier groups as a generalisation of non-abelian limit groups.

The significance of the Schreier property to the study of Kéahler groups has first
been recognised by Catanese [46]. Many of the ideas used in Section 3.2 are fairly
standard. We will show that any epimorphism from a Ké&hler group to a Schreier
group, which has no finite normal subgroups and virtually non-trivial first Betti num-
ber, factors through a map onto a surface group (see Theorem 3.2.1). It follows that
any Kahler subdirect product of a direct product of Schreier groups of this form is
a subdirect product of surface groups and a free abelian group (see Corollary 3.2.2).

We will use these results to establish new constraints on Kahler groups.
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3.1 Residually free Kahler groups

In this section we study Kéhler groups that are residually free. The main result of

this section is a classification of these groups.

Theorem 3.1.1. Let G be a Kdhler group. Then G is residually free if and only if
there are integers r,N >0 and g; > 2, 1 <i<r, such that G is a full subdirect product

of ZN x 1Sy, x - xS, .

As an easy consequence of Theorem 3.1.1 we obtain a new proof of Kotschick’s
Theorem 2.4.8. Another interesting consequence of Theorem 3.1.1 is a complete
classification of Kahler subgroups of direct products of free groups, generalising work
of Johnson and Rees [82] and of Dimca, Papadima and Suciu [64, 63].

Corollary 3.1.2. A Kdhler group is a subgroup of a direct product of free groups if

and only if it is free abelian of even rank.

Note that Bridson, Howie, Miller and Short [31] showed that there are examples of
subgroups of direct products of free groups which are not virtually coabelian. These
are not covered by the work of Dimca, Papadima and Suciu in [64, 63] who only
considered coabelian subgroups of direct products of free groups.

The main constraint on Kéhler groups that we want to use in this section is the

following restated version of Py’s Theorem 2.3.15.

Theorem 3.1.3. Let G be a Kahler group. If G is virtually a subgroup of a Coxeter
group or of a RAAG, then there are r,N € N and g; > 2, 1 <i <r, such that G is

virtually a subdirect product of ZN x mS,, x - x m.S,, .

Proof. Let X be a Kahler manifold with G = 7 X. Since G is virtually a subgroup
of a Coxeter group or a RAAG, Theorem 2.3.15 implies that there is a finite index
subgroup Gg < G of G with corresponding finite-sheeted Kahler cover X, - X and
holomorphic fibrations p; : Xo - %;, 1 <7 < N, onto closed hyperbolic orbisurfaces
with connected fibres such that the p; induce an injective map Gog = (Go)ap x ﬁf’"bZl X
-+ x oY . The induced maps p;. : T — 79%%;, 1 <@ < N are surjective. Passing
to finite index covers S, — X; with g; > 2, it follows that Gy := G n ((Go)ap *
mSg x - xmS,) < Go < G is a finite index subgroup of G that is subdirect in

g1
(Go)ab x 1Sy, X - x TSy O
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The reason for restating Py’s Theorem in this form is that we shall later need that
G s virtually a subdirect product. While Py did not explicitly state his result in this
form, he was certainly aware of this version of his result. Indeed it is mentioned in
his recent paper with Delzant that G is subdirect [59].

Corollary 3.1.4. Let G be a Kahler group. Then the following are equivalent:
1. G s virtually a subgroup of a Coxeter group;
2. G 1s virtually a subgroup of a RAAG;
3. G is virtually residually free;

4. G is virtually a full subdirect product of ZN x m.S,, x -+ x m Sy, with r, N € N
and g; >2, 1 <i1<r.

Proof. Theorem 3.1.3 implies that (1) = (4) and (2) = (4). RAAGs embed in right-
angled Coxeter groups, so (2) = (1). Free abelian groups and fundamental groups
of closed orientable surfaces are limit groups and hence so is their product. Thus (4)
is stronger than (3). By Theorem 2.1.2, a group is residually free if and only if it
is a subgroup of a direct product of finitely many limit groups. Since, by Theorem
2.1.3(2), limit groups are virtually special, every limit group virtually embeds in a
RAAG. Direct products of RAAGs are RAAGs. Hence, every residually free group
is virtually a subgroup of a RAAG and therefore (3) = (2). O

Since RAAGs are closed under taking direct products, in fact any Kéhler subgroup
of a direct product of virtually special groups is of the form of Corollary 3.1.4(4).
Other interesting classes of virtually special groups are word-hyperbolic groups ad-
mitting a proper cocompact action on a CAT(0) cube complex [1] and fundamental
groups of aspherical compact 3-manifolds which can be endowed with a metric of
nonpositive curvature [106, Corollary 1.4]. Note that word-hyperbolic groups have
no Z2-subgroups and therefore we retrieve the following result from [58] (Theorem

2.3.17 provides a different very recent proof).

Corollary 3.1.5. If a Kdhler group G is word-hyperbolic and admits a proper cocom-
pact action on a CAT(0) cube complez, then it is virtually the fundamental group of

a closed orientable hyperbolic surface.
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Proof. Since G is Kahler it is not Z. By Agol [1] hyperbolic groups that admit a
proper cocompact action on a CAT(0) cube complex are virtually special, so G is
as in (4) of Corollary 3.1.4 and since G contains no Z? it follows that N = 0 and
r=1. ]

The proof of Theorem 3.1.1 requires a non-virtual version of Corollary 3.1.4. For

this we will make use of

Lemma 3.1.6. Let G = mX be a Kdhler group and assume that there are r, N > 0
such that G < ZN xSy x+--xm S, is a full subdirect product where Sy,-+-, S, are closed
hyperbolic surfaces (possibly non-orientable) with FEuler characteristic x(S;) < -2,

1<i<r. Then Sy,---, S, are closed orientable surfaces of genus at least 2.

The main ingredient in the proof of Lemma 3.1.6 is a consequence of the theory
of Kahler groups acting on R-trees. One can think of an R-tree as a generalisation
of a tree. Since we do not make explicit use of R-trees, we will not give a rigorous
definition here. The connection between Kahler groups and actions on R-trees was
first investigated in [78]. Delzant [57, Theorem 6] summarised the main results, a
proof of which was sketched in the last section of [78] (see also [90], [125]).

Theorem 3.1.7 (Delzant, [57, Theorem 6]). Let G be a Kdhler group and let T be
an R-tree which is not a line such that G acts on T'" minimally by isometries. Then
there is a closed orientable orbisurface > and an epimorphism ¢ : T' — 70" such that

7% acts on an R-tree T' and there is a ¢-equivariant map T' — T .

Proof of Lemma 3.1.6. Let i € {1,---,r}. Since x(5;) < -2, it follows from [103, The-
orem 1] that the surface group m15; admits a minimal free action on an R-tree T; which
is not a line. Consider the surjective projection p; : G — m1.5;. Theorem 3.1.7 implies
that there is a closed orientable orbisurface 3; and a surjective map ¢; : G — w3
such that 7297 acts on an R-tree T and there is a ¢-equivariant map 7 — T;.
Since the action of m.5; on T; is free, we obtain that p; factors through ¢;, that
is, there is an epimorphism ¢; : 7"%%; — m.S; such that p; = ¢; 0 ;. The kernel of g; is

the image of the kernel
K;,=Gn (ZN X 1S X o X mSj_1 X 1 X .S X o0 X WIST) = kerp;

under the map ¢;.
The group G is finitely presented. Consequently, Theorem 2.5.5 implies that the
group K; = kerp; is finitely generated. Hence, ¢;(K;) = kerq; 9 7¢"*%; is finitely
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generated. Finitely generated normal subgroups of fundamental groups of closed
orientable orbisurfaces are either of finite index or trivial. Since ¢; has infinite image
it follows that kerg; is trivial and mEg’”’ ~ 7m.5; and thus there is an isomorphism
¥, x2S, ]

Note that the proofs in [107] are also based on actions on trees, but we could not
see a way to extract Lemma 3.1.6 directly from there. An alternative proof of Lemma
3.1.6 which avoids the use of R-trees can be obtained from the Schreier property of
fundamental groups of closed hyperbolic orbisurfaces; it is obtained by applying the
techniques used in Section 3.2 below.

We can now prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Since free abelian groups and fundamental groups of closed
orientable surfaces are limit groups the if direction follows from Theorem 2.1.2.

For the only if direction let H be residually free. Then, by Theorem 2.1.2, H <
Ag x Ay x---x A, is a subgroup of a direct product of limit groups A;, 0 <i <r. The
abelian limit groups are precisely the free abelian groups and all non-abelian limit
groups have trivial centre. Since finitely generated subgroups of limit groups are limit
groups, we may assume that Ay is free abelian (possibly trivial), that A,--- A, are
non-abelian and that H is a full subdirect product (after passing to subgroups of the
A; and projecting away from factors which have trivial intersection with H).

Observe that H n A; is normal in H, since it is the kernel of the projection of H
onto Ag x---x A;_y x A1 x -+ x A,.. Since H projects onto A;, it follows that H nA; is
also normal in A;. Hence, by Theorem 2.1.3(3), H n'A; is either infinitely generated
or of finite index in A; for 1 <i <r.

By Corollary 3.1.4, the group H has a finite index subgroup H < H which is
isomorphic to a full subdirect product G < ZN x m S, x - x .S, for N,t > 0 and
gi > 2, 1< i<t By projecting H onto factors we obtain finite index subgroups
A; < A;, 1<i<r such that H < Ag x Ay x--- x A, is a full subdirect product. In
particular the intersections H nA; <4 A; are normal and therefore either of finite index
in A; or infinitely generated for 1 <i<r.

Since finite index subgroups of non-abelian limit groups are non-abelian, it follows
that the centre of H is contained in A, and the centre of G is contained in ZN.
Therefore, H/Z(H) < Ay x -~ x A, and G/Z(G) < 7S, x - x 1Sy, are full subdirect
products. Theorem 2.1.5 implies that r = ¢ and the isomorphism H/Z(H) = G/Z(G)
is induced by an isomorphism A x -+ x A, = m1Sg, X - x ™Sy, . Furthermore, after

reordering factors, this isomorphism is induced by isomorphisms A; = 71 Sgi, L<i<r.
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A torsion-free finite extension of a fundamental group of a closed hyperbolic sur-
face is the fundamental group of a closed hyperbolic surface. Limit groups are torsion-
free and therefore the finite extension A; of A; is the fundamental group of a closed
hyperbolic surface for 1 <7 <r. The fundamental group of a closed hyperbolic surface
is a limit group if and only if it has Euler characteristic < -2 (see Section 2.1). Thus,
we obtain that H < ZM x 7Ry x --- x m R, is a full subdirect product where R; is
a closed hyperbolic surface of Euler characteristic < -2 for 1 < i < r. Lemma 3.1.6
implies that R; is in fact a closed orientable hyperbolic surface. This completes the

proof. O
Theorem 2.4.8 and Corollary 3.1.2 follow easily from Theorem 3.1.1.

Proof of Theorem 2.4.8. By Theorem 3.1.1, a Kéahler limit group G is a full subdirect
product of ZY x m Sy, x -+ x mS, with r,N >0 and g; > 2. A limit group is either
free abelian or every element has trivial centre. Hence, if GG is not free abelian then

G must be a subgroup of one of the mS,,. Since G is full subdirect, it follows that
r=1, N=0and G =mJ9,,. U

Proof of Corollary 3.1.2. Let G be a Kahler subgroup of a direct product of free
groups. We may assume that G is a full subdirect product of a direct product of free
groups and a free abelian group ZX x Fj, x---x F}_for some K,r >0 and F}, free with
l; > 2, 1<i<r (after projecting away from free factors with trivial intersection and
passing to subgroups of the free factors which are again free). By Theorem 3.1.1, the
group G is isomorphic to a full subdirect product of ZN xS, x---xm.S,,. Theorem
2.1.5 implies that r = ¢ and after reordering factors Fj, = m.Sy,. Since fundamental
groups of closed hyperbolic surfaces are not free we obtain that in fact r =¢ =0 and

thus G is free abelian of even rank. O

3.2 Schreier groups

Our main result in this section is about maps from Kéahler groups to subdirect

products of Schreier groups.

Theorem 3.2.1. Let X be a compact Kdahler manifold, let H = m X be the corres-
ponding Kdhler group and let Gy x --- x G, be a direct product of Schreier groups with
b1(G;) # 0 such that G; has no finite normal subgroups for 1 <i<r.

Then any homomorphism p: H - Gy x---xG,. with subdirect image factors through
a homomorphism p: H — ZN x 7953 x - x w"°%y with full subdirect image for some

closed orientable hyperbolic orbisurfaces ; of genus g; >2, 1 <i <k, with k, N >0.
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The projections H — "% have finitely generated kernels and are induced by

holomorphic fibrations X — ;.

Observe that the condition that H is subdirect in Theorem 3.2.1 is necessary:
the free product of any torsion-free Kahler group G and Z is a Schreier group with
non-trivial first Betti number which contains G' as a Kéahler subgroup.

Theorem 3.2.1 allows us to describe Kahler subdirect products of Schreier groups

with non-trivial first Betti numbers and without finite normal subgroups.

Corollary 3.2.2. A Kdhler group H < Gy x---x G, is a subdirect product of Schreier
groups G;, with non-trivial first Betti number by(G;) # 0 and without finite normal
subgroups, 1 <i <r, if and only if there are k, N >0 and closed orientable hyperbolic
orbisurfaces ; of genus g; > 2, 1 <1 < k, such that H is a full subdirect product of

ZN x oY) x e x wTOY

Proof. Consider the special case of Theorem 3.2.1 in which the map p is the inclusion
map of H < Gyx---xG,.. It follows that H is a full subdirect product of a direct product
ZN x 7r‘1”"b21 X oee X ﬂf”’Zk where the ¥; are closed orientable hyperbolic orbisurfaces of
genus g; > 2. This completes the proof of the only if direction.

For the converse note that 7Z and all fundamental groups of closed orientable
hyperbolic orbisurfaces are Schreier groups with non-trivial first Betti number and

without finite normal subgroups. O

The following equivalence between classes of Kahler groups summarises our results
from Section 3.1 and 3.2.

Theorem 3.2.3. Let G be a Kdhler group. Then the following are equivalent:
1. G s virtually a subgroup of a Coxeter group;
2. G 1s virtually a subgroup of a RAAG;
3. G is virtually residually free;

4. G is virtually a subdirect product of a direct product of Schreier groups G1x---xG,.
such that b1(G;) + 0 and G; has no finite normal subgroups for 1 <i<r;

5. G is virtually a full subdirect product of ZN x Sy, x - x m Sy, , with r, N € N
and g; >2, 1 <1 <r.
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For the proof of Theorem 3.2.1 we want to restate Napier and Ramachandran’s

Theorem 2.3.10 in the following form.

Theorem 3.2.4. Let X be a Kahler manifold, let G = 1 X be its fundamental group
group and let ¢ : G - 7. be an epimorphism whose kernel is not finitely generated.
Then ¢ factors through an epimorphism ¢ : G — 7% where Y is the fundamental
group of a closed orientable hyperbolic Riemann orbisurface of genus > 2 and i has
finitely generated kernel. The homomorphism ¢ is induced by a holomorphic fibration

X =3 for some complex structure on X.

Proof. This result is mentioned in the proof of [70, Theorem 2.3]. It is a direct

consequence of Lemma 2.3.3 and Theorem 2.3.10. ]

Our proof of Theorems 3.2.1 follows by fairly standard methods from Theorem
3.2.4 and the following Lemma.

Lemma 3.2.5. Let G, Hy, Hs, Q) be infinite groups. Assume that Hsy is Schreier

with no finite normal subgroups and that there is a commutative diagram

G-, (3.1)

P
Hy —@Q

of epimorphisms such that ker¢ is finitely generated. Then there is an epimorphism
0: H, - Hy such that the diagram

G—Y-m, (3.2)

)

H —Q
commutes.

Proof. By surjectivity of ¢ the image 1 (ker(¢)) is a normal finitely generated sub-
group of H,. Since Hy is Schreier with no finite normal subgroups it follows that
either v (ker(¢)) is trivial or a finite index subgroup of H,. If ¢(ker(¢)) is a finite
index normal subgroup of Hs, then v(y(ker(¢))) < @ is a finite index normal sub-
group of (). This contradicts commutativity of the diagram (3.1). Thus, ¢ (ker(¢)) is
trivial and there is an induced homomorphism 6 : H; - H, making the diagram (3.2)

commutative. O
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Proof of Theorem 3.2.1. Let H = p(H) be the image of the Kihler group H under
¢. By assumption H is a subdirect product of the direct product of Schreier groups
G1x++x G, with b;(G;) # 0 such that G; has no finite normal subgroups for 1 <i <.

Consider 1 < ¢ < r such that G; is non-abelian. Since b;(G;) # 0, there is an
epimorphism ¢; : G; - Z. Its kernel is a non-trivial infinite index normal subgroup
of G; and therefore not finitely generated. The kernel of the surjective composition
Y;op;0p: H — 7, where p; is the surjective projection p;, : H - G; of H onto the
1th factor, is also not finitely generated, since it maps onto the non-finitely generated
group kert);. Hence, Theorem 3.2.4 implies that there is a closed orientable hyperbolic
Riemann orbisurface ¥ of genus g; > 2 such that ¢; o p; o p factors through an
epimorphism ¢; : H — 7% with finitely generated kernel. The map ¢; is induced
by a surjective holomorphic fibration X — 3¢ with connected fibres. To simplify
notation, we define h; := p; o p.

Denote by ¢; : X" — Z the epimorphism such that t; o h; = g; o ¢;. Then Lemma
3.2.5 implies that there is an induced map f; : 7¢"*%; - G; such that the diagram

H, LGZ

27

orby |
U Zz Qz_>Z

is commutative.

The only infinite abelian Schreier group without finite normal subgroups is Z.
Thus, after reordering factors such that Gy,---,G; 2 Z and G4, -+, G, are non-abelian,
it follows that p : H - G x --- x G, factors through a homomorphism p : H -
7! x oty x - x w983, such that p(H) is a full subdirect product. O

Observe that we can combine Theorem 3.2.1 and Theorem 2.3.15 to show:

Addendum 3.2.6. Let X be a Kahler manifold, let H = m X be its fundamental
group and let Ggr be a RAAG. Let Gg be a direct product of Schreier groups, with
virtually non-trivial first Betti numbers and without finite normal subgroups.

Then for any homomorphism ¢ : H - Gr x Gg for which the projection of ¢(H)
to Gg is subdirect, there is a finite index subgroup Hy < H such that the restriction of
¢ to Hy factors through a homomorphism a: Hy - ZN x 9% x - x 795 for some
N,r >0 and 3; closed orientable hyperbolic orbisurfaces of genus g; >2, 1 <1 <r.

Furthermore there is a finite-sheeted cover X1 — X with fundamental group Hy,

so that, after endowing the ¥; with a suitable complex structure, the maps from H;
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onto the factors are induced by holomorphic fibrations with connected fibres, X, — ¥,

1<i<r.

As a second application of Lemma 3.2.5 we can rephrase Lemma 2.3.3 and The-

orem 2.3.4 in the following way.

Corollary 3.2.7. Let X be a compact Kihler manifold and let G = m X be its fun-
damental group. Then there is v > 0 and closed hyperbolic Riemann orbisurfaces >;
of genus g; > 2 together with surjective holomorphic maps f; + X — 3; with connected

fibres, 1 <@ <r, such that

1. the induced homomorphisms f; . : G — oY, are surjective with finitely gener-

ated kernel for 1 <1< r;
2. the image of ¢ = (fi4,, frs) : G- oY x e x 0N, s full subdirect; and

3. every epimorphism 1 : G- 7Y onto a fundamental group of a closed orient-

able hyperbolic Riemann orbisurface X' of genus h > 2 factors through ¢.

Proof. By Theorem 2.3.4, there is > 0, closed Riemann orbisurfaces 3J; of genus
g; > 2, and epimorphisms ¢; : G — 7%, with finitely generated kernel, such that any
epimorphism ¢ : G — 7.5, with A > 2 factors through one of the ¢;. We may assume
that the set of ¢; is minimal in the following sense: none of the homomorphisms ¢;
factors through ¢; for j # . We claim that ¢ := (¢1,--, ¢, ) has the asserted properties.

By Lemma 2.3.3, each of the ¢; is induced by a surjective holomorphic map f; :
X — 3; with connected fibres. Thus (1) holds.

Let >’ be a closed orientable hyperbolic Riemann orbisurface of genus h > 2 and let
v:G -~ 793 be an epimorphism. Then there is an epimorphism 6 : 7¢"°% — 7S,
with & > 2. Thus, there is 1 < i <r and an epimorphism 7 : 79°%; — 7,5}, such that

the diagram

—

orbyVr
Yoy

Y
¢it l@
orb n
UST 2@ — T Sh

commutes. Since the kernel of ¢; is finitely generated and m§"*% is Schreier without
finite normal subgroups, we obtain from Lemma 3.2.5 that ¢ factors through a ho-
momorphism ¢;. In particular, ¢ factors through ¢ and therefore (3) holds.

By definition, the image ¢(G) of ¢ is subdirect. It is full by the minimality
assumption on the ¢;. This implies (2). O

42



In our opinion, the viewpoint on the classical results about homomorphisms from
Kéahler groups to direct products of surface groups provided by Corollary 3.2.7 cap-
tures the essence of these maps: it shows that for every Kahler group G there is a
unique universal pair of a direct product 7% x -+ x x7w¢"*3, of orbisurface funda-
mental groups together with a homomorphism ¢ : G — oY x e x x§T0%, with full
subdirect image. In Chapter 7 we will give constraints on the map ¢ (see in particular
Theorems 7.4.2 and 7.3.1).

We want to conclude this section with some consequences of Theorem 3.2.1 and

its proof.

An alternative proof of Theorem 3.1.1

Note that the only consequence of Py’s work used in our proofs of Theorems 3.1.1 and
2.4.8, and Corollary 3.1.2 is Corollary 3.1.4(4). Non-abelian limit groups are torsion-
free Schreier groups with non-trivial first Betti number and any finitely generated
subgroup of a limit group is a limit group. Hence, this section yields different proofs
of these results which do require neither the use of RAAGs, nor the fact that limit

groups are virtually special.

Maps to free products of groups

Corollary 3.2.8. Let H be a Kahler group, let G1, G5 be non-trivial groups and
assume that Gy * Gy has virtually non-trivial first Betti number. Then for any epi-
morphism ¢ : H — G * Gy there is a finite index subgroup Hy < H and a closed
orientable hyperbolic surface S, such that the restriction of ¢ to Hy splits through an
epimorphism a: Hy - m.S,.

In particular for any group R the following holds: If a Kdahler group H is a sub-
group of the direct product (G * G3) x R such that the projection of H to Gy * Gy
1s surjective then Gy * Gy is wvirtually the fundamental group of a closed orientable

hyperbolic surface.

Proof. By [11] every free product of two non-trivial groups is a Schreier group without
normal finite subgroups. By assumption there is a finite index subgroup G’ < G * G5
with non-trivial first Betti number. Thus, Theorem 3.2.1 and its proof yield that
there is a finite index subgroup Hy < H and a closed surface S, of genus g such that
the restriction of ¢ to Hy factors through an epimorphism 5 t Hy — m.S,.

Choosing ¢ to be the inclusion map of a subgroup H < (G; * G3) x R we obtain
that G'; * Gy is virtually the fundamental group of a closed surface S, of genus > 2. [
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Corollary 3.2.8 generalises [82, Theorem 3]. It is known in the case when ¢ has
finitely generated kernel (cf. [6, Theorem 4.2]), since free products other than Zs % Zy
have non-vanishing first /2-Betti number. While we would not be surprised if it were
known, we could not find any treatment of the case when ker¢ is not finitely generated
in the literature.

The condition that G * G5 has virtually non-trivial first Betti number is satisfied
in many cases: It is sufficient that each of G; and (G5 has at least one finite quotient
(94, Lemma 3.1]. Note that under these assumptions on Gy and Go, G * G5 is large
unless G; and G5 each only have the finite quotient Zs. Thus, we could also obtain

a map to a surface group from this without using Theorem 3.2.4.

Torsion-free Schreier groups

As another consequence of Corollary 3.2.2 we obtain

Corollary 3.2.9. Let G be Kdhler. Then G is a torsion-free Schreier group with
virtually non-trivial first Betti number if and only if G = 7Sy, with g > 2.

Proof. Assume that G is a torsion-free non-abelian Schreier Kéhler group with vir-
tually nontrivial first Betti number. By [52, Lemma 3.2], finite index subgroups of
Schreier groups are Schreier. Since the only free abelian Schreier group is Z, which is
not Kahler, it follows that G is not virtually abelian. Because G is torsion-free it has
no finite normal subgroups and trivial centre. In particular, it follows from Corollary
3.2.2 that G is virtually the fundamental group of a closed orientable hyperbolic sur-
face of genus at least two. Torsion-free groups which are virtually surface groups are
surface groups. Hence, G is the fundamental group of a closed hyperbolic Riemann

surface. 0

Addendum 3.2.10. Let G be Kdhler. If G is a full subdirect product of non-abelian,
torsion-free Schreier groups G; with virtually non-trivial first Betti number then G; =
m1Sg,, with g;>2, 1 <i<r.

The proof of this result is analogous to the proof of Corollary 3.2.9, since it follows
from Corollary 3.2.2 that all factors have finite index subgroups which are fundamental

groups of closed hyperbolic surfaces.

Paralimit groups

Another class of groups which are Schreier with no finite normal subgroups is the class

of non-abelian paralimit groups [35, Theorem C and Section 8.6] (residually nilpotent
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groups with the same nilpotent quotients as a non-abelian limit group). For these

groups we obtain:

Corollary 3.2.11. The non-abelian paralimit Kdhler groups are precisely the funda-

mental groups of closed hyperbolic Riemann surfaces.

Proof. 1t is well-known that for a free group F;. on r generators all nilpotent quotients
F,/v(F,) are torsion-free and that F, is residually nilpotent. Let G be a limit group.
Then for every g € G there is a homomorphism ¢ : G — F,. onto a free group with
#(g) # 1. As a consequence limit groups are also residually free with torsion-free
nilpotent quotients G/vx(G). Since paralimit groups are residually nilpotent, we
obtain that paralimit groups are torsion-free. Since limit groups have non-trivial first
Betti number, the same holds for paralimit groups. Corollary 3.2.9 implies that every
non-abelian paralimit Kahler group is the fundamental group of a closed hyperbolic
Riemann surface.

O

In the light of Corollary 3.2.11 and Theorem 3.1.1 it seems natural to ask if one
can prove that a residually nilpotent Kéhler group with the same nilpotent quotients
as a residually free group must be a full subdirect products of finitely many surface

groups and a free abelian group.

3-manifold groups and one-relator groups

The techniques presented in this chapter can also be used to improve results on Kahler
groups and one-relator groups and on Kahler groups and 3-manifold groups. More
precisely, techniques very similar to the ones used in this section can be combined
with the work of Kotschick [93, 95], Biswas and Mj [22] and Biswas, Mj and Seshadri

[25] to give constraints on groups @ fitting into a short exact sequence

with N finitely generated, G Kahler and () either the fundamental group of a compact
3-manifold (with or without boundary) or a coherent one-relator group.

In the case of fundamental groups of compact 3-manifolds we essentially obtain
that the constraints for 3-manifolds without boundary given in [25] also hold for mani-
folds with boundary, with the difference that we need to allow @) to be commensurable
to a surface group. For coherent one-relator groups we essentially obtain that ¢) must

be commensurable to a surface group. We will get back to this in future work.
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Chapter 4

Kahler groups from maps onto
elliptic curves

In Section 2.5 we introduced Dimca, Papadima and Suciu’s examples of Kéhler groups
of finiteness type F,._; but not F,. (r > 3) [62]. Recall that their examples arise as
fundamental group of fibres of holomorphic maps from a product of Riemann surfaces
onto an elliptic curve, where the restrictions to factors are branched double covers.
Our main goals in this Chapter are to provide a new more general construction for
Kahler groups with exotic finiteness properties from maps onto an elliptic curve and to
introduce invariants which distinguish between many of the groups obtained from our
construction. This class also provides new examples of subgroups of direct products
of surface groups, thereby contributing towards an answer of Delzant and Gromov’s
Question 1.

We consider maps from products of closed Riemann surfaces onto elliptic curves
which restrict to branched coverings on the factors. We show that if such a map
induces a surjective map on fundamental groups, then its smooth generic fibre is
connected (see Section 4.1) and its fundamental group is a Kéhler group with exotic
finiteness properties. The main result concerning our general construction is Theorem
4.3.2.

We then proceed to apply our construction to produce a new class of Kéhler
groups which to us seems like the most natural analogue of a specific subclass of
the Bestvina—Brady groups [19] (see Section 4.4). To show that this new class of
examples is not isomorphic to any of the DPS groups we introduce invariants for our
examples in Sections 4.5 and 4.6. These invariants lead to a complete classification
for the class of groups arising from purely branched coverings (see Definition 4.1.2).

The main classification result is Theorem 4.6.2.
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4.1 Connectedness of fibres

We give a precise criterion for the connectedness of the fibres of a map from a direct

product of closed Riemann surfaces onto an elliptic curve defined by branched covers.

Theorem 4.1.1. Let v > 2, let E be an elliptic curve and let f,, + S, — E be
holomorphic branched covers of E with g; > 2.
The map f = iy fg @ Sq x - xSy = E has connected fibres if and only if it

induces a surjective map on fundamental groups.

Proof. Every holomorphic map h : X — Y between compact complex manifolds X
and Y with connected fibres induces a surjective map on fundamental groups, since
it is a locally trivial fibration over the complement of a complex codimension one
subvariety of Y. Hence, if f has connected fibres then it induces a surjective map on
fundamental groups.

Assume now that f induces a surjective map on fundamental groups. If f does
not have connected fibres then Stein factorisation [123] (also e.g. [18, Theorem 2.10])
yields a closed Riemann surface S and holomorphic maps o: S — E and 3 :.5,, x - x
Sy, = S such that « is finite-to-one and  has connected fibres. Since holomorphic
finite-to-one maps between closed Riemann surfaces are branched covering maps, it
follows that « is a branched covering.

Choose a base point (pi,--,p,) € Sy, x -+ x S, and denote by (; the restriction
of B to the ith factor {(p1,---,pi-1)} x Sy, x {(pi+1,--,pr)}. Then there is e; € E such
that avo 3; = e; + fy,. Since f3; is holomorphic, it is non-trivial and finite-to-one,
and hence a finite-sheeted holomorphic branched covering map. It now follows that
Bir(m1S,,) < S is a finite index subgroup and therefore not cyclic for i =1,---,r.

It then follows from [24, Lemma 7.1] that S must itself be an elliptic curve. Since
the argument is short we want to give it here: Choose v, € .Sy, and v, € .5, such
that their images 31 oy, and S5 o 75 do not lie in a common cyclic subgroup of m;.5.
Then f; o7, and fs 0 y9 generate a Z2-subgroup of 715 and the only closed Riemann
surfaces with Z2?-subgroups are elliptic curves.

Using Euler characteristic, it follows that any branched covering map between
2-dimensional tori is an unramified covering map. By assumption the map f =aof3
induces a surjective map on fundamental groups. Hence, the map a : S - FE is
an unramified holomorphic covering which is surjective on fundamental groups and
therefore S = E and « is biholomorphic. In particular, the map f has connected
fibres. 0J
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We introduce a special class of branched covering maps of tori. Let X be a closed
connected manifold and let Y be a torus of the same dimension k, let D c Y be
a complex analytic subvariety of codimension at least one or more generally a real
analytic subvariety of codimension at least two. Let f: X — Y be a branched covering
map with branching locus D, that is, f~!(D) is a nowhere dense set in X mapping
onto D and the restriction f: X ~ f~1(D) - Y \ D is an unramified covering.

Assume that for a base point zg € Y\ D there are simple closed loops pu1, ..., g :

[0,1] = Y N\ D based at zg with the following properties:
o 1i([0,1]) np;([0,1]) = {20} for i # j; and
e the loops uq,..., u, generate m Y.

Definition 4.1.2. We call the map f purely branched if there exist loops p1, ..., g

as above, which satisfy the condition

(prs e ) < fo(m(X N f71(D))) < m(Y N\ D),

i.e. every lift to X of each y; is a loop.

Note that for Y a 2-torus, X a closed connected surface of genus g > 1 and
f:X =Y a branched covering map with branching locus D = {py,---,p,}, the map f
is purely branched if and only if there are simple closed loops py, o : [0,1] =Y N~ D
which generate 7Y, intersect only in p1(0) = u2(0) and have the property that every
lift of py and ps is a loop in X. We will revisit the notion of a purely branched

covering in Section 6.2, where it will come up naturally.

4.2 A Kahler analogue of Bestvina—Brady groups

The DPS groups [62] can be described as kernels of maps from a direct product of

surface groups I'y, = m Sy,, 1 <4 <r, onto Z2.

Ggrigr s Loy xox Ty = Z%={(a,b|[a,b])
ai,as — a
by, b, — b (4.1)
ag’...’aéi > 0
bg,---,bgi — 0,

We will see that the branched coverings in Dimca, Papadima and Suciu’s con-
struction satisfy all the conditions of Theorem 4.3.2. This will provide us with a new

proof of Theorem 2.5.6.
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The case when ¢g; = -+ = g, = 2 is a good surface group analogue of the Bestvina—
Brady group corresponding to the direct product Fj x --- x Fy of r copies of the free
group on two generators.

More generally, consider the direct product Ay x---x A, of surface groups Ay, =

7S¢, gi > 2. Then, in analogy to the map ¢ ... o, define the homomorphism

Vgrgr + Ngp X X Ay, — Z?={a,b|[a,b])
aj g a (4.2)
b > b
To prove that all groups arising as kernel of one of the 1, ..., are not of type F,,

we use a result by Bridson, Miller, Howie and Short [29, Theorem B]

Theorem 4.2.1. Let Ay, ,---, Ay, be surface groups with g; > 2 and let G < Ay, x---x A\,
be a subgroup of their direct product. Assume that each intersection L; = GnAy, is non-
trivial and arrange the factors in such a way that Lq,---, L, are not finitely generated
and L,,1,--+, L, are finitely generated.

If precisely r > 1 of the L; are not finitely generated, then G is not of type F'P,.

For finitely presented groups, being of type F'P, is equivalent to being of type F.
(36, p. 197]. Since all the groups we consider will be finitely presented, we do not
dwell on the meaning of the homological finiteness condition F'P,.. As a consequence

of Theorem 4.2.1 we can now prove

Theorem 4.2.2. Let Ay, -+, A, be surface groups with g; >2 and let r > 3. Let k > 1

and let v; : Ny, - ZF be non-trivial homomorphisms. Then the kernel of the map
v=vptee Ut N xeex Ay - 7k

s not of type F,

Proof. Let G =ker(v) <Ay, x--xA, . Let L; = GnA,, :== Gnlx--xAy x---x1 and note
that L; = ker(v;). Then L, is an infinite index normal subgroup of A,,. Infinite index
normal subgroups of a surface group are infinitely generated free groups. Hence, none
of the L; are finitely generated and therefore G is not of type F'P,, by Theorem 4.2.1,
and hence not of type F,. U

Corollary 4.2.3. For all v > 3 and g1,--,g. > 2, the groups ker(¢y, ... ) and the
groups ker(v, ..4.) are not of type F,.
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Remark 4.2.4. Under the additional condition that the maps v; : A; - ZF are
surjective, all groups that arise in this way are group theoretic fibre products over ZF*,
and one can construct explicit finite presentations for them using the same methods

as we use in Chapter 5 to construct finite presentations for the DPS groups.

The original proof that the DPS groups have arbitrary finiteness properties con-
sists of an involved argument making use of characteristic varieties. Alternative proofs
have been given since by Biswas, Mj and Pancholi [24] and by Suciu [124]. None of
these proofs uses the work of Bridson, Howie, Miller and Short [29], but Dimca,
Papadima and Suciu [62] mentioned without proof that the work of Bridson, Howie,
Miller and Short could be used to obtain an alternative proof of the finiteness prop-

erties of their groups.

4.3 Constructing new classes of examples

Let E be a closed Riemann surface of positive genus and let X be a closed connected
complex analytic manifold of dimension r > 1. An irrational pencil h : X - F is a
surjective holomorphic map such that the smooth generic fibre H is connected.

Let M, N be complex manifolds and let f: M — N be a surjective holomorphic
map. We say that the map f has isolated singularities if for every y € N and every
x € f~1(y) there is a neighbourhood U of z in f~(y) such that (Un f~1(y))  {z}
is smooth. It follows that a map f has isolated singularities if the set of singular
points of f in f~1(y) is discrete. In the case of an irrational pencil h: X — E this is
equivalent to the set of singular points of f being finite.

We will discuss the relevance of isolated singularities in the construction of new
Kahler groups in more depth in Section 6.1 and Chapter 9. For a more detailed
introduction to maps with isolated singularities and their local structure see Section
9.2.

The following result is due to Dimca, Papadima and Suciu. As it is stated this is
an easy consequence of [62, Theorem C]. We will state the original version of their

result in Section 6.1, where we will need it (see Theorem 6.1.1).

Theorem 4.3.1 ([62, Theorem C]). Let h: X — E be an irrational pencil. Suppose
that h has only isolated singularities. Then the following hold:

1. the inclusion H = X induces isomorphisms m;(H) 2 mi(X) for2<i<r-1;

2. the map h induces a short exact sequence 1 - m H - mX - mE - 1.
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A Stein manifold is a complex manifold that embeds biholomorphically as a closed

submanifold in some affine complex space C". Theorem 4.3.1 allows us to prove

Theorem 4.3.2. Let r > 3 and let g1,---,g, > 2. Let E be an elliptic curve and let

fo: 0 Sg; = E be a branched covering, for i =1,---,r. Assume that the map

f:ngi:SmX“'XSgr_’E
=1

induces an epimorphism on fundamental groups.
Then the generic fibre H of the map f is a connected (r —1)-dimensional smooth

projective variety such that

1. the homotopy groups m;H are trivial for 2<i<r -2 and m._1H is nontrivial;
2. the universal cover H of H is a Stein manifold;

3. the fundamental group m H is a projective (and thus Kdhler) group of finiteness
type F,_1 but not of finiteness type F,;

4. the map f induces a short exact sequence
1= mH —»mSy x-xmSy, »mE -1

on fundamental groups.

Proof. Tt is well-known that there is a unique complex structure on S, with respect
to which the map f,, is holomorphic, since f,, is a finite-sheeted branched covering
map. In particular, fy, has critical points the finite preimage C; = f,1(D;), where
D; c E is the finite set of branching points of f,,.

This equips X =Sy, x--- xS, with a projective structure with respect to which
f:X =85, x--xS, - Eis a holomorphic submersion. The set of singular points
of f is then the set of points (z1,:--,x,) € Sy, x --- xSy, such that 0 = df(zy,-, 2,) =
(dfy, (x1), -, dfg, (x,)). It follows that the set of singular points of f is the finite set
Ch x -+ x (.. In particular, f has isolated singularities.

By assumption all of the f,, are branched covering maps and f is surjective on
fundamental groups. Thus, by Theorem 4.1.1, the map f has connected fibres.

It follows that f is an irrational pencil with isolated singularities. Hence, by

Theorem 4.3.1, we obtain that f induces a short exact sequence
1—>7T1H—>7T1X£>7T1E—>1

o1



on fundamental groups proving assertion (5). Furthermore, we obtain that m H
m X 20, for 2 <7 <r-2, where the last equality follows since X is a K (7 X,1). This
implies the first part of assertion (1).

The group w1 H is projective, since the generic smooth fibre H of f is a complex
submanifold of the compact projective manifold X.

Because mH =0 for 2 < i <r -2, we obtain a K(m H,1) from H by attaching
cells of dimension > r. Since H is a compact complex manifold, it follows that H has
a finite cell structure. Thus, the group ker(f,) = m;H is of finiteness type F,._; and,
by Theorem 4.2.2, it is not of type F,. This implies assertion (3) and the second part
of assertion (1), since if m,_y H was trivial we could construct a K (G, 1) with finite
r-skeleton.

Assertion (4) is an immediate consequence of the well-known result that two
groups which are commensurable (up to finite kernels) have the same finiteness prop-
erties (see [20]).

Assertion (1) follows similarly as in the proof of [62, Theorem A]. Namely, the
universal covering X, ¢: X - X of X = Sg, X == xS, is a contractible Stein manifold
and the pair (X, H) is (r — 1)-connected by Theorem 4.3.1. Hence, the preimage
¢ Y(H) of H in X is a closed complex submanifold of the Stein manifold X which is
biholomorphic to the universal covering H of H. Thus, H is Stein. U

Note that Theorem 4.3.2 is a generalisation of Theorem 2.5.6. Biswas, Mj and
Pancholi [24] suggested a more general approach for arbitrary irrational Lefschetz
pencils over surfaces of positive genus with singularities of Morse type. Although it
is not explicit in [24], the class of examples constructed in this chapter can also be
obtained as a consequence of their work. However, the techniques are quite different:
Their approach is based on topological Lefschetz fibrations and these, by definition,
have Morse type singularities; the result for non-Morse type singularities then fol-
lows by a deformation argument. They do not present any techniques to distinguish

between different examples (cf. Theorem 4.6.2 in Section 4.6).

4.4 Constructing Bestvina—Brady type examples

We will now explain how one can realise the maps 1, ..., in (4.2) geometrically: we

T

will exhibit them as the induced maps on fundamental groups of maps satisfying the

conditions of Theorem 4.3.2.
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We start by observing that we can retrieve Theorem 2.5.6 from Theorem 4.3.2,
since by construction (see Section 2.5) the groups in Theorem 2.5.6 satisfy all the
assumptions of Theorem 4.3.2.

We will imitate the construction of these groups in order to produce holomorphic
maps fp,,-, fn, S, > F for all hy,-- h, >2 and r > 3 such that f =Y, f5, realises
the map 1y, ... 5, defined in (4.2). We will present two different constructions, each of

which has advantages.

Construction 1: This is the more natural construction. It has the advantage
that the maps f;, are normal branched coverings, but it comes at the cost that the
singularities of f are not quadratic and therefore f is not a Morse function.

As above, let E be an elliptic curve and let B = {di,d>} ¢ E be two arbit-
rary points. Let «,[(3,71,72 be the same set of generators for the homology group
H,(E~B,Z) as in the paragraph preceding Definition 4.1.2, o, § are generators of m F
intersecting positively with respect to the orientation induced by the complex struc-
ture on E and 7,7, are the positively oriented boundary loops of small discs around
by, respectively by. For h > 2, the surjective homomorphism H,(E \ B,Z) — Z/hZ.
defined by a,8 = 0, 71 = 1, 79 = -1, defines a h-fold normal branched covering
fn S, = E from a topological surface of genus h with branching locus B. We may
assume that, after connecting the generators of Hi(FE \ B,Z) to a base point, the

fundamental group of w1 (FE \ B) is

7TIEJ \B= <Oé767/71772 | [OZ,/B] 7172>

It is well-known that there is a unique complex structure on Sj, such that the map
fn is holomorphic. Denote by C = {01 = fi'(dv),co = f};l(dQ)} c S}, the set of critical
points of fj,.

In analogy to the DPS groups, we define the map f using the additive structure
on F,

T

F=> fni:Sny xx Sy, > E

i=1
for all >3 and Ay, h, > 2.

The maps f;, are branched coverings induced by the surjective composition of
homomorphisms 7 (E ~ B) - H{(E ~ B,7Z) — Z/h;Z defined by o, ~ 0, 1 = 1,
72 = —1. In particular, all of the f,, are purely branched, since o and [ are elements
of the kernel of this homomorphism, which is a normal subgroup of m (E \ B). It

follows that all of the f,, are surjective on fundamental groups.
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Hence, Theorem 4.3.2 can be applied to f. This implies that the fundamental
group m H of the generic fibre H of f is a projective (and thus Kéhler) group of
finiteness type JF,_1, but not of finiteness type F,.

Since all of the fj, are purely branched, any lift of a generator o, 5: [0,1] - E\ B;
of m E to Sy, is a loop. Choose a fundamental domain F' c Sy, for the Z/h;Z-action
such that the images of o and (3 are contained in the image f,,(U) of an open subset
U c F on which fj, restricts to a homeomorphism.

Denote the h; lifts of a by agi), ---,agi) and the h; lifts of 8 by bgi), -~-b§i), where we
choose lifts so that a§i) and b;i) are in the interior of the fundamental domain j - F
for j € Z/h;Z. In particular, the loops agi), bgi), e a,(fi), b,(ji) form a standard symplectic
basis for the (symplectic) intersection form on Hy(S,, 7).

It is then well-known that we can find generators agi), Bfi), ---oz;i), Bg) of 1.5, such

that the abelianisation is given by a§i) > ay), BJ@ > b;i) and
1S, = <a§z)’ o, "'Ofﬁ?a 5};) | [agw’ 612)] [aﬁ)’ IS)D

This is for instance an easy consequence of Theorem 4.5.5.

With respect to this presentation, the map on fundamental groups induced by fj,,

is given by
fhi*: ﬂ-lShz - 7T1E
a§2) e
B - B

For an illustration of the map f;, and the generators «;, 3;, see Figure 4.1.
As a direct consequence, we obtain that f induces the map

foir mSpy x o xm Sy, - mE

o' s o

J.
Ay > B
on fundamental groups. Thus, the induced map ¢, on fundamental groups is indeed
the map ¥y, ..., in (4.2).

Construction 2: We will now give an alternative construction which realises
Yhy h,. as the fundamental group of the generic fibre of a fibration over an elliptic
curve with Morse type singularities only. This is at the expense of the maps f;, being
regular branched coverings rather than normal branched coverings.

Let E be an elliptic curve, let h > 2, let dy1,dy2,do1, -, dp-11,dp-12 be 2(h —1)

points in E and let sy,---, 5,1 : [0,1] > E be simple, pairwise non-intersecting paths
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Figure 4.1: The h-fold branched normal covering f;, of E in Construction 1

with starting point s;(0) = d;; and endpoint s;(1) = d; for ¢ = 1,----h — 1. Take g
copies Ey, Fy,---, E,_1 of E, cut Ey open along all of the paths s; and cut E; open
along the path s; for 1 <7 < h—1. This produces surfaces Fy,--, Fj,_; with boundary.

Glue the boundary of F; to the boundary component of Fj corresponding to the
cut produced by the path s; where we identify opposite edges with respect to the
identity homeomorphism Ey - F; for ¢ = 1,---;h — 1. This yields a closed genus h
surface Ry, together with a g —1-fold branched covering map f; : R, — E with critical
points ¢1.1,¢1,2, €21, Cho11,Ch-1,2 € Ry, f(ci;) = dij of order two. Endow R, with
the unique complex structure that makes the map f; holomorphic.

It is clear that the map f; is purely branched and surjective on fundamental
groups. In analogy to Construction 1 we find a standard generating sets «, 5 of m F
and ay, -, ag, B1, -+, By of ™S, with respect to which the induced map on fundamental
groups is given by a; = a and ; = . See Figure 4.2 for an illustration of the map
i

For hy,--- h, > 2, r > 3, the holomorphic map f'=3"_, fit Bpy % - x Ry, induces
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Figure 4.2: The h-fold branched covering f; of E with Morse type singularities in
Construction 2

the map 1y, ..., on fundamental groups. The map f’ has isolated singularities and
connected fibres and in fact we can see, by considering local coordinates around the

singular points, that all singularities of f’ are of Morse type.

4.5 Reducing the isomorphism type of our exam-
ples to Linear Algebra

We will now show that our groups are not isomorphic to the DPS groups and thus
provide genuinely new examples rather than being their examples in disguised form.

As before, let A, be the fundamental group of a closed orientable surface of genus
g. For r k > 1, consider epimorphisms ¢,, : A, — ZF and vy, : Ay, > ZF, where
gi»hi >2 and 1 <i <r. Recall that ker(¢,,) and ker(ty,) are infinitely generated free

groups, since they are infinite index normal subgroups of surface groups.
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Define maps @, ...g, = ¢g, ++-+¢g. : Ngy x--x Ny = ZF and ¢y, ..p, = Yy, +-+ 1y,

Ap, x - x Ay, - ZF and let

1

Li:=Ag4n ker(gbgl,...,gr) = ker(¢gi)>

K= Ay, nker(¢n,...p.) = ker(¢y,).

Then the following Lemma is a special case of Bridson, Howie, Miller and Short’s
Theorem 2.1.5.

Lemma 4.5.1. FEvery isomorphism

0 :ker(¢g, g, ) = ker(¢n, .n,)

satisfies 0(L;) = K; up to reordering of the factors. In particular, 0 restricts to an
isomorphism Ly x -+ x L, =2 Kj x - x K.

Furthermore, with the same reordering of factors, we have 0((Ag, x "'Agik) N
ker(gg,,g,)) = (An, % Ap, ) nker(n, p,) for 1<k <r and 1 <iy <o <y <.

Remark 4.5.2. It also follows from Theorem 2.1.5 that if we have an isomorphism
between direct products of r surface groups Ay, x---x A, and Ay, x---x Ay, then after
reordering of the factors it is induced by isomorphisms Ay, = A;, and, in particular,

gi=h; fori=1,--r.
Theorem 4.5.3. There is an isomorphism of the short exact sequences

1> ker(gg, g, ) = Mgy X x Ay, L, 7k -1

and

Vhy by
1-> ker(z/}hl,._.,hr) g Ah1 X e X Ahr L) Zk -1

if and only if (up to reordering factors) g, = hy,--+, g, = h, and there are isomorphisms

of the short exact sequences

1= ker(fg,) — Ay, o, AR

and
.
1 = ker(gn,) = Ap, 7k 51

for all i =1,---,7 such that the isomorphism A : 7% — 7 is independent of i.
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Proof. The if direction follows immediately by taking the Cartesian product of the
isomorphisms 6; : A,, = Ay, to be the isomorphism 6 : Ay x - x Ay — Ap, x - x Ay,
and the identity map to be the automorphism of Z*.

For the only if direction we use that, by Remark 4.5.2, the isomorphism Ay x
Ny, = Ap, x - x Ay, is realised by a direct product of isomorphisms 6, : A, —
Ay, after possibly reordering factors. Restricting to factors then implies that the
isomorphism 6; and the identity on Z* induce an isomorphism of short exact sequences
fori=1,---,r. O

The following theorem is well-known (see for instance [31, Section 7.5]):

Theorem 4.5.4. The groups Hy = ker(¢y, ... 4,) and Hy = ker (¢, ...,

if and only if there is an isomorphism of the short exact sequences

) are isomorphic

E]

(bgl st gr
—

1> ker(gg, g, ) = Mgy x o x Ay, AR

and

Vhy o hs
1- kel"(’ll)hh...ﬁs) g Ah1 X oo X Ahs L> Zk - 1.

Proof. Let 6 : Hy - Hy be an abstract isomorphism of groups and let L; < Hy, K; < Hy
be as above. By Lemma 4.5.1, we may assume that after reordering factors 6(L;) < K;
and that Q(Ml) = M2 for M1 = H1 N (1 X A92 Xoeee X Agr)7 M2 = H2 n (]_ X Ah2 X oo X Ahs)~
Since [y, gn; are surjective for all 1 <7 <r, 1< j <s, we obtain that
Hl/MlgAgla Hl/ngAgQX---XAgr
HQ/MQEA}U, Hg/KlgAhQX---XAhS,
where the isomorphisms are induced by the projection maps.

In particular, the map # induces an isomorphism of short exact sequences

1 — K| —— Hy /My x Hi[]Ly 2 Ay, x - x Ay, 7k 1
- i i
1 —— Ky —— Hy[ My x Hy| Ky 2 Ap, x - x Ay, 7k 1
proving the only if direction. The if direction is trivial. O

It follows that in order to understand abstract isomorphisms of the kernels of
maps of the form ¢y, ..., and ¥y, ...p,, it suffices to understand isomorphisms of short

exact sequences of the form
1—>N—>Agﬁ>Zk—>1.
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This reduces to Linear Algebra, as we now explain briefly. A detailed exposition
of the subject can be found in [68] (see in particular Chapter 6). In the following, let
S, be a closed surface of genus g and let A, = m(.S,) be its fundamental group.

Let MCG*(S,) be the (extended) mapping class group of S,, that is, the group
of homeomorphisms of S; up to homotopy equivalences, where by the extended map-
ping class group we mean that we allow orientation reversing homeomorphisms. Let
Inn(A,) be the group of inner automorphisms of A,, that is, automorphisms of the
form a — b~lab for a fixed b € A, and let Out(A,) = Aut(A,)/Inn(A,) be the group
of outer automorphisms of A,.

The map A, - ZF factors through the abelianisation H;(Ay,7Z) of A,. Every
automorphism 7 of A, induces an automorphism 7, € GL(2g,Z) of the abelianisa-
tion Hy(Ay,Z). Since inner automorphisms act trivially on H;(A,,7Z), the induced
homomorphism Aut(A,) - GL(2g,7Z) factors through Out(A,).

By the Dehn-Nielsen-Baer Theorem (cf. [68, Theorem 8.1]) the natural map
MCG*(S,) - Out(A,) is an isomorphism. In particular, we can realise any element
of Out(A,) by a (up to homotopy) unique homeomorphism of S,. It follows that
for 7 € Aut(A,), the map 7. € GL(2g,Z) is realised by some homeomorphism « €
MCG*(S,).

There is a natural symplectic form on H;(A,,Z) induced by taking intersec-
tion numbers of representatives in S,. Orientation preserving homeomorphism « ¢
MCG*(S,) of S, preserve intersection numbers. Hence, the induced automorph-
ism «, € H1(A,,Z) preserves the symplectic form which is equivalent to A := o, of
Sp(2g,7.), where Sp(2g,7.) is the group of symplectic matrices of dimension 2g with
integer coefficients. It is defined by

Sp(29,Z) = {A € Msy(Z) | AtJ?sJA = Jag},

for Jo, the matrix representing the standard symplectic form given by the block

diagonal matrix

J 0 0
0 J 0 0
Jag=] 0 0 0
I -0
0 - - 0 J
. 0 1 .
with Jo = J = ( 10 ) the standard symplectic form on R2.
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For an orientation reversing homeomorphism we have that A*JA = -J. We define

the generalised symplectic group of dimension 2g with integer coefficients by

Sp*(29,Z) = {A € Myy(Z) | A'TA =T or ALTA=-J}.
As a result, there is a natural homomorphism U : MCG*(S,) - Sp*(2¢,Z).

Theorem 4.5.5 ([68, Theorem 6.4]). The symplectic representation
U: MCG*(S,) = Sp*(29,2)
18 surjective for g > 1.
Combining this with the isomorphism MCG*(S,) - Out(S,), we obtain

Corollary 4.5.6. For g > 1, the symplectic representation ¥V induces a surjective
representation Out(S,) - Sp*(2g9,Z).

In particular, two short exact sequences
1—>ker(f)—>AgiZk—>1

and
1> ker(h) = Ay > ZF > 1

are isomorphic if and only if there exists A € Sp*(29,7.) and A’ € GL(k,7Z.) such that

the following diagram commutes

Hy(Ay, 2)"— 7}

e

Hy (A, Z)"— 7}

where ¢q, and Py, are the unique maps factoring ¢ and v through their abelianisation.

Proof. The first part is a direct consequence of Theorem 4.5.5 and the isomorphism
MCG*(S,) = Out(A).

The only if in the second part follows directly from the fact that for any outer
automorphism of A,, the induced map on homology is in the generalised symplectic
group. The if follows, since we can lift any A € Sp(2g,7Z) to an element o € Aut(A,)
inducing A by the first part. O
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4.6 Classification for purely branched maps

It follows from Section 4.5 that showing our groups are not isomorphic to the DPS
groups amounts to comparing maps on abelianisations and therefore reduces to a
question in Linear Algebra. In fact, it is possible to classify all maps on fundamental

groups that arise from purely branched maps.

Theorem 4.6.1. Let E be an elliptic curve and let f,: Sy - E, g > 2, be a purely

branched covering map. Then the following are equivalent:

1. There is a standard symplectic generating set aq, [By,---, 0, By of TSy and «, B

of m E with respect to which the induced map on fundamental groups is

fox: TS, - mkE
ap, o P«
Bi, B = B
Opat, By = 0
Bis1, By = 0

2. The map f, is a k-fold purely branched covering map for 2<k<g.

Furthermore, for 2 < k < g, there exists a purely branched k-fold holomorphic

covering map fq: Sy = E with Morse type singularities.

As a consequence we can give a complete classification of all Kéhler groups with
arbitrary finiteness properties that arise from our construction in the case when all

of the maps are purely branched.

Theorem 4.6.2. Let I be an elliptic curve. Let r,s >3, let g;,h; > 2, let S,, be a
closed Riemann surface of genus g; > 2 and let Ry, be a closed Riemann surface of
genus h; > 2 for 1 <i<r and 1< j <s. Assume that there are purely branched k;-
fold holomorphic covering maps p; : Sy, — E and purely branched l;-fold holomorphic
covering maps q; : R, — E. Define p = ¥i_1p;: Sy, x xSy, - FE and q=37_1¢; :
Ry, x---x Ry, - E and denote by H, and H, the smooth generic fibres of p, respectively
q.

Then the Kahler groups m H, and mH, are isomorphic if and only if r = s and

there is a permutation of the Ry, and q; such that g; = h; and k; =1; fori=1,---r.

Proof. This is a direct consequence of Theorem 4.6.1, Theorem 4.5.4 and Theorem
4.3.2. ]
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Corollary 4.6.3. The Kdihler groups ker(¢y, ... 4,.) obtained from (4.1) and the Kdihler
groups ker(tn, ...pn,) obtained from (4.2) are isomorphic if and only if r = s and g, =
ve=gp=hy=e=hy =2

Proof. This is an immediate consequence of Theorem 4.6.2 and the fact that we
constructed our groups as fundamental groups of the fibre of a sum of h;-fold purely
branched holomorphic maps in Section 4.4, while, as we also saw in Section 4.4, the
DPS groups arise as fundamental groups of the fibre of a sum of 2-fold purely branched

holomorphic maps. ]

The part of Theorem 4.6.1 that for 2 < k < [ < g we obtain distinct maps on
fundamental groups will follow from Section 4.5 and the following result in Linear
Algebra.

Proposition 4.6.4. For g > 2 and 1 < k <1 < g there are no linear maps A ¢
Sp*(29,R) and B € GI(2,7Z) = Sp*(2,7Z.) such that

(I 00 )-A=B-(I-I 0-0), (4.3)
—_—— —\— —— —\—
k times g-k times [ times g-1 times
1 0. . . : : .
where I =I5 = 01 ]% the 2-dimensional identity matriz.

Proof. The proof is by contradiction. Assume that there is A € Sp*(2¢,R) and B ¢
Gl(2,Z) = Sp*(2,Z) satisfying Equation (4.3). Define 7y, -+, 72, € R%* and ay, -+, agy €
R29-2k by

A:( YooY ot Vg )

Q] Qg - a2g

Then A € Sp*(2g,R) implies that

N B .(Jgk 0 ).(% o 729)
\’Vég Oéég 29-2k a; Qo Qg

" ay
= “Jop - (Y102g) + : “Jag-or - (a1-0rg)

’Vég agg

= [7; - Sy, - 7j]z',j:1,---,29 + [O‘; ) J29—2k : aj]i,j:l,---,Qg

~

=F =F

The map F is of rank < 2k, since it splits through IR?* and the map F is of rank
< 2¢g - 2k, since it splits through R29-2%.
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We will now prove that in fact E is of rank < 2k — 2. Equation (4.3) implies that
for

Ay Ay
(’71"'/7251) = )
Ap o Apg
where A;; e R?2 for 1 <i<k and 1< j <g, we have
Ay - Ay
([...] ) : : = (B...B 0---0 )
—_—— —_——— ——
k times Akl Akg 1 times g-1 times
It follows that i
B ifj<li
i1 y>
and hence, that
Aqy Ay Aras1) Aig
(r172) = Ak-1)1 Ak-1y1 Agp-ya+y 0 A-1)g = (MN)
B-yit Ay - B-2 Ay -3 Ajery - Y A

with M e R2k*2l gnd N e R2kx2(9-1),

Then, we have

b MM MU N
"\ Nty M NtJyN

Define linear maps

1 k-1 I
M'=|detB-[B'A; - B A+ _2):| e R2(b-1Dx2
[ ( ! \/E_ 1 ; l] \/E i=17"'7k—1,j=17~-~7l

1 k-1

N'= ldetB : (BlAim - > BlArm)] e R2(-1<2(o7D),
\/E— L= i=1,k=1,m=l+1,g

Using that B'J,B = detB - Jo, we obtain the following identities

detB (1

Mt Jop M = k;

o A M Ty o M
J ]

MtJQkN: M’tjzk,zN,

N ' Jop,M = N" Jop_o M’

NtJQkN = N’tjzk,zN,
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In particular, this implies that

detB
<=J

E = [V JorVils icy 0y = dotB
3dij=1,-2¢ detB y

0

detB
<=J

: 0 +(
s

M/t
N/t

) opes - (M'N') .

0

=9

The linear map S splits through R?*=2_ implying that rank(S) < 2k — 2. Further-
more, +Jy; = £+ I and detB = £1 imply that

(£1x1)J 3J
:t%J -
F =iy~ E =

+

ol [ SN

0

+=J

A e

- i%J
1] (xl+)J

+J2(g-1)

-S. (4.4)

=R
Hence, F' has rank > 2¢g - (2k —2) = 2(g - k) + 2, since by Lemma 4.6.5 below R
is invertible for [ # k. This contradicts rankF’ < 2(g — k), showing that there are no
A€ Sp*(29,R) and B € GI(2,7) satisfying (4.3). O

Lemma 4.6.5. ForleZ, k € R, the linear map R defined in (4.4) is invertible if and
only if | # £k.

Proof. Clearly, it suffices to prove that for k # [, the matrix

(£1+4)J +1J ++.J
:t%J " :
RQZ — : c R21x2l
: . :I:%J
+rJ 1] (xlx4)J

is invertible. We do row an column operations in order to compute the rank of Ry;.

Subtracting the last (double) row from all other rows yields

+/ 0 - 0 FJ

0 +J - : :

0 - 0 xJ FJ
+1J 1] (xl+4)J

After subtracting multiples of the first (I - 1) (double) rows from the last row we

obtain
+J 0 - 0 FJ
0 +J - : :
: w0 :
0 - 0 +J FJ

0 o 0 (slx(E+5h)T
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Hence, R is invertible if and only if +1 + é # 0. This is clearly the case for all choices

of signs if and only if [ # £k, completing the proof. O
For the other direction in Theorem 4.6.1 we will make use of

Lemma 4.6.6. Let E be an elliptic curve and let f: S, — E be a holomorphic k-fold
purely branched covering map. Then there exist standard generating sets ay, By, -+,

oy, By of mSy and o, B of m E such that the induced map on fundamental groups is
of the form described in Theorem 4.6.1(1).

Proof. Let B c E be the finite branching set of f. Since f is purely branched there
are generators «, 5 : [0,1] = E ~\ B such that every lift of & and 8 with respect to the
unramified covering f: S, \ f71(B) - E\ B is a loop.

We may further assume that the only intersection point of o and ( is the point
a(0) = £(0) and that the intersection number (v, 8) = 1 with respect to the orienta-
tion induced by the complex structure on FE.

Since f|g,«s-1(p) is a k-fold unramified covering map, there are precisely k lifts
a, -, ap of a and By, of § and we may choose them so that ¢(oy, 3;) = &y,
t(, ;) =0 and (6, ;) = 0.

Then the images of ay,f1, -, ax, Bk in Hi(S,,Z) form part of a standard sym-
plectic basis with respect to the symplectic intersection form on H;(S,,7Z). Extend
by @1, Br+1, -, @, By to a standard symplectic basis of H;(S,,Z). We claim that
with respect to this basis f. takes the desired form.

We may assume that o1, Bge1,, 0y, By are loops in S, \ f1(B). Since «;,
k+1,<j < g forms part of a symplectic basis we have that its intersection number
with any of the oy, 3; with 1 <4 <k is zero. Since all of the lifts of «, 5 are given by
ay, By, ag, B and the map f is holomorphic, thus orientation preserving, it follows

that the intersection numbers ¢(f o aj, ) and ¢(f o i, 5) satisty

(foaj,a)= ZL(ozj,ozi) =0,

k
i=1

k

L(fOOéj,ﬁ) = ZL(O@HB@') =0.

i=1

The nondegeneracy of the symplectic intersection form on Hy(E,Z) = («, 8 | [, 5])

= m E then implies that fooa; =0 in m E. Similarly fo3;=0in mE for k+1<j<g.
Since by definition foa; = a and fo B; = 8 for 1 <14 < k, it follows that with

respect to the standard generating sets oy, 81,---, oy, By of .Sy and o, 8 of m E, the
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induced map on fundamental groups is indeed

fa: TSy - mkE
ap, e aE B
Bi, By = B
Oék+17"'759 = 0
/Bk+17”'7ﬁg = 0.

Figure 4.3: The k-fold purely branched covering map f,; of F in Lemma 4.6.7

Finally, we prove the existence of a k-fold purely branched holomorphic covering
map with Morse type singularities for every g > 2 and 2 < k < g by giving an explicit

construction in analogy to Construction 2 in Section 4.4.

Proposition 4.6.7. For every g > 2 and every 2 < k < g there is a k-fold purely

branched holomorphic covering map fyr: Sy — E with Morse type singularities.
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Proof. Let E be an elliptic curve, let g > 2, let 1 < k < g and let dy1,dy2,d21, -,
dg-11, dg-12 be 2(g—1) points in E. Let s1,-, 541 : [0,1] > E be simple, pairwise
non-intersecting paths with starting point s;(0) = d;; and endpoint s;(1) = d;» for
1=1,---,9— 1. Take k copies Ey, F1,--, Ex_1 of E, cut Ey open along all of the paths
s;, cut E; open along the path s; for 1 <4 <k -2 and cut Ej_; open along the paths
Sk-1,""", Sg-1. This produces surfaces Fp,--, Fj,_1 with boundary.

Gluing the surfaces Fj,---, F_1 in the unique way given by identifying opposite
edges in the corresponding boundary components Fy and each of the Fj;, we obtain a
closed surface of genus g together with a continuous k-fold purely branched covering
map fgr : Sy - E. By choosing the unique complex structure on S, that makes
fg.x holomorphic we obtain the A-fold purely branched holomorphic covering map
for +Sg = E pictured in Figure 4.3. Looking at this map in local coordinates it is

immediate that all singularities are of Morse type. O

Proof of Theorem 4.6.1. (2) implies (1) by Lemma 4.6.6.

Next we prove that (1) implies (2): By Proposition 4.6.4 and Corollary 4.5.6 the
integer k in (1) is an invariant of the map f, up to isomorphisms and by Lemma 4.6.6
it must coincide with the degree of the branched covering map f,.

The existence of a k-fold purely branched covering map for 2 < k < g now follows
from Lemma 4.6.7. O

Remark 4.6.8. Note that Theorem 4.5.4 and Theorem 4.6.1 also allow us to distin-
guish Kahler groups arising from our construction for which not all maps are purely
branched, provided that the purely branched maps do not coincide on fundamental
groups up to reordering and choosing suitable standard generating sets.

It seems reasonable to us that there is a further generalisation of Proposition 4.6.4
to branched covering maps which are not purely branched. A suitable generalisation
would allow us to classify all Kahler groups that can arise using our construction up to
isomorphism. We are planning to address this question in future work. In particular,
the purely branched maps should correspond precisely to the branched covering maps
inducing maps of the form (/---70---0) on homology which would allow us to remove

the assumption that f, is purely branched in Theorem 4.6.1.
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Chapter 5

Constructing explicit finite
presentations

Following the construction of the DPS groups (see Section 2.5), Suciu asked if it was
possible to construct explicit presentations of such groups. In this chapter we will
construct an explicit finite presentation for their examples, thus answering Suciu’s
question.

While the methods described in this section can be applied in general, we will
focus on the case g; = go = -+ = g, = 2 and denote the respective group by K, =
miHg, ... 4. We will show that for r > 3 there is an explicit finite presentation of K,
of the form K, = (X(T) | RY) U Rg")). The relations RY) correspond to the fact that
elements of different factors in a direct product of groups commute and the relations
Rgr) correspond to the surface group relations in the factors. We will give a similar
presentation for K.

To obtain these presentations, we will first apply algorithms developed by Baum-
slag, Bridson, Miller and Short [13] and by Bridson, Howie, Miller and Short [31].
These lead to explicit presentations given in Theorem 5.3.1 (see Sections 5.2 and
5.3). We will then show by computations with Tietze transformations that these
presentations can be simplified to the form of Theorem 5.4.4 (see Section 5.4).

Note that the techniques used here can be applied to give explicit finite present-

ations for many of the groups constructed in Chapter 4.

5.1 Notation

Recall from Section 2.5 that the DPS groups are obtained by considering 2-fold
branched coverings f,, : S;, = E of an elliptic curve E with branching sets B(®) =
{bgi), " b;;)i_Z} of size 2¢; — 2 as indicated in Figure 5.1.
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Figure 5.1: The 2-fold branched covering of £

We will now show how to construct an explicit finite presentation for their groups
T H

g1, for all v > 3. To simplify our computations we will only consider the case

where |BW| =2 and thus g; = 2 fori=1,---,r. A finite presentation for the general case
can be constructed using the very same methods, but the ideas would be obscured
by unnecessary complexity.

This means that in our situation the fundamental group of S := S, has a finite
presentation

S(Z) - (al 7agl),b52),b(2) |[a1 7a2 ] [bgl)’b(l :|>

O

where a are as indicated in Figure 5.1 with an appropriate choice of base point.

We see that with respect to the finite presentation

mE = (p1, p2 |10, p2])
the induced map f; . := f4, « on fundamental groups is given by

f‘ : Wls(i) —> 7T1E

a;) b — iy, j=1,2

In particular it follows that the induced map ¢, := f, « = fg, .. g, on fundamental
groups is the map

Or = f”,* Gy = 7Tls(l) X eee ><7T1S(r) —mkE
(Z) b(l

J’J

, . (5.1)
— U, 1= 17“'7T7 J= 172

69



and thus identical with the map v, ... ;, in (4.2). This is because we are in the situation
where our new class of examples constructed in Chapter 4 coincides with the DPS
groups. We will construct explicit finite presentations for the groups K, = ker¢, (see
Theorem 5.4.4)

Note that G, has a presentation of the form

[ o] [19,59],

Gy ={a® b =12 k=1, 7
[x®) O] Tk k=171

>; (5.2)

Here *(*) runs over all elements of the form agk), bgk), fori=1,2.
To simplify notation we will write G = G, and K = K, where this does not lead

to confusion.

5.2 Some preliminary results

With the examples in hand we do now proceed to prove a few preliminary results
which will allow us to focus on the actual construction of the finite presentations in
Sections 5.3 and 5.4. Some of the results in this section will be fairly technical.

We will follow the definition of words given in [13, Section 1.3]: A word w(A)
is a function that assigns to an ordered alphabet A a word in the letters of Au A1
where A~! denotes the set of formal inverses of elements of A. This allows us to
change between alphabets where needed. For example if A = {a,b}, w(A) = aba and
A" ={a',b'}, then w(A") = a'ba’.

For a word w(A) = ay--ay, with ay,-+,ay € A, N € N, we will denote by w(A) the
word ay-+-a; and denote by w™(A) the word w™(A) = ay--a7’.

Following [13, Section 1.4] we want to derive from the short exact sequence
1>K->G5mE 1
a finite presentation for GG of the form
(YUA|S1uSyulSs),

where X = {:pl =a§1),x2 =a§2)} is a lift of the generating set {pi,us} of mFE =
(1, po | [p11, p2]) under the homomorphism ¢ : G - mFE and A = {«ay,--,«,} is a

finite generating set of K. The relations are as follows:

e S contains a relation zfa;z;w; j (A) for every i =1,2, j=1,---,n and € = +1,

where w; ;(A) € K is a word in A which is equal to z{a;'z;< in G;
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e S, consists of one single relation of the form [z1,22] U(A) where U(A) is an

element of K which is equal to [371,372]_1 in G
e S consists of a finite set of words in A.

We start by deriving a finite generating set for K = ker¢. One could do this by
following the proof of the asymmetric 0-1-2 Lemma (cf. [26, Lemma 1.3] and [27,
Lemma 2.1]), but this would be no shorter than the more specific derivation followed

here, which is more instructive.

Proposition 5.2.1. For all v > 2, the group K < mSM x - xS = G is finitely
generated with

K =(K),

where IC = {cgl),cgl),d, fi(k),gi(k),i =1,2,k=1, ~--,'r’} with the identifications
0 < D00, a2 [0 00, 9 = D)1 and o < IO, =10
k=1, r.

To ease notation we introduce the ordered sets

X(k) = {a’gk)vagk)abgk)abgk)}v k= 27"'7T7

k k k k
Y(k) :{fl( )7 2( )7g§ )7g§ )}7 k:27”'7r'

The proof of Proposition 5.2.1 will make use of

Lemma 5.2.2. Let K = {cgl),cgl),d,ffk),gi(k),i: 1,2,k = 1,~--,7’} be as defined in
Proposition 5.2.1. Let w(XM u - u X)) be a word in XM u - u X with
me{l,-,r—1} and let v(XD) be a word in X, Then the following hold:

1. In G we have the identity
o(XMY) (XD U u XY (X D) = p(YE) (XD ueeu X))yt (YR,
In particular if w(XM u--u X)) e (K), then so are all its (XMV)-conjugates.

2. If m =1, we can cyclically permute the letters of w(XM) using conjugation by

elements in (IC).
3. If m =1, all commutators of letters in X1 are contained in (K).

4. If m = 1, we have ¢(w(XD)) = 1 if and only if the combined sum of the

exponents of az(l) and bgl) 1s zero for both, 1 =1 and i = 2.
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Proof. We obtain (1) using that [X®) X)) ={1} for 1 <k=1<r:

(o) (XD 00X - (@) =((af") (@) ) - w(X D U0 X )
(0 @)
= wx O v u XY (£P)
(bl(l))E (XD G XY (bl(l))—e :((bgl))g(bgk))_g) cw(XM U u x M)
(O "))
=(o") (XD U X (gf)
foralli=1,2, e=+1, k>m.
We obtain (2) from (1). For instance agl)w’(X(l)) = fl(k)w’(X(l))agl)(fl(k))*l.
We obtain (3) from (1), (2) and the following identities in G

o [0 6] =d,
[ (1) <1>] [ ONTON ) -
o |a; ' ay | =107, by ] in 7.5 and thus in G,

° —al(l),bzil)] _ [fi(k)’(cgl))—l:l’ fori=1,2 and k=2,---,r,

[ i k _ E)y— o o
o agl),bg.l)] =c§1)~d23 3-g§ )-(cgl)) 1-(g§ )) Lfori,j=1,2, k=2, rand i+ j.

(2

With these commutators at hand we can use conjugation in (K), cyclic permutation
and inversion in order to obtain all other commutators.

We obtain (4) as an immediate consequence of the definition of the map ¢ given
in (5.1). O

Proof of Proposition 5.2.1. 1t is immediate from the explicit form (5.1) of the map ¢
that all elements in K are indeed contained in K. Hence, we only need to prove that
these elements actually generate K.

Let g € K be an arbitrary element. Since [X®) X®"] = {1} in G, there are words
wi (XM, - w, (X)) such that

g=w (XD o (XM).

Using [XM, XB] = {1} for [ # 1 we obtain that wy(X®) = wy(XD)w (Y R),
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k=2, - r, and consequently

g = (XD) . oo, (X0)
= (XMD)  wy(XP) o o o (X)) (XD 2, (Y1)
=1 (X)) T (X DY (X @) e, (XD (Y1)
= (XD - (X, (X D) - o ag(X D)
oy (Y@ (YO L (Y )
Since g € K and wy {(Y®) - - -, Y (Y (")) e (K) < K, it suffices to prove that

every element of K which is equal in G to a word w(X ™) is in (K).
Due to Lemma 5.2.2(2),(3) we can use conjugation and commutators to obtain an
equality
w(X ) = u() - (o)™ - @) - (a57) - (b)) -0 (K)
in K for some my,ms,ny,ne € Z and words u(K),v(K) € (K).
By Lemma 5.2.2(4) we obtain that n; = —m; and ny = —my. Hence, another

application of Lemma 5.2.2(2),(3) implies that
w(X W) =/ (K)- (7)™ - (7)™ (K) € {K)
in K for some words u/(K),v'(K) € (K). This completes the proof. O

We will use K as our generating set A and compute the elements of S; with respect

to K.

Lemma 5.2.3. The following identities hold in G for all 1,5 = 1,2, k =2,---,r and

€e==+1:

1 Jifi=j
(@), 1] = [y, = 4 a2 cifi#jande=1 (5.3)
(PN a2 ifi % and e = -1,
[(FP)e, ()] ifi=j
(@), g = [@)e ] =1 p 0 (D)1 (p ) 1g28 D e and e =1 (5.4)
J J 7 ] 2 J

(fi(k))_1(c§1))_1d3_2ifi(k)c§-l) ,ifi#7 and e=—1.
() el (af) = (1) e () (5.5)

(af ) d(af) = () a(s ) (5.6)
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Proof. The vanishing [ X", X*)] = {1} for k # [ yields the equalities
(@) 1] =@y af].
[(a(l)) g(k)] [(a(l)) b(l)]

as well as the equalities (5.5) and (5.6). In particular the commutators on the left of
(5.3) and (5.4) are independent of k.

The equalities on the right of (5.3) and (5.4) are established similarly.
U

In the following we will denote by V; ; ((K) the words in the alphabet K as defined
on the right side of equation (5.3) and by W, ;. (K) the words in the alphabet K as
defined on the right side of equation (5.4), in both cases choosing k = 2.

With this notation we obtain
Sl _ I::L. f(k):l‘/ljle’ [ @7g(k):|VVz]157 :L,:C]x;e(fz(k))ec;l(fl(k))fe’
ngxi—s(fi(k)) d- 1(f’i(k))_e
In fact we do not actually need all of the relations S;, but we are able to express some

of them in terms of the other ones

Lemma 5.2.4. There is a canonical isomorphism
(X, K| S]) 2 (X, K|S1),
induced by the identity map on generators, with

o { [xz,f““)]vi;l, [xz,gg““’]m;l, wieju (f)ee (1), }
xlgdxi—s(fi( )) d- 1(fi( ))—

Proof. Since the set of relations S] is a proper subset of S; it suffices to prove that
all elements in Sy \ S| are products of conjugates of relations in S]. Indeed, we have
the following equalities in (X, IC | S]) using relations of the form (5.5) and (5.6) and

the relations for € = 1:
k 1 (K k
[ f()] 1,7, 1=7 1f()xl(f())11]1
_ k _
=!E~1 [%,fj( )] 901“/;,]%—1

ot Jifi=j
= z1d3 2ixi(fi(k))f1d2i73fi(k) Cifit g
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and

k k (k
I:Z?gj( )]W] l_xlgj( )xz(gj )) Z] -1

=x; 1[xl,g](k)] W” 1

7 (), }’“J xil(c?))‘l,(ff’“))‘l] Cifi=j
= x;l(c§-1))’1d3’2ifik)cjl)(fi(k))’lxi ifi%g
(e (1))—1(f(k))—1d2i—3 (1)f(k)
—1 [(C(l)) 1 f(k)J sz(c(l)) 1. xz(f(k)) 1 1 Cifi=
_ —1150(1)) Zd?, sz k(l)(f(k]:) 1f(k)§€c(1)) k(f(k‘) 1.
i 1

(f( )) 1f( ) 2 3(f( )) 1f2( ) ; )(fz( )) 1f2( )

{ i @D P E T Y G i

Jife#g

,ifi# g

=1.

O

To obtain Sy observe that using [X™1), X®)] = {1} for k # 1 and the relation
[agl),ag)] d in G, we obtain

[l‘l,l‘g] = d_l.

Hence, the set of relations Sy is given by
SQ = {[ZL‘l,ZL‘Q] d} .

To obtain the set S3 we recall that G has a finite presentation of the form (5.2).
Hence, it suffices to express all of the relations in the presentation (5.2) as words in
KC modulo relations of the form S} and S5. For group elements g, h we write g ~ h if

g and h are in the same conjugacy class.

Lemma 5.2.5. In the free group F(X u K) modulo the relations Sy and Sy, and
the identifications made in Proposition 5.2.1, we obtain the following equivalences of

words:

HONE
1. [af,df ] 1,
W G ®
2. & ,b; ]~1,
3 b(l) (k>] .

foralli,j=1,2 and k=2,---,r.
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Proof.
(1) follows from [a:z, f(k)] ;

s 1
6. = [ 11 0] - [ 1] =1

(2) follows from [xl,gj(k)] Wi

(o6 = [0, (0 () | ~ [0, | (D) a7 [ ] ) = 1.
(3) follows from [xl,f(k)] Vil and zjc; M *1f(k)(c(1)) 1(f(k)) L
(087, )= [y () g eVt P D Y L] = 1
U

Lemma 5.2.6. In the free group F(X uK) modulo the relations Sy, S, the identi-
fications made in Proposition 5.2.1, and the relations (1)-(3) from Lemma 5.2.5, we

obtain the following equivalences of words:
[ (1) (k)] 1 (k) (Dy-1 ¢(k) (1)
1[0 ]~ [ g ] [ )17,
[ (k) (D] k)\_1/ p( k) p(1 k) 0
2. [a,a®] = (FPY POV £O 5O L [0 fO v,

[0 O] [ 7B O
5. [0 60~ [ 10,60 | Wi

,7,17
k l 1 k l 1 1 k 1 k
4 (9,607 = (e g®) 1 (g0 1V (g P) (g )
: 1 k 1 k )
[(C() ()) (C() ())] ”1

foralli,j=1,2 and k,1=2,---,r.
Proof. (1) follows from Lemma 5.2.5(2) and the relation
we g )
k “1(k - - - k)y—
[0, 58] = 50 (@) 16 (60) 1400 60) (60) 10 (40
<[l g ] eP ) ()
D )] 51 (-1, (1) (1) (D=1, (1) 2 (1D\=17 (1=
[, g0 THO (@)1 e (@) a0y ()

.95
:[ U,gj(k)][(c(l)) gl <1>]

s.,\ s,/\
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(2) follows from Lemma 5.2.5(1):
[0, a0] = o (@) 1a® (@®) [, o] 0P (@)1 (o)
A R
[f(k) f(l)]
i.j,1
(3) follows from Lemma 5.2.5(2),(3) and (4) follows from Lemma 5.2.5(2) by sim-

ilar calculations.
O

We introduce the words

SWEC) = () ()1 17
and
TEK) = (Vg™ (S g8 el gM el g

for 2 < k <r. Notice that these words appear in the presentation in Theorem 5.4.4.

The only relation of G' that we did not express, yet, is the relation
1) (2 1) (2
[, ] [6.42]
Modulo S; and S5 it satisfies
[agl),agl)] [bgl),bgl)] = [21, 2] [(cgl))’lxl, (cgl))’lx ]
() e () Msart Vg )
17 (-1 p(k), (1 k k) (1) p(k 1
= d N (@) E) TR AR (D)
We define the set of relations S3 by
k) D] 1, k) (1

f( ) f() ’]%17[f( ) ()] 7_]17

1 k 1 1 k
( ),g]( ) lec( )V]1(C( )) ng( ) ngj()] Wit
k k k
A1 P s (FN) a1 f P ey (f8) 10y, S LT

S3 =

Theorem 5.2.7. The group G = m.SM x---xm.S(") is isomorphic to the group defined
by the finite presentation (X,K|R) =

[ £ Vi [ g™ [ Widas 2 (e (FE) () (1),
.1'1,.1'2,05 ),cgl),d, €dif_g(f(k)) dt (f(k)) o1, 22] - d,
OGS f”,gj(’“)][( (1)) f(k) (1>] [f(m’f(l)] L [f(k),gj(l)]WZ}p
f;:122 (1) z(k)7 jl)gj(l) iju
’ d (D)) ) 1 D D (f0) e, sE T,
i,7j=1,2,e=x1,k,1=2,---,, |+ k
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Proof. By construction there is a canonical way of identifying G given by the present-
ation 5.2 with the presentation (X, |R). Namely, consider the map on generators
X U K defined by:
€T; = agl)
e o (0)
d s [0, 08" ]
0 1y D) ()

)

o )

By construction of S], Sy and S3 the image of all relations in R vanishes in G. In
particular this map extends to a well-defined group homomorphism v : (X, | R) —
G. The map 1 is onto, because of the identities az(l) = o(zy), bgl) = gb(cgl))*lgb(xi),
af” = o(£) 16 (w), b7 = () 0.

Hence, we only need to check that ¢ is injective. For this it suffices to construct
a well-defined inverse homomorphism. It is obtained by considering the map on

generators of GG defined by
agl) = T;
D o (),
agk) > (fi(k))_lxi, k>2
0 o (g8 (D), k2 2.

(2

Since we expressed all relations in the presentation 5.2 in terms of the generators
of R under the identification given by v using only relations of the form S; and
Sy, they vanish trivially under this map and thus there is an extension to a group
homomorphism ¢! : G - (X, K | R) inverse to 1.

For instance
e ([, ][5, 67]) = Lo, 2] [ (57) M, (80
= a7 () () Mgy o Vs e
=d () A E) ) A PSP () D
which is indeed a relation in R. Similarly we obtain that ¢)~! vanishes on all other

relations by going through the proofs of Lemma 5.2.5 and 5.2.6.
O

We will now deduce a presentation for the group m;5(") = ([a@, agr)] [bY), bg”])
of the form of Remark 2.1(1) in [31] with respect to the epimorphism 7,5 — m F,
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af” 5" > p1; and the presentation (u;', " | [1", p13']) of mE. That is, we derive a
presentation of the form ({:pl,xg} .C| R, S) such that z; » 7!, ¢ 1, R consists of a
relation of the form [z1,25] U(C) and S consists of a finite set of words in C*. Here

C* is defined to be the set of conjugates of elements of C' by words in the free group
on X.

Proposition 5.2.8. The finite presentation
<x1,x2,c§r),cgr),5 | [z1,22] 8,0 22071 [(xlcgr))_l, (.Z'chr))_l] x;lx{l)

is a presentation for m S of the form described in the previous paragraph, with the
isomorphism given by x; ~ (agr))*l, e az(r)(bl(r))*l and § v [(agr))*l, (agr))*l].

Proof. Using Tietze transformations and the identifications z; = (agr))’l, cY) = al(r) :
B, 6= [(a8) 7, (af”)7], we obtain

80 = (o, 0400 [0 [0

= (xlv T2, Cgr)u Cgr)u 5 | [xh x2] 57 [SE’II, xgl] [($1C§T))71, (x2cgr))71:|> .
Using Tietze transformations and the relation [z, 2] we obtain

[t 23 ][ (1) (o)
= 25 a7 0 2 (o1 (7)) M (@aan ) ) (wa(S) ) (a1 (w10 (w1 22) w2

~ 672 (o () Mwamn) ™) - (w2(S) M3 t) - (mr ) - (mrmaed”) (w1a2) 7).

This completes the proof. O

A subgroup H <T'y x---x I, of a direct product is called subdirect if its projection

to every factor is surjective.

Lemma 5.2.9. The subgroup K < w1 SM x---xm S 4s subdirect; in fact its projection

onto any (r —1) factors is surjective.

Proof. Since K is symmetric in the factors, it suffices to prove the second part of the

assertion for the first (r — 1) factors. To see that the projection K — m.S() x .- x
(1)

map. Hence, we obtain that (f.(k))‘lfi(r) > az(k) and (g(k))‘lgi(r) > bgk) under the

7 K3

181 is surjective, observe that fl.(r) — a; and gl.(r) > bgl) under the projection

projection map. O
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5.3 Construction of a presentation

We will now follow the algorithms described in [31, Theorem 3.7] and [31, Theorem

2.2] in order to derive a finite presentation for K.

Theorem 5.3.1. Let r > 3. Then the group defined by the finite presentation

wzelcg_l)x;e(fi(k))e(cg_l))fl(fi(k))fe, wzeldx;e(fi(k))edfl(fi(k))fe,

1=1,2
B = {cgr),c;),é}

[$1, $2] §- d,

k l
1B O Wit

i,7,1

1 k
()gz()

51),gj(k) [( ;1))‘1f(k) (1)] [f(k),f(l)] ”1,

MM ]y-1

7] g] 1,7,19

_ k k k k)\—
e A EN)TA)a EP efD (E0) e,
Sk k) 5= 362561[(36101 )) U (o C(T)) ]x;lel,

(4, B],

) _ g ﬂ)_x%

iJrlﬂm—ilkl— ~1,0%k

s isomorphic to the Kahler group K,. Hence, it is Kdahler of finiteness type F,_q,
but not of finiteness type F,. Here Vi ; (A), W;;(A), 1,7 =1,2,e==x1, T®) and S*

are the words in the free group on A defined above.

For r = 3 we define
X(g) = {x17$27AaB} ;

(1) —5(f(2)) (C(l)) 1(f(2))7 de—e(f(Q)) d’l(f@))’ [xth] 5-d,

kf;?m]“iizlﬂmluq [f@)ﬂm]ZLp[fB%@m] o ,
"L’]— ,,E—:b

RO { AN L DD ()l 50 T, }
2 - .

0 2x911 [(:clc )1, (z0c$P)- ]x‘lle
Proof of Theorem 5.3.1. By Proposition 5.2.1 the set
K= {cgl),cgl),d, fi(k),gl(k) i=1,2,k=1,- }

= agl)(agk))‘l and
By Lemma 5.2.9 the projection p;;(K) to the group m S® x ;S0

is a generating set of K where 051) = agl)(bgl))‘l, d= [bgl), bgl)], fl.(k)
o = b ()1,
is surjective, since r > 3 by assumption.

Hence, Theorem 3.7 in [31] provides us with an algorithm that will output a finite
presentation of K. Since by Lemma 5.2.9 the projection T’y = ¢(K) = 1S x -+ x
w1501 is surjective, Theorem 5.2.7 provides us with a finite presentation for I'y given
by
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I:-ruf(k):l ’le? I:xlvg]( )]szlla 5 (1) _E(f(k)) ( (1))_1(fi(k))_€a
xl,xg,cg ),621),d de_g(f(k)) d” 1(f¢(k)) M ET IR d

k _ k k l k l
709 g0 oM o >][( (D)1 4 ),651)] [f< ) f<)] L [f( ),93()]”’1,;,1,
k=2, r—1 (D g0 ) O]
i=1,2 T 9 e 9| Vig,

k: k)N — _ k k)N —
d (AT (SOY (N D (1D gy k),
,7=1,2,e=x1,k,1=2,--,rl+k

(5.7)

For I'; = m1.5() we choose the finite presentation derived in Proposition 5.2.8
I <x1,x2,c§r),cgr),5| [21,72] 0,0 2 z0m, [(:clcl N (wad7) ] 5 ’1> (5.8)
and for @ =T1/(T'1n K) 2 m E we choose the finite presentation

Q= (x1, 29 | [21,22]) .
We further introduce the notation
X ={zy, 22},
A= {cgﬂ,cg”,d,fﬁ),gﬁ) k=2 r—1i= 1,2},
B= {cgr),c;),é}
Then the canonical projections f; : I'y = @ and fo : I'y - @) are given by the

identity on X and by mapping A and B to 1. Note further that the presentation
Q = (1,22 | [71,22]) of Q satisfies m,Q = 1.

By construction the group K in Section 5.1 is then isomorphic to the fibre product
of the projections f; :I'y - @ and f5: 'y - Q.

It follows that it suffices to apply the algorithm described in the proof of the
Effective Asymmetric 1-2-3 Theorem [31, Theorem 2.2 by Bridson, Howie, Miller and
Short in order to obtain a finite presentation of K. We will follow their notation as
far as possible. For a more detailed explanation of the following steps we recommend
the reader to have a look at the original source [31].

The first step of the algorithm considers the recursively enumerable class C(Q) of

presentations of the form
(X UAuB | Sl,SQ, 53754, 55) s
with
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e S) consists of a single relation of the form [z1, 2] u(A)v(B*), where u(A) is a
word in the free group on the letters of A and v(B*) is a word in the free group
on the letters of B*, the set of all formal conjugates of letters in B by elements

in the free group on X,

e S, consists of a relator z¢ar “w, ;. for every a € A, x € X and € = 1 with

Waze(A) a word in the free group on A,
e S3={aba'b'|aec A be B},
e S, is a finite set of words in the free group on A,
e S5 is a finite set of words in the free group on B.

Denote by H the group corresponding to this presentation, by N4, respectively
Np, the normal closure of A, respectively B, in H and by H4 = H/N 4, respectively
Hp = H/Ng, the corresponding quotients. Note in particular that there is a canonical
isomorphism @ = H/(N-Ng) and hence there are canonical quotient maps m4 : Hq —
Q and mp: Hg — Q.

The algorithm runs through presentations in the class C(Q) and stops when it finds
a presentation such that there are isomorphisms ¢4 : Hy — 'y and ¢p: Hg — I'; with
the property that fiops=m4 and fy0¢p =7p.

By construction of the presentations (5.7) and (5.8) and Lemma 5.2.4 it follows

that the presentation

[ 1° Ve (6,0 | Wit it (G 1)
T d edl’"e(f(k)) V) (a1, 20) -0 d,
;%(k),cl(k) ) (1)’9](’@) (c (1)) 1f(k) (1) f(k),f(l)] ”1,
o A f(k),gj(l) Wi, L(l) fk)a ;1) O]y,
i=1,2 1( (1)) 1f(k)( ) (f(k)) L 1f(k) (1)(f2(k))—1 (1)
B= {cgr),c;),é} S .(m) 52000 [(xlcg)) , (22 c;)) ] Slart [A B]
i,7=1,2,e=x1, k=2 r,lim=2,-1 1,l,m¢k

(5.9)

is of this form with f; and f5 defined by the identity maps on X', A and B. Again
we denote by H the group corresponding to this presentation.

The second part of the algorithm derives a finite generating set Z for the ZQ-

module Ny n Ng. The set Z is obtained from an arbitrary, but fixed, finite choice of

identity sequences M that generate m,Q as a Z(@)-module. In particular the elements

of Z are in one-to-one correspondence with the elements of M. The details of the

82



construction of the elements of M from the elements of Z can be found in the proof
of [13, Theorem 1.2].

In our case we have m,Q = 1. Hence, we can choose M = @ implying that Z = &
and in particular Nyn Np = 1. But the algorithm tells us that K ~ H/(N4nNg) = H.
Thus, the algorithm shows that the presentation (5.9) is indeed a finite presentation

for K and by construction the isomorphism between K and H is induced by the map

sz . CZQ)

dwd
£ k)

k k
4 o 9

i = (1) Mgl

i

5 [£0, £0]

on generating sets.
Applying Lemma 5.2.4 in order to reduce the relations of the form S, to a subset
of Sy and introducing the generators fi(r) = x; completes the proof.
]

5.4 Simplifying the presentation

We will now explain how one can simplify the presentation in Theorem 5.3.1 for
r > 4 to obtain a presentation of the form K, = (X(”) |R§r) UR%”) with relations
RO corresponding to the fact that distinct factors of the direct product of surface
groups commute and relations R(?) corresponding to the surface group relation in the
factors. For this we will make use of three auxiliary lemmas. We will give their proof

at the end of this section.

Lemma 5.4.1. Applying Tietze transformations to the presentation in Theorem 5.3.1,

we can replace the set of relations

U

by the set of relations

1 r 1)\ _ r 1 k r _ 1 r 1 k _
a0, [0 T [0 Vi
[[l‘z,l’l] 7d] Z7j = 1727]€ = 27”'7T_ 1
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under the identifications x; = fl-(r), gz(r) (c(l)) lf(r) ) and § = [29,21]d".

Z

Denote by M the subset of the set of relations of the presentation for K in Theorem

5.3.1 defined by
o [ [5. 6], [5 1) [6)
li=n2k=1,r -1 ’

and denote by M its complement in the set of all relations in the presentation for

K given in Theorem 5.3.1.

Lemma 5.4.2. Forr >4, all elements of M can be expressed as product of conjugates
of relations in its complement MC. Therefore we can remove the set M from the set

of relations of K using Tietze transformations.
The third result we want to use is

Lemma 5.4.3. In the presentation for K given in Theorem 5.3.1 we can replace the

relation
e e N [(:L’lc )7L (24 c(r)) ]
by the relation
S -1

FO, g0 2 (D)1 00

using Tietze transformations and the identifications x; = . ;

and § = [x9,x1]d 1.

These three lemmas allow us to obtain a simplified presentation for the groups
K,.

Theorem 5.4.4. For each r > 3, the Kahler group K, has an explicit finite present-

ation of the form

K, = (XO]RO, R,

k k
X(r) — Czad f( )791( )7
k=2, ri=12

where, forr >4,

(ff’“))ecj(ff'“))*(ff”)e(cj)*l(ff”)*,
k k l l r r
0 (fz( ))ed(f( ))76(]0( ))edfl(f‘( ))76 [ ( ) 2( )] ,d],
N I Nl (YR e B P Ao Al L e
clgl(k) c]g]()]lel, ,j—1,2,€—ﬂ:1]{}l— cer 2k

(2

84



Rgr) _ {d‘lc{lfl(k)cgl(fl(k))‘ld‘l Q(k)cl(fQ(k))—lcQ’ S k) Jo - 2’_”’70}’
where V; j1(A), Wi;1(A), i,5 = 1,2, S®(A) and T*(A) are the words in the free
group F(A) in the generators A = {ci,d, fi(k),gl.(k),i =1,2,k=2,,1r- 1} defined in
Section 5.2.
And X®), Rf’) and RS’) are as described in Theorem 5.5.1.

As a direct consequence of Theorem 5.4.4 we obtain

Corollary 5.4.5. Forr > 3, the first Betti number of the Kahler group K, is by (K,) =
4r - 2.

Proof. From the relations in the presentation in Theorem 5.4.4, the definition of V; ;;
and W, ;1 in Lemma 5.2.3, and the definition of S*) and T®*) after Lemma 5.2.6, it

is not hard to see that the only non-trivial relation in the canonical presentation for
Hl(Km Z) = 7T1K7»/ [7T1Kr,7T1KT] s

besides the commutator relations between the generators, is d = 1. Hence, H{(K,,Z.)

is freely generated as an abelian group by c¢;, fi(k), gi(k), where 1 = 1,2, k=2,--,r. It

follows that Hy(K,,7Z) = 742 and b, (K,) = 4r - 2. O

Note that Corollary 5.4.5 will also follow as an immediate consequence of Theorem
7.1.5.

Proof of Theorem 5.4.4. Start with the presentation for K, derived in Theorem 5.3.1
and use the identifications x; = fl.(r), gl.(r) = (cgl))*lfi(r)cgr) and 0 = [xq,x1]d .
From Lemma 5.4.3 we obtain that using Tietze transformations we can replace

the relation

5 2w9m, [(:plcgr))’l, (xQCgr))’l] oty
by the relation
S
Lemma 5.4.2 implies that we can remove the relations
[d7 Cz(l):l ) [57 Cgl):l ) [57 fz(k):l ) [57 gl(k)] )
1=1,2k=1,--r-1

from our presentation.

Lemma 5.4.1 implies that we can replace the set of relations

U
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by the set of relations

(1)’%(7")] (C(l)) 1f(r) (1)] I:fi(k)7gj(r):lw/i7]{1’|: 51)92(7"), §1>g](k>] V,g 1
[(T) " ad]’t,j=1,2,k=2’...’ _1 .

The identification cgl) = ¢; thus shows that K, is isomorphic to the group with the

finite presentation

e ()Y () ()
(f(k))Ed(fz(k))—s(fl(l))ed—l(f(l))—s I:! (7’) (T)] ,d],

Ci’d,fi(k)’gl(k) c“g]( ):I[(cj)—lf(k‘) ] [f(k) f(l) ’]17 [f(k),gj(l)]wgp

k=2 ri=172 ngz(k) c]gj(l) V,]71=

d e (0 () e () e, SB) T,
i7j = 17276: ilakal :27“.77‘7[ ik

We will now prove the three lemmas:
Proof of Lemma 5.4.1. To simplify notation we enumerate the relations as follows:
1 T 1)\_ T 1
L[ g [ )1 £, ] 1

2. —fz(k‘) (T)]W 1 _1

,5,1

(D) ()] 11
3. [V, Vg0V = 1,

4. [[.TQ,.’L‘l],d] =1.
™, 0] =1

The following computation shows that relation (1) is equivalent to [ci NS

[ (”,g](r)] [(C§1))—1fj(7")7 c§1)] =D (AP YO (D)1 ()1 ()1l
J(CRERTR
=" () @) G ) Y
J(COR R Bt

Now we show that relation (2) is equivalent to the relation [cg»r)’ fi(k)] =1

[ffk) <r>] = fE (D) O (I (Y ()1 Dy
=ff’“<c§1>>*1f<7"><f.<’“>>*1c<"><c§”> W
=[fz~(k)7(0§1)) :1:]]ij1
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Next we show that relation (3) is equivalent to [ ;r), g](k)] modulo all other rela-

tions:

1 r 1 l r r 1 l r r { 1
[()gz()’g)gj()] o f()()() ()(C()) (f()) (g])) (C())l ”1
_ £(r) (1) l) (T) (MN-17 £(r)y-17 (D=1 (1) y-17,-1
= f; (")) (g]) Hey ) Vi
f(r) (U(f(?’)) lm] (c(l)) ]1_ 1.

Note that here the only relation from [A, B] that we use is [ (r), ; )g](l)] = 1 which

modulo [ (r) (1)] =1 is equivalent to [ (r ),g](l)] 1. This means that modulo (1) the

relation [ ), gj( )] =1 is equivalent to the relation (3).

Equivalence of relation (4) and [6,d] is immediate from 0 = [xq, x| d L. O

Proof of Lemma 5.4.2. We need to show that the following relations follow from the

relations in MC:
1. 'c§r>,d]:1,
2. [s (”] 1,

? z

3. 5 f}’”] -

4. [s, g(k)] 1.
For (1), given r >4 we can choose 2 <[ # k <r -1 with

r r 1) (k 1) (1
[0,d] = [, [ 04, 0 g0]] - 1.

For (2), using d = [ 2(r), 1(1)] we obtain that it suffices to prove that

(@R B A ED G = BT BT G

This equality is a consequence of the relations [fi(k), fj(l)] =Vije=d", 2(19)(1(]‘“2(1“))—1 -
Q(T)d(fQ(r)) L and f] (k) (1)(f k‘))—l _ 2(T)CZ(1)(f2(r))—1:

() AT B G )

=N D B R O o) el B )
=IO GO L D Y (DYt p O Oy P
=YD Y EN T AN P Oy P a e p O ) D ()
e AR R W PR 0 Wl (o R e € A e A SR G AR W A R G AR
=IO I D ()

=f NP N )
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where the last equality follows from the vanishing
BB O R A B R G
[ (l) (f(r)) ](f2(r))—1 (k) [(fl(r))—l (l)]( (k)) (T)

B B OO g =
Using [[21,x2],d] we show that relation (3) follows from M. We prove the case

1 =1, the case i = 2 is similar.

[[@Jl]d f(k)]

= VRO R D GO ) )
(A ER) RO GO GO P D ()

= KPR A A A D )

SR O I P O R PR GO

=[O AO P RO  BD (E) =

We finish the proof by showing that relation (4) follows from the relations in M¢.
This is equivalent to proving that modulo M¢ the equality

R R R e D I D I (D R Y R D R (DI O
holds.

Using [f.(l),gj(k)] W}, =1 we obtain that

k r r r l r I)\- k)\—
gV 10RO RO ) @)
r r r l r l
—szlfé WA G ) W () Waa
As in (3) we distinguish the cases i = 1,2. Again we will only show how to prove

the case i = 1, the case i = 2 being similar:

Wat FSOWE PO GO D PO W () W

Wt B3N AT ) )

A EN TS D) W

Wat S PO G YD) W

(D)D) D (Y1 ) 0 N DNy 0 (D)1 D)1 g1 D
OO

where in the last equality we use [5, cgl)] =1 and [d,[z1,72]] = 1. Hence, relation (4)
indeed follows from the relations M¢, completing the proof. O
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Proof of Lemma 5.4.3. First observe that using 6! = [x1, 22] d,
[[21, 2], d], df7 £ = fOFOY-1af D ) and dfP £ = #8919 we obtain

23070 2w = { (A7) ) E0 Y O D Y.

Using that [cgl)gf),cgl)gér)] d =1, we obtain

1 )\ — 1 )\ —
(g0 (Vgi)
1 )\ — 1 )\ — 1 l 1 r 1 DN — 1 r
=g (S g (D g DY (P g) (g (D g7
1 )\ — 1 )\ — 1 r 1 r
A (AVg) (e gi7) (6

But this means that the equivalence of the two relations is equivalent to

)\ — )\— 1 )\ — 1 r)\— 1 l 1 r
L O () (S99 (P97) =1

modulo all other relations.

We will prove that this term does indeed vanish:

)\ — D\ — 1 )\ — 1 )\ — 1 l 1 r
(AL O ) [($98) (9] (V97)

)N\ — AR [ r 1 )N\ — 1 )N\ — _ 1 r 1 r

= (SO AL (D g (D g0) T (P g0 (P )

(1) (r)_¢(r) ()

C'Lgi:fici )N\ — D=1 736D c(v), (1) (=1, (r)\— ™"INn_1 =1 () (), (1) (r
z PN AP 17 (P g ) ST A S (¢ g,

J

y- k)\-1 - k) p(1 k)\— D\-1 j— l k r r) (r) .
(A1 a0 10 = (O 1O LD, and Vgl = £ mply

A R C RO I C RC RaV ERE R G
=BG A DGO D) DAY ~ ddd =1

Finally the relations [c§r), d] =1, [c(f)7 fj(l)] =1, (fi(r))—ld—lfi(r) = (fi(k))—ld‘lfi(k),

Hence, we can replace the relation z3'z7102z91y [(:plc§r))‘1, (.[L'QCér))_l:I =1 by the

relation S(") - T(") = 1 using Tietze transformations. O
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Chapter 6

Kahler groups from maps onto
higher-dimensional tori

This chapter consists of two parts. In the first part (Sections 6.1 and 6.2) we develop
a new construction method for Kahler groups. The groups obtained from this method
arise as fundamental groups of fibres of holomorphic maps onto higher-dimensional
complex tori. In the second part (Sections 6.3 and 6.4) we address Delzant and
Gromov’s question by applying our construction method to provide Kahler subgroups
of direct products of surface groups that are not commensurable with any of the
previous examples. These subgroups arise as kernels of epimorphisms onto Z?#; they
are irreducible.

We consider a holomorphic map h: X — Y from a compact Kahler manifold X
onto a complex torus Y with connected smooth generic fibre H. The principal idea

is that if h has well-behaved singularities then it induces a short exact sequence
1—>7T1H—>7T1X]1§7T1Y—>1

on fundamental groups. We conjecture that the right condition for A to induce such
a short exact sequence is that the map h has isolated singularities (see Conjecture
6.1.2) or, more generally, that h has fibrelong isolated singularities (see Definition
6.1.4). This Conjecture is based on a proof strategy presented in Chapter 9, but
there are some practical constraints originating in a lack of properness which mean
that additional work is needed to prove it in full generality. Instead we look at the
more specific setting when our torus admits a filtration by subtori and prove our
conjecture in this situation.

The key result in our construction method is Theorem 6.1.7. It will be proved in
Section 6.1. We present two special cases of Theorem 6.1.7 which are of particular

interest (Theorem 6.1.3 and Theorem 6.1.5). Theorem 6.1.7 is complemented by a
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method for proving that the fibres of h are connected under suitable assumptions on
the Kéhler manifold X and the map h (see Theorem 6.2.1 in Section 6.2).

We expect that our methods can be applied to construct interesting new classes
of Kahler groups. Indeed we provide two applications of our methods in this work: In
this chapter we will use them to construct new classes of subgroups of direct products
of surface groups; and in Chapter 8 we apply them to construct examples of Kéahler
groups with exotic finiteness properties which are not commensurable to any subgroup
of a direct product of surface groups.

We will use the notation E*¥ = F/ x --- x I/ for the Cartesian product of & copies of

- =

k times
an elliptic curve E. Our construction provides irreducible subgroups of direct products

of surface groups arising as kernels of epimorphisms S, x - x 1.5, — m E** = 7.2
for » > 3k and every k > 1. The idea is to consider branched coverings «; : S, - F,
compose these with linear maps v; : F — E*¥ which embed F in the Cartesian product
E** in the direction v; € Z*, and combine these maps using addition in E**. By
choosing distinct v; for ¢ = 1,---,r, the smooth generic fibre of the resulting surjective
holomorphic map h: S, x--x S, — E* will have fundamental group an irreducible
subgroup of the direct product m15,, x---xm1.5,, (Theorem 6.4.1). This construction is
contained in Section 6.3 and the proof that these examples are irreducible is contained
in Section 6.4. In Section 6.4 we determine the precise finiteness properties of our
examples.

The coabelian subgroups of direct products of surface groups form an important
subclass of the class of all subgroups of direct products of surface groups. Indeed, in
the case of three factors any finitely presented full subdirect subgroup of D = m.S,, x
1S5, X T1S,, is virtually coabelian; with more factors any full subdirect subgroup is

virtually conilpotent [31].

6.1 A new construction method

Let X and Y be complex manifolds and let f: X — Y be a surjective holomorphic
map. Recall that a sufficient condition for the map f to have isolated singularities is
that the set of singular points of f intersects every fibre of f in a discrete set.
Before we proceed we fix some notation: For a set M and subsets A,B c¢ M
we will denote by A \ B the set theoretic difference of A and B. If M =T™ is an
n-dimensional torus then we will denote by A - B = {a-b|aec A,be B} the group
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theoretic difference of A and B with respect to the additive group structure on 7.
We will be careful to distinguish — from set theoretic \.
In this section we shall need Dimca, Papadima and Suciu’s Theorem 4.3.1 in its

original version.

Theorem 6.1.1 ([62, Theorem C] ). Let X be a compact complex manifold and let
Y be a closed Riemann surface of genus at least one. Let f: X - Y be a surjective
holomorphic map with isolated singularities and connected fibres. Let f: X >Y be
the pull-back of f under the universal cover p: Y > Y and let H be the smooth generic

fibre of T (and therefore of f).
Then the following hold:

1. (X, H) =0 fori<dimH;

2. if dimH > 2, then 1 > m H - mX 5 mY — 1 is exact.

6.1.1 Conjecture

Having isolated singularities yields strong restrictions on the topology of the fibres
near the singularities. We will only make indirect use of these restrictions here, by

applying Theorem 6.1.1. For background on isolated singularities see Section 9.2.

Conjecture 6.1.2. Let X be a compact connected compler manifold of dimension
n+k and let' Y be a k-dimensional complex torus or a Riemann surface of positive
genus. Let h: X —Y be a surjective holomorphic map with connected generic fibre.
Let furtherﬁ : X > Y be the pull-back fibration of h under the universal cover
p:Y > Y and let H be the generic smooth fibre of I, or equivalently of h.
Suppose that h has only isolated singularities. Then the following hold:

1. (X, H) =0 for all i < dimH ;

2. if, moreover, dimH > 2 then the induced homomorphism h, : mX — mY is

surjective with kernel isomorphic to mi H .

Conjecture 6.1.2 is a generalisation of Theorem 6.1.1 to higher dimensions. It can
be seen as a Lefschetz type result, since it says that in low dimensions the homotopy
groups of the subvariety H ¢ X of codimension n > 2 coincide with the homotopy

groups of X. The most classical Lefschetz type theorem is the Lefschetz Hyperplane
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Theorem which is stated in Appendix B together with an application to illustrate its
significance. For a detailed introduction to Lefschetz type theorems see [73].

In Chapter 9 we will provide strong evidence towards Conjecture 6.1.2 by present-
ing a proof strategy, but there is an annoying technical detail which we were not able

to overcome yet. Here we will prove a special case of Conjecture 6.1.2.

Theorem 6.1.3. Let X be a compact complex manifold of dimension n+k and let'Y
be a complex torus of dimension k. Let h: X - Y be a surjective holomorphic map

with connected smooth generic fibre H. Assume that there is a filtration
{(0}cY'cYlccYFlcyr=y
of Y by complex subtori Y of dimension | such that the projections
hi=moh: X - Y/[YH!

have isolated singularities, where m Y — Y [Y*=! is the holomorphic quotient homo-
morphism.

If n=dimH > 2, then the map h induces a short exact sequence
l->mH->mX->mY =7% 1.
Furthermore, we obtain that m;(X,H) =0 for 2 <i<dimH.

In fact we will prove the more general Theorem 6.1.7 from which Theorem 6.1.3

follows immediately.

6.1.2 Fibrelong isolated singularities

Before stating and proving Theorem 6.1.7 we will first give a generalisation of Theorem

6.1.1 which relaxes the conditions on the singularities of h.

Definition 6.1.4. Let X, Y be compact complex manifolds. We say that a surjective

map h: X — Y has fibrelong isolated singularities if it factors as

x-2.7z

N

where Z is a compact complex manifold, ¢ is a regular holomorphic fibration, and f

is holomorphic with isolated singularities.
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For holomorphic maps with connected fibrelong isolated singularities we obtain.

Theorem 6.1.5. Let Y be a closed Riemann surface of positive genus and let X be
a compact Kdahler manifold. Let h : X — Y be a surjective holomorphic map with
connected generic (smooth) fibre H.

If h has fibrelong isolated singularities, g and f are as in Definition 6.1.4, and f

has connected fibres H of dimension n > 2, then the sequence

1—>7T1ﬁ—>7T1X}i;7T1Y—>1

18 exact.

Proof. By applying Theorem 6.1.1 to the map f : Z — Y we get a short exact sequence
l>-mH->mZ->mY - 1. (6.1)

Let p € Y be a regular value such that H = f~1(p), let j : H - Z be the (holo-
morphic) inclusion map, let F' ¢ X be the (smooth) fibre of g : X - Z, and identify
H =h'(p) = g '(H). The long exact sequence in homotopy for the fibration

Fe——-

T~

begins
s mH > mF - mH - mH - 1(=mF) > - (6.2)

Let Z - Z be the regular covering with Galois group kerf,, let f: Z - Y be alift of
f and, as in Theorem 6.1.1, identify H with a connected component of its preimage
inZ.

In the light of Theorem 6.1.1(1), the long exact sequence in homotopy for the pair
(Z,H) implies that mH = m;Z for i < dimH —1 = n - 1 and that the natural map
T, H — WnZ is surjective. In particular, moH — 7T22 5 mo/ is surjective for all n > 2;
this map is denoted by 7 in the following diagram.

In this diagram, the first column comes from (6.2), the second column is part of
the long exact sequence in homotopy for the fibration ¢ : X — Z, and the bottom
row comes from (6.1). The naturality of the long exact sequence in homotopy assures
us that the diagram is commutative. We must prove that the second row yields the

short exact sequence in the statement of the theorem.
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7T1Y 1

] ——1
We know that 0 is injective and 7 is surjective, so a simple diagram chase (an easy
case of the 5-Lemma) implies that the map ¢ is injective.

A further (more involved) diagram chase proves exactness at m; X, i.e., that Im() =
ker(h.). O

We will also need the following proposition. Note that the hypothesis on m 2 —
m F' is automatically satisfied if m ' does not contain a non-trivial normal abelian

subgroup. This is the case, for example, if F' is a direct product of hyperbolic surfaces.

Proposition 6.1.6. Under the assumptions of Theorem 6.1.5, if the map moZ — m F'
associated to the fibration g : X — Z is trivial, then (6.2) reduces to a short exact
sequence

1>mF—>mH->mH-1.

If, in addition, the fibre I is aspherical, then m;H 2 mH = m; X for 2<i<n-1.

Proof. The commutativity of the top square in the above diagram implies that 7o H —
m F' is trivial, so (6.2) reduces to the desired sequence.
If the fibre F' is aspherical then naturality of long exact sequences of fibrations

and Theorem 6.1.1(1) imply that we obtain commutative squares

Wiﬁ e 7TZ'X

7TZ‘H—§>7TZ'Z
for 2<i<n-1. It follows that mH ~m;H 2 m; X for 2<i<n-1. O

The consequences of these two results which we will need in this Chapter are

summarised in the following result.
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6.1.3 Restrictions on h: X — Y for higher-dimensional tori

Let X be a compact complex manifold and let Y be a complex torus of dimension k.

Let h: X - Y be a surjective holomorphic map. Assume that there is a filtration
{0lcY%cYlccYklcyr=Y

of Y by complex subtori Y of dimension I, 0 <1< k. Let m : Y —» Y /Y% be the
canonical holomorphic projection.

Assume that the maps h and h; = moh: X —» Y /Y* " have connected fibres and
fibrelong isolated singularities. In particular, there are compact complex manifolds
Z; such that h; factors as

X212z

N

Y Yk

with ¢; a regular holomorphic fibration and f; surjective holomorphic with isolated
singularities and connected fibres. Assume further that the smooth compact fibre F;
of ¢, is connected and aspherical. We denote by H; the connected smooth generic
fibre of h; and by H; the connected smooth generic fibre of f;.

For a generic point 20 = (x‘l), ~+,2%) €Y we claim that 20! = 20k + Ykl e Y /VFlis a
regular value of h; for 0 <1< k: For 1 <1<k there is a proper subvariety V! c Y /Yk-
such that the set of critical values of h; is contained in V*; any choice of 20 in the
open dense subset Y \ (Uleﬂ[l(vl)) c Y satisfies the assertion.

The smooth generic fibres H; = hyt (%) of hy form a nested sequence
H:HkCﬁk,1C“-CH0:X.

Consider the corestriction of h; to the elliptic curve x%! + Yk-t+1/Yh=l c Y [V kL,

The map
hl|ﬁH : Iy (xo,l 4 Yk—l+1/yk7l) —pl (xo,k 4 kam) = Hy - 2% 4 Ykl jyht

is holomorphic surjective with fibrelong isolated singularities and connected smooth
generic fibre H; = hy' (20! + YF1).
Assume that the induced map mH,_; - m F} is trivial for 1 <1 < k. Then the

following result holds:
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Theorem 6.1.7. Assume that h: X =Y has all the properties described in Paragraph
6.1.3 and that n := mingg<p_1dimH; > 2. Then the map h induces a short exact

sequence
- h*
1lomH->mX3mY 27% 51

and w;(H) 2 m(X) for2<i<n-1.

Note that Theorem 6.1.3 is the special case of Theorem 6.1.7 with Z; = X and
g1 =idx for 1 <l <k.

Proof of Theorem 6.1.7. The proof uses an inductive argument reducing the state-
ment to an iterated application of Theorem 6.1.5 and Proposition 6.1.6.
Since dimH; > n > 2, Theorem 6.1.5 and Proposition 6.1.6 imply the restriction

|z, , induces a short exact sequence
— —  hp
1> mH »mHi = m (2% + Y yE) =72 5 (6.3)

and that m;(H;_,) = m;(H;) for 2 <i < dimH, - 1, where 1 < < k. In particular, we
obtain that m;(H,_,) 2 m;(H,) for 2<i<n - 1.
Hence, we are left to prove that the short exact sequences in (6.3) induce a short

exact sequence
l>mH->mX >mY =7%" > 1.

For this consider the commutative diagram of topological spaces

H——-=X=H,= hit (200 + V) _h 00,k

He—H, = h' (201 + Vh-1) Lo 201 L k-1

| J v
|

H——>Hq = hit a0k 1 4 V1) P 01 /1

4

H—H = Hy, = hi* (%F + V0) _h 0k, 0
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This induces a commutative diagram of fundamental groups

1 —>mH¢ X o 1 (200 + VF) = 2% > 1 (6.4)
11— Wlﬁ( W;ﬁl he T (x071 + Vk?—l) — ZZ/{:—Z 1

T J
L

1 Wlﬁ( Wlﬁkfl L» Y (.’L‘O’k71 + Vl) =7?——-1
1 Wlﬁ( Wlﬁ s 7T1(I'O’k + VO) =1 ——1

where injectivity of the vertical maps in the middle column follows from (6.3). The
last two rows in this diagram are short exact sequences: The last row is obviously
exact and the penultimate row is exact by (6.3) for [ = k.

We will now prove by induction (with [ decreasing) that the [-th row from the
bottom

1>mH->mH, — (2% + VFY 51

is a short exact sequence for 0 <[ < k.

Assume that the statement is true for [. We want to prove it for [ — 1. Exactness
at m H follows from the sequence of injections mH, > mH,.

For exactness at mi(z%-1 + Yk=I+1) observe that, by the Ehresmann Fibration
Theorem, the fibration H,; — 291 + YA=U+1 restricts to a locally trivial fibration
H, | - (z%-1+Y*+1)* with connected fibre H over the complement (z01-1+Y k-+1)*
of the subvariety of critical values of h in z%-1 + Y*=*1 Hence, the induced map
mH, | - m (201 + YF+1)* on fundamental groups is surjective. Since the comple-
ments H;_; ~ H,_, and (201 + Y*-1+1) < (2061 + YF=I+1)* are contained in complex
analytic subvarieties of real codimension at least two, the induced map m H,_; —
7 (20071 + YR+ s surjective.

For exactness at 7 H,;_; it is clear that m H < ker (mﬁm — 7y (201 + Yk‘l+1)).

Hence, the only point that is left to prove is that 7 H contains

ker (WIﬁH — 71(x071—1 + Yk—l+1) _ sz—z(z_1)) .
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Let g € ker (ﬂlﬁl_l by 7 (201 + Y’H”)). Then

g € ker (ﬁﬁzl %o (2% + Y“”/Y’”)) 7

since the map hy, factors through h, : m H;_y — mp (01 4 Yk-1+1),

By exactness of (6.3) for [, this implies that there is h € 1 H; with ¢, (h) = g, where
u: H, - H,_; is the inclusion map. It follows from commutativity of the diagram of
groups (6.4) and injectivity of the vertical maps that h € ker(m H; — m (%! + Y*1)).
The induction assumption now implies that h € Im(m H — 7 H;).

Hence, by Induction hypothesis, g € 71 H and therefore the map h|ﬁlf1 does indeed

induce a short exact sequence
l>mH—->mH,_, > mYFH 5 1.
In particular, for [ = 0 we then obtain that h induces a short exact sequence
lo>mH->mX >mY - 1.

O

Note that our proof of Theorem 6.1.7 uses the fact that the maps h; are proper:
this is required to justify the application of the Ehresmann Fibration Theorem here,
and again in the proof of Theorem 6.1.1, which we invoked in the proof of Theorem
6.1.5. A natural approach to Conjecture 6.1.2 fails at this point because a non-proper
situation arises when pursuing a similar inductive technique. We will get back to
this point in Chapter 9, where we present a promising strategy for a proof of our

conjecture.

6.2 Connectedness of fibres

We will make use of the following result about the connectedness of fibres of maps

onto complex tori.

Theorem 6.2.1. Let X, X5, and X3 be connected compact manifolds, Y a torus
and y € Y. Assume that there are surjective maps f1: X1 =Y, f3: X3 > Y and
fo: Xo=Y, g=fo+ f3: Xo x X3 =Y with the following properties:

1. For anyuweY there is x3 € f3'(u) such that any path in'Y starting at u lifts to

a path in X3 starting at x3.
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2. There isw €Y, an open ball B cY with centre w and 29 € f51(w) so that every

loop in B based at w lifts to a loop in X, based at x5.

3. There is Dy cY such that fi: X1~ f{1(Dy1) = Y \ Dy is an unramified covering
map and a basis i, -, g of standard generators of mY satisfying assertion (4)

such that its normal closure in w1 (Y ~ Dy) satisfies

((as o)) < fro(m (Xo N f71(Dr)).

Assume furthermore that the set (Xo x X3) N~ g~'(y — D1) is path-connected for
allyeY.

4. Assume that there are py,---,py € Dy and g1,-++,gx € (Y N\ Dy) such that m (Y ~
Dy) = (u1, -, pg, b1, -+, by) and for any choice of open neighbourhoods U; of p;,
1 <@ <1 there are paths 01,-+,0; : [0,1] = Y N~ Dy starting at a base point
29 €Y \ Dy and ending at a point in U; and loops v; : [0,1] = Y N\ Dy such that

the concatenation B; = 6; - v;- 071 is a representative of b; with base point 2°.

Let h=fi+ fa+ f3: X1 x Xox X35 =Y and H, = h7'(y) be its fibre at y.

Then the progection map pr : H, — Xy x X3 s surjective, its restriction pr :
H,~pr'i(g(y - D1)) - (Xo x X3) N g7 (y — D1) is a covering map and the set
Hy~prt(gt(y - Dy)) is connected.

As an immediate Corollary we obtain

Corollary 6.2.2. If, under the same assumptions, we further assume that H, =
Hy~pr-t(g-'(y — D1)), then h has connected fibres.

Before proving Theorem 6.2.1, we want to give an intuition how the proof works:
The basic idea is that the projection pr: H, — Xy x X3 behaves like a branched cov-
ering which is obtained purely by branching over a subset of X5 x X3. The branching
behaviour comes from the fact that the covering f; : X; ~ f{1(D;) = Y \ Dy behaves
like a branched covering over D;.

This allows us to show connectedness of H, by showing connectedness of the cov-
ering. After choosing a suitable point (29, 29) € X5 x X5 and a point 29 = (29, 29, 29) €
prt(29,2Y), we need to prove that for any x = (z1,29,29) € pr' (29, 23) there is a loop
in X5 x X3 whose lift to H, connects z° to z. We obtain such a loop by first choosing
a suitable path v, in X;. Since by properties (3) and (4) the covering f; comes purely
from branching, we can choose this path to project onto a concatenation of loops of

the form 0, - v;- 0; 1.
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The path v; is not contained in H, though. To fix this problem we go forth
and back along paths in X3 to compensate for the §; contributions to 7; and travel
along small loops in X5 to compensate for the v; contribution, yielding a loop in
Xy x X3. Properties (1) and (2) ensure that we can do this. We will now formalise

this argument.

Proof of Theorem 6.2.1. We start by proving that the projection pr: H, - X, x X3 is
surjective and that the preimage of any point in (X5 x X3)\ ¢7'(y— D;) has precisely
m elements.

For a point (x2,23) € X3 x X3 consider the intersection

Hy,npr ! (zg,3) = {(2,29,73) € X1 x Xo x X3 | f1(z) =y — g(w2,23)}
=fi'(y = g(x2,25)) x {(22,23)}.

By surjectivity of fi, this set is non-empty and thus pr is surjective. If, moreover,
(z2,23) € (X2 x X3) N g7 ' (y— D1) then we obtain that y — g(xs,23) € Y ~ Dy and thus
by assumption (3) the intersection H, npr=!(xzs,z3) has precisely m elements.

In fact, the restriction of pr to Hy~ (pr~t(¢g~!(y — D1))) is an unramified covering:

Let (w2, 23) € (X2 x X3)N\g 1 (y—D1) and let U c Y\ Dy be an open neighbourhood
of y—g(xo,x3) such that f71(U) is the union of m pairwise disjoint open sets Vi, -+, V,,,
with the property that fi]y, : V; - U is a homeomorphism for i = 1,---;m. Such a U
exists, since f; is an unramified covering on X; \ f;1(Dy).

The preimage pr='(g~'(y — U)) consists of the disjoint union of the m open sets
Hyn(Vixg Y (y-U)), i =1,---,m. The restriction pr: H,n(V;xg 1 (y-U)) - g7 (y-U)

is continuous and bijective and has continuous inverse

(22, 25) = ((Flvi) " (y = 9(22, 23)), 22, 23)

on the open set g7'(y — U). Thus, pr is indeed an unramified covering map over
(X2 x X3) N g7y — D1) of covering degree equal to the covering degree of f.

We will now show how connectedness of H, \ pr1(g~'(y — D;) follows from con-
ditions (1)-(4):

Let 20 € Y \ Dy be as in (4) and let f71(20) = {29,,-29,}. Let further w and
z9 be as in (2) and let 29 € f3!(y — 20 — w) be as in (1).

Since by (3) the set (X x X3)~g~'(y—D;) is path-connected and we proved that
pr is an m-sheeted covering over this set, it suffices to show that for 20 = (29 |, 29, 25)

we can find paths
Ay ey Qo - [07 1] - Hy N pril(gil(y - Dl))
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with ;(0) = 2% and a;(1) = (29 ;,29,29), i =1, m.

For py,--+,py as in (4), let Uy, -+, U; be open neighbourhoods such that for any point
veY we have: if we v —U; then v—U; c B, where w and B are as in (2).
Such U; clearly always exist by choosing diam(U;) < fdiam(B) with respect to the
standard Euclidean metric on the torus Y = R"/Z".

Since fi|x,« f71(py) 1s an m-sheeted covering, there exist coset representatives
S1, Sm - [07 1] =Y~ Dl

for (Y N D1)/(fr.m (X1 N f1(D1)) such that s; lifts to a path in X; \ f71(D)
starting at x| and ending at @, i =1,--,m.

Since, by (3), ((t1, px)) < frem (X1 N f7H(Dy)) we may assume that the loops
S1,°**, Sm represent elements of (g1, g;) (see (4)).

Hence, by (4), each of the s; is homotopic to a concatenation of loops of the form
Bj=0;-v;- ((5]»)71 and their inverses. Thus, without loss of generality we may assume
that s; is indeed a concatenation of such loops.

By (1) there is a lift ¢; : [0,1] - X3 of the path ¢ » y —w - 0;(t) with €;(0) = 29,
j=1,-1

Note that

w=y = fs(&;(1)) = ;(1) =y = fa(e; (1)) —v;(0) ey = fs(&;(1)) = Uj.

Thus, the map

tey = f3(€;(1)) —v;(t) iny - f3(e;(1)) - Uj c B

is a loop in B.

Hence, by (2), there is a loop A; : [0,1] — f3'(B) with X\;(0) = A\;(1) = 9 lifting
the loop t — y - f5(€;(1)) —v;(t) to Xo.

By construction, the concatenation

ty=(a3,€¢;) - (65 (1)) - (a2, (5)7)

is a loop in (Xo x X3) N\ ¢g7'(y — D) such that got; + ;= y.

Let s; = 35 -+ 357 for ¢; € {1} and j; € {1, 1} and let 5;: [0,1] = X1\ f7'(Dy)
be the unique lift of s; with 5;(0) = 27 . Then

ai = (3,15 - 57) 1 [0,1] > Hy~ pri(g7 (y = Dy))

defines a path in H, \ pr='(g7'(y - D1)) with a;(0) = (29,,29,28) and a;(1) =
(29 ;,29,28). In particular, it follows that H, \ pr-!(g~*(y -~ D1)) is connected.
]

102



The following remark should make clear why the seemingly rather abstract con-

ditions in the Theorem come up naturally:

Remark 6.2.3.

(a) It is well-known that condition (4) is satisfied for £ = C/A an elliptic curve
and Dy = {p1,--,p;} a finite set of points. This follows by choosing the v; to be
the boundary circles of small discs around p; and the J; to be simple pairwise
non-intersecting paths connecting 29 to v;(0) inside a fundamental domain for
the A(z Z?)-action on C.

(b) Condition (2) is for instance satisfied if fy is an unramified covering on the

complement of a closed proper subset Dy c Y.

(c¢) Condition (1) is satisfied in many circumstances in which f3 is surjective, for
instance if f3 satisfies the homotopy lifting property. It is also clearly satisfied
if f5 is of the form ¢y + -+ ¢, : X371 x - x X3, > Y = E = C/A such that ¢, is a

finite-sheeted branched covering.

(d) Path-connectedness of (X3 x X3) ~ g7'(y — D;) is for instance satisfied if fo
and f3 are holomorphic and surjective and D; is an analytic subvariety of Y of

codimension > 1, since then g~'(y— D) is an analytic subvariety of codimension
>1in X5 x X3.

Note that Condition (4) in Theorem 6.2.1 is satisfied if f; is purely branched (see
Definition 4.1.2).

Remark 6.2.4. A change of a lift of the basepoint for the fundamental group of
X ~ f74(D) corresponds to conjugation by an element of m;(Y ~ D). Hence, an
equivalent topological characterisation of the property that for a regular covering
map f: X\ f71(D) - Y \ D the normal subgroup generated by elements iy, -, i is
in the image of f, is that every lift of the u; to X \ f~1(D) is a loop.

Addendum 6.2.5. Conditions (1)-(4) of Theorem 6.2.1 are well-behaved under tak-
ing direct products. Forinstance if fi: X7 =Y and f]: X{ =Y’ satisfy conditions (3)
and (4) for sets Dy c'Y and D} cY’, then it is easy to see that also (f1, f]) : XixX| -
Y x Y’ satisfies conditions (3) and (4) for the set D = (Y x D})u (Dy xY'), with the
possible exception of connectedness of ((Xax X}) x (X3 x X})) N g7 ((y,y") - D).
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In fact, we have the following stronger result in the setting of purely branched

covering maps.

Lemma 6.2.6. Let Y and Y’ be tori and let f: X -Y and f': X' - Y’ be purely
branched covering maps with branching loci D, respectively D'. Then the map (f, ') :
X x X" >Y xY'" is purely branched with branching locus (D xY")u (Y x D').

Proof. 1t is clear that the map is a branched covering with branching locus (D x X")u
(X xD'"). Let pi1, -, . be generators of Y and pf, -+, uj, be generators of Y’ such

that ((p1,- m)) < fo(m(X N f7HUD))) and ({ph, - pp)) < FL(m (X7~ f71(D"))).
Then

<<M1,"'7Mk,/i'17“'a%')) = <<,u177,uk>> X ((M,hnu;c’»
< fo(m(X N fTHD))) x film(X' N f7H(D")))
= () (m (X x X) N ((FHD) x XY u (X x f71(D"))))) -

Hence, (f, f') is indeed purely branched. O

The proof that condition (4) is preserved under taking products is similar.

6.3 A class of higher dimensional examples

In this section we will construct a general class of examples of Kahler subgroups of
direct products of surface groups arising as kernels of homomorphisms onto Z2* for
any k> 1. Let E = C/A be an elliptic curve, let r > 3 and let

a; 28, > FE

be branched holomorphic coverings for 1 < <r.

Our groups will be the fundamental groups of the fibres of holomorphic surjective
maps from the direct product S, x---x S, onto the k-fold direct product E** of
E with itself. For vectors wy,--w, € ZF we will use the notation (wy || w,) to
denote the k x n-matrix with columns w;. To construct these maps we make use of

the following result

Lemma 6.3.1. Let v = (vl,l,n-,vk’l)t,n-,vr = (v1, ---,vk,r)t € Z%. Then the C-linear

map B = (vy | vy |-+ | v,) € ZFT c CP" descends to a holomorphic map
EZEXT N EXk.
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If. in addition, r = k and B € GL(k,C) n Z¥% then B is a reqular covering map. In
particular, B is a biholomorphic automorphism of E** if B e GL(k,Z).

Proof. Tt suffices to prove that B preserves maps A*" into A**. For this let A\;, Ay € C
be a Z-basis for A and denote by A;;, A2, the corresponding Z-basis of the ith factor
of A" and by A{ ;, Ay ; the corresponding Z-basis of the jth factor of A**. Then we
have

k
BXij=Y uh,e N for 1<i<2, 1<j<r
=1

It follows that B descends to a holomorphic map B : EX" - E*k_ If B € GL(k, C)nZ*k
then B is a regular covering map, since B is a local homeomorphism. If, in addition,
B e GL(k, Z), then it is immediate that B and B~! are mutual inverses. O

We say that a set of vectors C = {vy,---,v,} ¢ Z* has property

P1) if there is a partition C = & u & U E; such that & is a Z-basis for Z* ¢ Ck and
(P1) p

&y, €5 are both spanning sets for C* as a C-vector space.
(P1’) if (P1) holds and & is the standard Z-basis for Z*

(P2) if C has property (P1) and in addition any choice of k vectors in C is linearly

independent.

By Lemma 6.3.1 for any set C = {vq,-+,v,} ¢ ZF and B = (v | - | v,) we can define

a holomorphic map
h=DBo (o, a) =Y v ;0 Sy x-ox S, - E*
i=1

We will be interested in maps h for which the set C has properties (P1’) and
(P2). Note that after adjusting by a biholomorphic automorphism of E** say A €
GL(k,Z), and after reordering the factors of S,, x -+ x S, , we may in fact assume
that & = {vy1,--,vx} and that {vy, -, v} is the standard basis for Z*. In particular,
we may assume that property (P1%) holds if property (P1) holds.

The following result shows that such maps exist.

Proposition 6.3.2. For all positive integers v,k there is a set C = {vy,--, v} ¢ ZF
with the property that for any integers 1 <1y <iy <--- <ig <1 the subset {v;,,---, v, } is
linearly independent. Moreover, if v > 3k we may assume that C has properties (P1°)

and (P2).
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Proof. The proof is by induction on r. For r = 1 the statement is trivial. Assume
that for a positive integer r we have a set C = {vy,-+-,v,} ¢ ZF of r vectors with the
property that for any 1 <4; < iy < -+ < i <7 the subset {v;,,-,v;, } c C is linearly
independent.

Let I be the set of all (k—1)-tuplesi= (i1,---,ix_1) of integers 1 < iy < iy <+ < ip_1 <
r. Forie I denote by W; = spang {v;,,---,v;,_, } the C-span of the linearly independent
set {viy, -+, vi,_, }. Then W = Wj is a finite union of complex hyperplanes in C* such
that for any vector v, € Z* l\GII/V the set C U {v,41} has the desired property. The set
ZF ~ W is nonempty, because ZF c CF is Zariski-dense in C*.

If r > 3k then choosing & = {vy,-,vx} to be the standard basis of CF, & =

{41, v} and & = {vop1, -+, v, } ensures that properties (P1’) and (P2) are satis-
fied. O

Note that the proof of Proposition 6.3.2 shows that properties (P1’) and (P2) are
in some sense generic properties.

The main result of this section is:

Theorem 6.3.3. Let C ¢ ZF and B be as defined above. Assume that C satisfies
properties (P1°) and (P2), that & = {v1,---,vx} and that oy, -+, oy are purely branched
coverings. Then the smooth generic fibre H of h is connected and its fundamental

group fits into a short exact sequence
T hn(-
1 ->mH - mS,, x-xmS, = mE* =7% 1.

Furthermore, m H is a Kihler group of type F,_ but not of type F,. In fact miH =0
for2<j<r-k-1.

Denote by m : E*¢ — {0} x E*! the canonical projection onto the last [ factors
and for a map h satisfying the conditions of Theorem 6.3.3 let h; = m; 0 h. Due to the

assumptions on C the map h; factors as h; = fio g, for 1 <1 <k with
fr= Oren [ [vp) 0 (Qhgsn, = @) £S5y, X x Sy, = YE[YE = {0} x B

and

gl:S’Yl X”.XS'W_)S"/ X”.XS'W

k-l+1

the canonical projection with fibre Fj := .S, x---x .S a product of closed hyperbolic

Vk—17
surfaces (It follows from the fact that vy, -, vy € ZF is a standard basis of ZF that
hy= fiog for 1<I<k).

Theorem 6.3.3 will be a consequence of Theorem 6.1.3 after checking that the

maps h, h;, g; and f; satisfy all necessary conditions.
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Figure 6.1: Example of a k-fold purely branched covering constructed in Chapter 4
with 2g-2 branching points dy1,d12,...,dg-12

Proposition 6.3.4. Under the assumptions in Theorem 6.3.3, the maps h, h;, fi,

and g;, 1 <1<k, have connected fibres.

Proof. We introduce the notation
Ay = (v | |ok), Az = (Vgsr |+ [var) and Az = (vopsr |+ | vai) -

To simplify notation we will use the same notation for linear maps between C-vector
spaces and their induced maps on direct products of elliptic curves.

By assumption A; = (vy |-+ | vg) = Id € GL(k,Z). Since C has property (P2) we
may further assume that vy, var, and vop,1, -+, v3, are C-bases of Ck. We will prove
connectedness of the fibres of h. Since A; = Id it will be clear that connectedness of
the fibres of f; and h; follow by the same argument. Connectedness of the fibres of g,

is trivial.
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We want to apply Theorem 6.2.1 and Corollary 6.2.2 to the following maps and

compact complex manifolds to show that the fibres of h are connected:
flelo(ala"'aak;):Xlzs’ylX”'XSfyk_)EXk’

X"'XS

f2=A20(Oék+1,“'7042k)3X2=S ’YQk_)EXk’

Vk+1
f3 = (As | Usk+1 | | Ur) © (Oézml,"',oér) 1 X3 = Sy%ﬂ Xoeee X S’yr - Bk,

Checking the conditions for Theorem 6.2.1: It is clear that f; and g = f5 + f3
are surjective holomorphic maps. We will now check that conditions (1) to (4) in
Theorem 6.2.1 are satisfied for h.

Condition (1): Fix a point p e S,

sy X o x 95, and let

q:= (U3k+1 | | Ur) o (043k+17 "'7Oér) (p)

Since Az € GL(k, €) nZ*¥*k, there is an inverse A3' € GL(k, Q) and a minimal integer
ds € Z with Ty = d3 - A7' € Z**. In particular, we have T3 - A3 = d3-Id. By Lemma

6.3.1 the induced map T3 : E*XF — E*F is a regular covering. Consider the composition

fs =T50 f3(2ok41, - 238, D) = (ds - Qg1 (Z2k41) s+, ds - s (231) ) + ¢ (6.5)

Note that fg is surjective. It suffices to prove that for any w € E*¢ and (z,p) €
[ (w) we can lift any path v : [0,1] » E** with v(0) = w to a path (7,p) : [0,1] > X3
with 7(0) = z under f3. Since T3 is a regular covering this is possible if and only if
there is a lift of T3 o v to a path (7,p) : [0,1] - X3 with 7(0) = z. The latter
follows immediately from equation (6.5) and the assumption that the a; are branched
covering maps.
Condition (2): By the same argument as above, there is a map T € GL(k,Z) such
that

Tho fo=(dy- s, do - gp) 2 m S -~ Bk

a1 XX S

Y2k

and since 75 is a regular covering map Condition (2) holds if and only if it holds for
the map Ty o fo. It is clear that Condition (2) holds for a regular value w € E** of
Tso fy and a sufficiently small ball B around w, since Ts o f5 restricts to an unramified
finite-sheeted covering on the complement of a subset of complex codimension one in
Exk,

Conditions (3) and (4): By assumption A, = Id and a1, -, ay, are purely branched
coverings and therefore satisfy property (3) with the exception of the path-connected-
ness part, which we need to check separately. By Remark 6.2.3(b) the maps oy, -+, ay,
satisfy condition (4).
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Thus, an iterated application of Addendum 6.2.5 and Lemma 6.2.6 imply that
f1 = (a1, ay) satisfies all conditions in (3) and (4) with D; ¢ E** the codimension
one subvariety of critical values of f; except for connectedness of (XoxX3)Ng~t(y—D1)
for y € Exk. The latter follows from Remark 6.2.3(d), since g is holomorphic and
surjective and D; is a codimension one complex analytic subvariety of E**.

Hence, properties (1)-(4) of Theorem 6.2.1 are indeed satisfied and it follows that
H,~ (pr-t(g~*(y — Dy))) is connected for all y € E*k.

Applying Corollary 6.2.2: By Corollary 6.2.2 it suffices to show that H, =
H,~ (pr-'(¢g~*(y — Dy))) for y € E** to obtain connectedness of H,.
Recall that Ay = Id. Let (z1,29,23) € pr-i(¢g~'(y — D1)). Since g7 (y — Dy) is

an analytic variety of codimension one, its complement (X5 x X3) ~ g '(y — D) is

dense in X, x X3. Thus, there is a sequence {(22n,23,)}, x € (X2 xX3)N g7 (y—D1)
converging to (x,x3) as n — .

Since «y,-, a4 are purely branched coverings and y — g(x2,x3) € Dy, there is a
neighbourhood U of x1 € f{(y - g(22,23)) in which f; takes the following form after

an appropriate choice of coordinates:
(21, 2) = (21", -, 2") for some integers iy, 1 > 1

and the set of critical values Dy is

Dy =fU)n| U €t x {0} x CFI+ |,
Jit>2
We may further assume that y — g(2,,23,,) € f1(U) for all n e N.
It is now clear that we can choose a sequence z1, € f7'(y — g(@2,23,)) which
converges to x; as n — oo.

Hence, the sequence {(21,,%20,%3n)},v € Hy N Pr (g7 (y — D1)) converges to

(1,22,23) as n - oo and in particular H, \ (pr~'(¢~'(y - Dy))) = H, for y € E** is

connected. O

Proposition 6.3.5. Under the assumptions of Theorem 6.3.3 consider the filtration
Yi=FExx{0} of EXF where m : EXF - YF*[Y*1 = {0} x EX! is the projection onto the
last | coordinates.

Then the map h satisfies the condition that h; = w0 h has fibrelong isolated singu-
larities for 0 <1 < k. More precisely, the factorisation h; = f; o g; satisfies that g; is a
reqular fibration and f; has isolated singularities. Furthermore, the dimension of the
smooth generic fibre Hy of f; is r-k for 1 <1< k.
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Proof. Recall that by definition of f; and g; we have h; = f;0¢g;. The map g; is clearly
a regular fibration. To see that the map f; has isolated singularities consider its
differential

Df; = (Dm(vko141) - dowe1s1, - - -, Dm(vy) - day) . (6.6)

Note that by definition of m; the vector Dm(v;) is the vector in Z! consisting of the
last [ entries of v;. By property (P2) any k vectors in C form a linearly independent
set. Furthermore we chose C such that & = {vy,...,v;} is the standard basis of Z*.
This implies that the set

Cr = {Dm(vi-1s1), ..., Dm(v,)} ¢ Z!

also has property (P2). In particular, any choice of [ vectors in C; forms a linearly
independent set.

It follows from (6.6) that a point (241, 2) € Sy, _,., X+ xS, is a critical point
of f; if and only if z; is a critical point of «a; for at most r — k£ + 1 of the z;, where
E-l+1<i<r.

Thus, the set of critical points CY, of f; is the union C/, = igl B, ; of a finite number

of (I -1)-dimensional submanifolds B;; c S. x .- x S, with the property that for

Vk—-1+1

every surface factor S, of S, x ---x S, the projection of Bj; onto S, is either

k-1+1
surjective or has finite image. Linear independence of any [ vectors in C; implies that
the restriction of f; to any of the B;; is locally injective. Hence, the intersection
Cy, n Hyy is finite for any fibre H;,, = h;'(y), y € {0} x EX,

In particular, the map f; has isolated singularities. It follows immediately that

the smooth generic fibre H; of f; has dimension r— (k-1) -1 =r - k. O

Proof of Theorem 6.3.3. The proof follows from Theorem 6.1.7, Proposition 6.3.4 and
Proposition 6.3.5. Indeed, by Proposition 6.3.4 and Proposition 6.3.5 combined with
the fact that F; is a direct product of closed hyperbolic surfaces, all assumptions in
Theorem 6.1.7 are satisfied with n = r — k. Thus, the map h induces a short exact
sequence

_ hs
1 »>mH - mS,, x-xmS, = mE* 51

and isomorphisms 7 H = m;(S,, x xS, )2 0for 2<i<r—k-1.

Since H is the smooth generic fibre of a holomorphic map, it is a compact complex
submanifold and thus a compact projective submanifold of the projective manifold
Sy, x---x S, . In particular, it is a compact Kahler manifold and m H is a Kihler

group. Furthermore, H can be endowed with the structure of a finite CW-complex.

110



It follows that we can construct a classifying space K(mH,1) from the finite
CW-complex H by attaching cells of dimension at least » — k + 1. Hence, there is a
K(m H,1) with finitely many cells in dimension less than or equal to r —k. Thus, the
group w1 H is of type F,_. Since all o; are finite-sheeted branched covers, the image
of the induced map v; -, in m E*F = 72k is nontrivial for 1 <i <r. By Theorem 4.2.2

the group m H is not of type F,. O

6.4 Finiteness properties and irreducibility

In this section we want to determine the precise finiteness properties of our examples

and prove that they are irreducible.

Theorem 6.4.1. Let k>0 and r > 3k be integers and let E be an elliptic curve. Let
a; 8y, = E be branched covers of & with v;>2, 1 <i<r.

Then there is a surjective holomorphic map
h:S"/l X XS’Y?" _)EXk

with smooth generic fibre H such that the restriction of h to each factor S., factors

through o;; the map h induces a short exact sequence
1— Wlﬁe 71'1571 X oeee X 71-15% - 7T1E><k ~ sz N 1;

and the group m H is Kihler of type F,_j, but not of type Fr_ps1. Furthermore, m H

15 irreducible.
As a consequence of Theorem 6.4.1 and its proof we obtain.

Corollary 6.4.2. For everyr >3, v1, 22 andr—-1>m> %7", there i1s a Kahler
subgroup G < m .Sy, x --- x m.S,, which is an irreducible full subdirect product of type
Fon but not of type Fpi1-

Let H < G = Gy x---x(,. be a subgroup of a direct product of groups G, -+, G,.. For
every 1 <i; <--- <1, <7 denote by p;, ...;, : G = G, x---x G, the canonical projection.
We say that the group H wvirtually surjects onto k-tuples if for every 1 <iq < - <ip <1
the group p, ..., (H) has finite index in G;, x---xG;,. We say that H is surjective on
k-tuples if for every 1 < iy < --- <y <7 we have equality p;, ..;, (H) = G;; x---xG;,. We
say that H is virtually surjective on pairs (VSP) if H virtually surjects onto 2-tuples.

For subgroups of direct products of limit groups, a close relation between their

finiteness properties and virtual surjection to k-tuples has been observed (see [31],[87],
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also [96]). In fact if a subgroup H < Gy x---x @G, of a direct product of finitely presented
groups is subdirect (i.e. surjects onto 1-tuples) then H is finitely generated; and if it
is VSP then H is itself finitely presented [31, Theorem A]. The converse is not true
in general; it is true though if Gy,---, G, are (non-abelian) limit groups and H is full
subdirect [31, Theorem D].

More generally it is conjectured [87] that, for Gy,---, G, non-abelian limit groups

and H < G x--- x xG, a full subdirect product, the following are equivalent:
1. H is of type Fy;
2. H virtually surjects onto k-tuples.

Kochloukova proved that (1) implies (2) and gave conditions under which (2)
implies (1).

Theorem 6.4.3 (Kochloukova [87, Theorem CJ). For r > 1 let Gy,...,G, be non-
abelian limit groups, let H < Gy x---x G, be a full subdirect product, and let 2 <k <r.
If H is of type Fy then H wvirtually surjects onto k-tuples. The converse is true if H

1s virtually coabelian.

Note that in Kochloukova’s original version of Theorem 6.4.3 the condition is that
H has the homological finiteness type FP(Q). By [31, Corollary E] this is however
equivalent to type JFj, for subgroups of direct products of limit groups. In general we
only have that F implies FP(Q) (see for instance [71, Section 8.2]).

We shall need the following auxiliary result which is a consequence of Theorem
6.4.3.

Lemma 6.4.4. Let Gy,---,G, be groups and Q) be a finitely generated abelian group.
Let ¢ : Gy x -+ x G, = @ be an epimorphism. Assume that the subgroup H = ker¢ <
G1 x -+ x G, virtually surjects onto m-tuples. Then the group ¢(Gi x - x G, ) <Q
1s a finite index subgroup of Q) for every 1 <iy <.+ <ip_p, <T.

Under the stronger assumption that H surjects onto m-tuples, the restriction of ¢

to Gy, x---xG 1s surjective for all 1 <iq <+ <ip_py < T

Z"rfrn -

Proof. Assume that H virtually surjects onto m-tuples. Consider a product G, x--- x

G

of r —m factors. We may assume that 7; = j.

Let g € Q be an arbitrary element. By surjectivity of ¢ there exist elements
hy € Gy x - x Gp_p, and hy € Gy_ppy1 % -+ x G, such that g = ¢(hy) - ¢(hse). Since H

virtually surjects onto m-tuples there is k > 1 such that h5 € p,_1....-(H). Hence,
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there is hy € Gy x -+ x G,_,, such that h; - h’; € H = ker¢. In particular it follows
that ¢(h%) = #((h1)™!). As a consequence we obtain that g& = ¢(hy)F - ¢(ho)F =
B(n)s - B((h) ) € 3G x -+ Gy ).

We proved that the abelian group Q/¢(Gy x -+ x G,._,,) has the property that each
of its elements is torsion. This implies that Q/¢(Gy x - x G,_,,) is finite and thus
d(Gq x -+ x Gp_p) 1s a finite index subgroup of Q.

The second part follows immediately, since we can choose k£ = 1 in the proof if

bl xxa,_,, 1s surjective. O

Corollary 6.4.5. Let ¢ : Ay x--- x A, = Q be an epimorphism, where Aq,---, A, are
non-abelian limit groups and Q) is a finitely generated abelian group. If kerg is a full
subdirect product of type F,, then the image ¢(N;, x -+ x A; ) < Q is a finite index

subgroup of Q for all 1 <iy <+ <ip_p, <.
Proof. This is a direct consequence of Lemma 6.4.4 and Theorem 6.4.3. O

As another consequence of Theorem 6.4.3 we obtain a proof that our groups are

irreducible.

Proposition 6.4.6. If a subgroup G < Ay x---x A, of a direct product of r limit groups
A; has type F, with m > 5 and it is virtually a product Hy x Hs, then at least one
of Hy and Hy is of type Fo and there is 1 < s <1 such that Hy < Ay x - x Ay and
Hy < Loy x - x A,

Proof. Project away from factors A; which have abelian intersection with H; x H,.
The image of Hy x H, under this projection is a direct product H;, x Ho of at most
r limit groups. By Lemma 2.5.2 the groups ﬁl, Hy and H; x Hy have the same
finiteness properties as Hy, Hs and H; x Hy. Thus, we may assume that H; x Hs
intersects each of the A; in a non-abelian group.

Let G be a subgroup of a direct product of  non-abelian limit groups of type F,,
with m > § and let H; x Hy <G be a finite index subgroup which is a direct product.
Since non-abelian limit groups have trivial centre it follows that after reordering
factors Hy < Ay x---x Ay and Hy < Agq x---x A, for some 1 <s<r.

After possibly reducing the number of factors and replacing the limit groups by
finitely generated subgroups, which are again limit groups, we may assume that H; x
H, is a full subdirect product of Ay x---x A, of type F,,, (Note that neither decreasing
r nor replacing the A; by subgroups would affect the rest of the argument, thus we

will not change notation here).
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From Theorem 6.4.3 we obtain that H; x Hy virtually surjects onto m-tuples.
Hence, m > 5 implies that at least one of the following holds: H; is a finite index
subgroup of Ay x --- x Ay or Hs is a finite index subgroup of Agq x -+ x A.. Direct
products of limit groups are of type F., and finite index subgroups of groups of type

Fo are of type Fo. Thus, at least one of H; and Hs is of type Fe. U
We shall also need the following result by Kuckuck.

Proposition 6.4.7 (|96, Corollary 3.6]). Let G < Ay x---xA, be a full subdirect product
of a direct product of r non-abelian limit groups A;, 1 <i <r. If G virtually surjects
onto m tuples for m > 5 then G is virtually coabelian. In particular, G is virtually
coabelian if G is of type Fp,.

More precisely, we have that in either case there exist finite index subgroups Al <

A;, a free abelian group A and a homomorphism
G AN x-xA - A
such that ker¢p < G is a finite index subgroup.

We will require the following consequence of Theorem 6.4.3 and Proposition 6.4.7:

Corollary 6.4.8. Let r > 1 and let G < Ay x -+ x A, be a full subdirect product of
non-abelian limit groups A\;, 1 <i <r. Assume that G is of type F,, with m > 0. For
k>0 with m > g and 1 < iy <--- <ig <7 the projection p;, ..., (G) < Ny x---x N, is of

type Fo.

Proof. By Theorem 6.4.3 the group G < Ay x--- x A,. virtually projects onto m-tuples.
Hence, the projection @ := p;, ..., (G) < Ay, x -+~ x A;,_is full subdirect and virtually
surjects onto m-tuples with m > g By Proposition 6.4.7 the projection @ := p;, ...;, (G)
is virtually coabelian. Hence, the subgroup @ < A;, x---xA;, is full subdirect, virtually
coabelian, and virtually projects onto m-tuples. The converse direction of Theorem

6.4.3 then implies that @ is of type F,,. O

As a consequence of the results in this section we can determine the precise finite-

ness properties of the groups arising from our construction in Theorem 6.3.3.

Theorem 6.4.9. Under the assumptions of Theorem 6.3.3 and with the same nota-
tion, let ¢ = hy 2 .Sy x---xm S,y = m E*F be the induced epimorphism on fundamental
groups. Then ker¢ = m H is a Kdhler group of type Fo_i, but not of type Fp_is1, and

kerg s irreducible.
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Proof. By Theorem 6.3.3 we know that ker¢ is of type F,_,. Hence, we only need to
proof that ker¢ is not of type F,_; and that ker¢ has no finite index subgroup which
is a direct product of two non-trivial groups.

By definition, we obtain that ¢ = h, is given by the surjective map
¢(g17“'7g7’) = Zvi ' Oéz(gz) € (7T1E)Xk = (Z2)k = ZQk
i=1

for (g1,-+,9r) €M Sy, x - xmS,,.

Since the maps «; are finite sheeted branched coverings, the image «a; .(m155,) <
m FE is a finite index subgroup for 1 < ¢ < r. The assumption that the v; satisfy
property (P2) implies that the image ¢(mS,, x - xmS,, ) <m E** of any k factors
is a finite index subgroup of m E*F =2 72k 1 <4y << <7

Since we have r > 3k factors and any k factors map to a finite index subgroup of
m E*k the kernel of

(b(] = ¢|A1><---><AT : Al Xoeee X Ar g 7T1Exk.

is subdirect, after passing to finite index subgroups A; < mS,,. Note that the image
ime, < m EXK is a finite index subgroup, thus isomorphic to Z2?*, and that ker¢, < ker¢
is a finite index subgroup. The intersection L; = A;nkergg < A; is a non-trivial normal
subgroup of infinite index in A;, since ¢(A;) = Z2. Thus, kergy is a full subdirect
product of Ay x - x A,.

Since the image of the restriction of ¢y to any factor A; is isomorphic to Z?2, the

image of the restriction of ¢ to any k-1 factors A;, x -~ x Ay | (1 <y <+ < dgq)

g1
is isomorphic to Z2( -1 (by the same argument as for k factors). In particular,
(b(AZl Koo XAik—l
6.4.5, kergy and, therefore, its finite extension ker¢ > ker¢g cannot be of type F,_j.1.

) is not a finite index subgroup of the image im¢g = Z%. By Corollary

Assume that there is a finite index subgroup H; x Hs < ker¢ which is a product of
two non-trivial groups H; and H,. By Proposition 6.4.6 we may assume that (after

reordering factors) Hy < m Sy, x -+ xm Sy, Hy < ™S,

x-S, and H; is of type
Fe, for some 1 < s <r. It follows from Theorem 2.5.4 that H; is virtually a product
of finitely generated subgroups I'; < m.S,,, 1 <@ < 5. Since kergy is subdirect in
Aq x--x A, and kergy n (Hy x Hs) < kergy has finite index, the I'; must be finite index
subgroups of the m.5,,. This contradicts that the restriction of ¢ to any finite index

subgroup of m;5,, has infinite image. It follows that ker¢ is irreducible. O

Addendum 6.4.10. Note that the proof of Theorem 6.4.9 also shows that if we
consider ¢ where the set C, as defined in Theorem 6.3.3, does not have the generic

property described in Proposition 6.3.2 then ker¢ must have finiteness type less than
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Fr_k. In fact it shows that the finiteness type of ker¢ is at most F,_; where [ —1 s

the size of a mazimal subset of C which does not form a basis of CF.

Proof of Theorem 6.4.1. Theorem 6.4.1 is now a direct consequence of Theorem 6.3.3
and Theorem 6.4.9. The irreducibility of ker¢ can also be proved using elementary
Linear Algebra and Theorem 2.1.5. 0

Proof of Corollary 6.4.2. Let k :=r—m. Then r > 3k, since m > % The only thing
that does not follow immediately from Theorem 6.4.1 and its proof is that 7 H is a
full subdirect product. Replacing the construction in Proposition 6.3.2 by a slightly
more careful construction shows that for any r > 3k there is a set C = {vy, -, v, } <Z*
with properties (P1’) and (P2) such that {vy,---,vx} and {vg1,--, v} are bases of

X o X TS, are

ZF. Thus, the restrictions of h, to m S,, x - xm.S,, and to m.S ok

Tk+1
both surjective (see proof of Theorem 6.4.9 for more details on h,). It follows that
71 H is subdirect. It is full, because the image of the restriction of h, to any factor is

abelian. O

6.5 Potential generalisations

We finish with a brief discussion of some open questions arising from this chapter.

Potential generalisations of our examples

It seems reasonable to believe that the class of examples constructed here allows for
further generalisations. In particular, we believe that one should be able to weaken
the condition (P2) on the set {vy,-+,v,} ¢ Z* used in the construction of the map h
in Section 6.3, as well as the condition that the branched covers aq,---, o are purely
branched. Indeed there is no obvious reason why these conditions should be minimal
in any sense; they are required for purely technical reasons in the proof. It would be
desirable to provide a unified approach wherein kernels that are direct products of
smaller Kahler groups would also arise. One might be able to obtain such an approach
by proving a suitable version of Conjecture 6.1.2. By Addendum 6.4.10 the finiteness
properties of the kernel would vary in such a generalised approach.

In contrast, the condition r > 3k in Theorem 6.4.1 is minimal, as the following
example shows: For 0 < ¢ < r—1 we choose v3;,1 = VU3ji2 = U3ip3 = €; to be the -
th vector of the standard basis {ej,-,ex} of ZF and «,--, a3 to be any choice of
non-trivial finite-sheeted branched holomorphic coverings of E which are surjective

on fundamental groups. Then it follows from Theorem 4.3.2 that the kernel of the
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associated map h is Kahler and fits into a short exact sequence induced by h as
in Theorem 6.4.1. However, removing any coordinate factor from h will break the
property that h induces a short exact sequence with kernel the smooth generic fibre
of h. This is because the smooth generic fibre of any holomorphic map S,, xS,, - E
is a closed Riemann surface while by Theorem 4.2.2 the kernel of the map induced

by a; + a; WlS“fn X WlS“sz - mFE for 3i + 1 < j; < jg <3¢+ 3 is not finitely presented.
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Chapter 7

Restrictions on subdirect products
of surface groups

In this Chapter we consider Delzant and Gromov’s question from a different point
of view. We will give criteria that imply that a subgroup of a direct product of
surface groups is not Kahler. More generally we provide criteria on finitely presented
subgroups G of direct products of surface groups which imply that no Kahler group
can map onto GG with finitely generated kernel.

We start by deriving general conditions that allow us to compute the first Betti
number of the kernel of a homomorphism from a direct product of groups onto a
free abelian group (see Theorem 7.1.5). This allows us to show that in many cases
the kernel of a homomorphism from a direct product of surface groups onto a free
abelian group of odd rank is not Kéahler. In particular, we will see that the kernel of
a non-trivial homomorphism from a direct product of surface groups onto Z is never
Kahler (see Theorem 7.1.1).

In Section 7.2 we prove that every map from a Kéhler group to a direct product of
surface groups with finitely generated kernel and finitely presented image is induced
by a holomorphic map (see Proposition 7.2.2).

We will then proceed to a more thorough analysis of homomorphisms from Kéhler
groups onto a finitely presented subgroup G of a direct products of surface groups in
Section 7.3. The main result of this section is that if G is of type F,, then the image
of the projection of G' onto any < 37’” factors is virtually coabelian of even rank (see
Theorem 7.3.1).

In Section 7.4 we discuss some generalisations of results of the previous sections,

as well as interesting consequences of this chapter.
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7.1 Maps to free abelian groups

All of the non-trivial examples of Kéahler subgroups of direct products of surface
groups constructed so far are obtained as kernels of maps from a direct product of
surface groups to a free abelian group. Hence, a natural special case of Delzant and

Gromov’s question is the following question.

Question 4. Let Sy,,--,S,, be closed hyperbolic Riemann surfaces, let k € Z and let
¢Sy, x - x TS, - ZF be an epimorphism. When is ker(¢) a Kdhler group?

Note that we may assume that ker(¢) is subdirect in m1.5,, x---xm.S,, . If not then
we can pass to finite index subgroups of the m;.S,, such that ker(¢) is subdirect. We

will see in this section that for k£ =1 the answer to Question 4 is as follows:

Theorem 7.1.1. Let Sy, ,--, S, be closed Riemann surfaces of genus g; > 2 and let
i mSy, X e x mS,, = Z be any non-trivial homomorphism. Then ker(v) is not
Kdhler.

For k£ > 1 and odd we will show that under some additional assumptions on the
restriction of ¢ to the factors the group ker(¢) is not Kahler either (see Corollary
7.1.6 and Remark 7.1.7).

The proof of Theorem 7.1.1 is a consequence of a more general result about the
first Betti numbers of subdirect products arising as kernels of maps to free abelian

groups and the well-known

Lemma 7.1.2. Let G be a Kdhler group then the first Betti number bi(Gy) is even
for every finite index subgroup Gy < G.

Proof. Kahler groups have even first Betti number and every finite index subgroup

of a Kahler group is itself Kahler and thus has even first Betti number. O

We want to mention a simple consequence of Lemma 7.1.2 which we shall need in
Section 7.3.

Corollary 7.1.3. Let H < G = m Sy, x -+ x mSy, be a finite index subgroup of a
direct product of fundamental groups of closed Riemann surfaces S, of genus g; >0,
1<i<r,r>1. Then the first Betti number by(H) of H is even.

Proof. The group G is Kéhler. Hence, the first Betti number b;(H) of any finite
index subgroup H < G is even. O

We will also make use of the following easy and well-known fact
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Lemma 7.1.4. Let G and H be groups and let ¢ : G - H be an injective homomorph-

ism. Then the following are equivalent:

1. the induced map ¢up : Gap = Hyp on abelianisations is injective;

Our main technical result in this section is

Theorem 7.1.5. Let k> 1, r > 2 be integers, let G1,---, G, be finitely generated groups
and let 1 : G = Gy x - x G, > ZF be an epimorphism. Assume further that (at least)

one of the following two conditions is satisfied:
1. k=1 and kervy is subdirect in G x -+ x G,.;
2. the restriction of 1 to G; surjects onto Zi* for at least three differenti € {1, r}.

Then the map 1 induces a short exact sequence
1 - (kert))ap = (Gy x - x Gy = ZF - 1 (7.1)
on abelianisations and in particular the following equality of first Betti numbers holds:

b1(G) =k + by (kery)). (7.2)

Proof. We will first give a proof under the assumption that Condition (2) is satisfied
and will then explain how to modify our proof if Condition (1) is satisfied. Assume
that Condition (2) holds and that (without loss of generality) the restriction of ¢ to
each of the first three factors is surjective.

It is clear that exactness of (7.1) implies the equality (7.2) of Betti numbers.
Hence, we only need to prove that the sequence (7.1) is exact. Abelianisation is a
right exact functor from the category of groups to the category of abelian groups.
Hence, it suffices to prove that the inclusion ¢ : kery) - G induces an injection ¢y :
(kert))qy — Ggp of abelian groups.

Since the image of 1 is abelian, it follows that [G,G] < kert). We want to show
that [G,G] < [kery, kery]. Since [G,G] = [G1,G4] x -+ x [G,, G,] it suffices to show
that [G;, G;] < [kery, kery] for 1 <i < r.

We may assume that ¢ > 2, since for ¢ = 1,2 the same argument works after

exchanging the roles of G; and Gi3. Fix x,y € GG. Since the restrictions 1)|q, : G; - ZF
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are surjective for j = 1,2 we can choose elements g; € G and gy € G with ¥(g1) =
—p(z) and ¥(g2) = —(y).

Then the elements u:= ¢g;' -2 € G and v :=g;' -y € G are in kert. Since [G;,G,] =
{1} for i # j it follows that [u,v] = [z,y]. Thus, [G;, G;] < [kery, kery] for 1 <i <.
Consequently [G,G] < [kery, kery)] and therefore by Lemma 7.1.4 the map ¢4 is
injective.

Now assume that Condition (1) holds. As before it suffices to prove that [G;, G;] <
[keryp, kery] for 1 <4 < r. To simplify notation assume that i = 1. If we can prove
that there is some element g, € G x - x GG,. such that for any = € Gy there is an
integer k € Z with - gh € ker¢) then the same argument as before will show that
[G1,Gq] < [ker), kery)].

Observe that we have the following equality of sets

Q={v(91,1) | (91,9) e keryp < Gy x (Gg x -+ x Gr)} ={(1,9) | (91,9) € kerp} < Z.

The set @) is a subgroup of Z, since it is the image of the group keri) under the
homomorphism ¢ oy o7y : G - Z where 71 : G — (G is the canonical projection and
t1 : G; = G is the canonical inclusion. Let g, € G5 x -+ x G be an element such that
¥(1,9,) = lo generates Q.

Since kert is subdirect, for any g1, g € Gy there are elements g,,g, € Go x -+ x G,
such that (g1,9;), (g2,75) € kery) and therefore ¥ (g1,1) = k1 -lo-t0(go, 1) = ko -l e Q. Tt
follows that (g1, (go)™*), (92, (go)*2) € keryp. Thus [g1, g2] € [kery, kert)], completing
the proof of the Theorem. O

As a direct consequence we obtain a constraint on Kéhler groups

Corollary 7.1.6. Let r;k > 1 be integers, let Gy,---,G, be finitely generated groups
and let ¢ : Gy x -+ x G, > ZF be an epimorphism satisfying one of the Conditions (1)
or (2) in Theorem 7.1.5. If by(Gy) + -+ b1 (G,) = k is odd then keryp is not Kdihler.

Proof. By Theorem 7.1.5 the first Betti number of keriy is equal to bi(Gy) + - +
b1(G,) — k and therefore odd. Hence, kery) can not be Kéhler by Lemma 7.1.2. O

This allows us to prove Theorem 7.1.1

Proof of Theorem 7.1.1. Observe that there are no factors m.S,, which have trivial
intersection with kerty. Since kery is Kahler it is finitely presented and thus any
quotient of kert) is finitely generated. Normality of kery) in 7.5y, x --- x m.9,, implies

that the image A; < m.S,, of kery) under the projection to a factor m 5, is a normal
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finitely generated subgroup and therefore either trivial or of finite index. It can not
be trivial, because kery) nmS,, is non-trivial. Thus, the group A; is a finite index
subgroup of m.S,.

Consider the restriction ¥’ := 9|5, x..xa, of ¥ to the finite index subgroup Aj x -+ x
A, < Sy, x - xmS,,. By definition of the A; we have kery < kery’ and therefore
kery = kery’. After replacing Z by its isomorphic subgroup im’, the map 1)’ satisfies
Condition (1) of Theorem 7.1.5.

Since the A; are fundamental groups of closed Riemann surfaces, it is immediate
that b1 (A;) is even for 1 <i <r and by (Ay)+--+b1(A,)—1is odd. Hence, by Corollary

7.1.6 the group kervy’ = kervy is not Kahler. U

Remark 7.1.7. Corollary 7.1.6 provides large classes of examples of non-Kéhler
subgroups of direct products of surface groups with odd first Betti number. Indeed,
choose any r > 3 and ¢ : m Sy, x -+ x m S, — Z2**1 such that at least three of the

restrictions of 1 to factors are surjective. Then by (kerv) is odd, so kery is not Kéhler.

7.2 Holomorphic maps to products of surfaces

In this section we will generalise classical results about the existence of holomorphic
maps from Kéahler manifolds to surfaces, which we discussed in Section 2.3, to holo-
morphic maps from Kéhler manifolds to products of surfaces (see Proposition 7.2.2).
We apply this generalisation to prove the following constraint on Kéhler groups which

admit maps to direct products of surface groups.

Theorem 7.2.1. Let G =71 M be the fundamental group of a closed Kahler manifold
M, let H <m Sy, x--xmSy, be a finitely presented full subdirect product with g; > 2,
let k>0, and let 1 <17 <--- <1 < 8.

Assume that there is a finite index subgroup P < m1S,, x - X mSgik with H :=
Diyi, (H) < P such that the induced map H o, — Py is injective, and an epimorphism
¢ : G — H with finitely generated kernel N = ker¢.

Then the image of the induced injective map ¢* : HX(H,C) - HY(G,C) is even-

dimensional.

As a consequence of Theorem 7.2.1 we will produce examples of subdirect products
of surface groups which have even first Betti number but are not Kéhler (see Theorem
7.2.4 and Corollary 7.2.5). To prove Theorem 7.2.1 we will use the following auxiliary

results.
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Proposition 7.2.2. Retaining in the assumptions of Theorem 7.2.1 and its notation,
denote by q:Y — Sy, x xSy a finite sheeted cover with q.(mY) = P.
Then the composition p;, ...;, © ¢ : G — H < P is induced by a holomorphic map

ﬁllk : M =Y with respect to a suitable choice of complex structures on Y .

Lemma 7.2.3. Let G 2 mM and H 2 myN be fundamental groups of closed Kdhler
manifolds M, N and let ¢ : G - H be a homomorphism which can be realised by a
holomorphic map f: M — N. Then the induced map

¢*+H'(H,C) -~ H'(G,C)
has even dimensional image.

Proof of Theorem 7.2.1. By Proposition 7.2.2 the homomorphism ¢, ...;, = pi, ...;,0¢
G — H < P can be realised by a holomorphic map ﬁlzk : M - Y. To avoid confusion
let ¢ := ﬁllk* :G =mM - P=mY be the composition of ¢;, ...;, with the inclusion
L:H < P.

By Lemma 7.2.3, the image of the homomorphism

Yv*: HY(P,C) - H(G,C)

is even-dimensional.

Since abelianisation is a right exact functor on groups the map ¢;, ...;, induces
an epimorphism ¢y, ..;, » * Gop 2 Hi(G,Z) — H,, =~ H(H,Z). By the Universal
Coefficient Theorem (UCT) for fields of characteristic zero we obtain that the induced
homomorphism

o5 ... H'(H,C) > H'(G,C)

11,08

is injective.
By assumption the map ¢4 : H,, — Py is injective and thus the UCT implies that
the induced map

v HY(P,C) - HY(H,C)

is surjective.

*

Hence, the factorisation ¢* = ¢, o¢* of the induced map ¢* on cohomology

implies that
im(y* s H'(P,C) » H'(G,C)) =im(¢;, .., : H'(H,C) » H'(G,C)).

This completes the proof. O
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Proof of Proposition 7.2.2. We start by showing that the homomorphism ¢ : G - H
is induced by a holomorphic map f : M — Sy x---x S, . If s =1 then H = m .Sy,
and this is just Lemma 2.3.3. Assume that s > 2. Since H is finitely presented, by
Theorem 2.5.5, the kernel

L; :=kerp; = (m1 Sy, x == xm Sy, | x L xm Sy, x--xm Sy )nH

of the projection p; : H — m.S,, is finitely generated for 1 <7 <s.

Observe that the kernel of the map ¢; defined by ¢; : G Ly 1.9, is an extension
1> N ->kerq; > L; > 1

of a finitely generated group by a finitely generated group, so it is finitely generated.
Hence, by Lemma 2.3.3, the homomorphism p; is induced by a holomorphic map

fi: M — Sy, with respect to a suitable complex structure on Sg,. It follows that

f = (fl’...’fs) M —> Sgl X e X Sgs

is a holomorphic map inducing the composition ¢ o ¢ on fundamental groups where
viH = mSg, x - xm S, is the canonical inclusion.

For any k>0 and 1 <4y <--- <1y < s, the projection Sg, x -+ x Sg = 54, x-S,
onto k factors is holomorphic and hence so is its composition fi, ... = (fi,,= fi,) *
M — Sy, x--x S, with f. Thus, the homomorphism p;, ...;, 0¢: G > H=p;.. . (H)
is induced by the holomorphic map f;, ...;,. In particular, f; ..; .(G) = H.

The map ¢ in the statement of the proposition induces a Kéahler structure on the
compact manifold Y with respect to which ¢ is holomorphic.

(G)=H < q.(mY) the map f;, ..;, lifts to a continuous map f;, ...;, :

Since fi, ..q,,

M —'Y such that the diagram

is commutative.
By construction of the induced complex structure on Y, the map ¢ is locally

biholomorphic. Hence, ﬁlz is locally a composition of holomorphic maps, thus

k

holomorphic, and ﬁllk induces the homomorphism ¢ on fundamental groups. O
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Proof of Lemma 7.2.3. The map f is holomorphic and therefore induces homomorph-
isms

f*:H*(N,C) - H*(M,C)
of pure weight-k Hodge structures for all k € Z.

Since N is Kahler it follows that the odd-dimensional Betti numbers b2+1(N)
are even for all k € Z. Hence, the image im(f* : H***1(N,C) - H?**1(M,C)) is
even-dimensional for all k.

Let ¢ := f, : m M — m N be the induced homomorphism on fundamental groups.
The inclusion M < K(G,1) (respectively N - K(H,1)) obtained by constructing
a classifying K(G,1) from M (respectively K(H,1) from N) by attaching cells of
dimension greater than two induces isomorphisms on fundamental groups and on
first (co)homology. It is well-known (and easy to see) that, up to these isomorphisms

on cohomology, we have
¢*=f*:H'(H,C) > H'(G,C).
Hence, the image of ¢* on first cohomology is even-dimensional. O

Theorem 7.1.5 allows us to construct interesting examples of subgroups of direct
products of surface groups which are not Kahler. Indeed, we obtain that the direct
product of any non-Kahler subdirect product of surface groups obtained from The-
orem 7.1.1 and Remark 7.1.7 with an arbitrary finitely generated group is not Kahler.
In particular, by taking the direct product of any two of the groups constructed in
Theorem 7.1.1 and Remark 7.1.7, we obtain a subdirect product of closed orientable
hyperbolic surface groups which has even first Betti number, but is not Kahler. This

observation is summarised in the following Theorem.
Theorem 7.2.4. For any | and any r > 6 there is an epimorphism
¢ :m Sy X xm S, = 7!

with g; > 2, 1 <1 <r, such that ker¢ s full subdirect and not Kahler. Furthermore,
bi(kerg) =1 mod 2.

More generally we obtain the following constraint:

Corollary 7.2.5. For s > 0 let G < mSg, x - xm S, g; > 2, be a full subdirect
product. Assume that there is k >0 and 1 <iy < --- < iy <1, such that the image H

of the projection p;, i, + G — mSg, x --- xSy, s a finitely presented full subdirect

-----

product with odd first Betti number, the kernel of p;, s finitely generated, and

7777 i
the induced homomorphism Hg, — (m1Sg, X -+ x m.Sg, )ap 15 injective. Then G is not

Kahler.
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7.3 Restrictions from finiteness properties

In this section we give a strong constraint on Kéhler groups which map into direct
products of surface groups with finitely generated kernel and finitely presented image.
This constraint in particular applies to Kéhler subgroups of direct products of surface

groups. As a consequence we obtain a proof of Theorem A.

Theorem 7.3.1. Let G be a Kdihler group and let G < m1Sg, X == x m Sy, g > 2,
be a full subgroup. Assume that G 1is of type F,, for m > 2 and that there is an
epimorphism 1 : G — G with finitely generated kernel N = ker).

Then, after reordering factors, there is s > 0 such that for any k < ‘%m and any
1<y <---<iy < s the projection p;, .. i, (G) < T1Sg, X+ X ﬂ-ngik is virtually coabelian
and all of its coabelian finite index subgroups are coabelian of even rank. Furthermore,
Z(G) =G (m Sy, x - xmSy,) < Pss1,..r(G) 2Z5 is a finite index subgroup.

More precisely, there is M > 0, finite index subgroups ﬂ-lShil < Wngil and an
epimorphism ¢ : wy Sy, % xwSy, > ZM such that ker¢ < p;, ..;, (G) is a finite index
subgroup and for any choice of such finite index subgroups mshil and homomorphism

¢ we have by(kerg) = M =0 mod 2.

It is tempting to combine Theorem 7.3.1 with the existence results for maps to
products of surface groups due to Delzant and Gromov, as well as Py, and Delzant
and Py, discussed in Section 2.3. Indeed our result offers the exciting possibilty of
finding new constraints on Kahler groups admitting cuts and more generally Kahler
groups which admit actions on CAT(0) cube complexes (see [58],[107],[59]).

For G = G < m1Sg, % === x .Sy, a full subgroup we can inductively construct
1 =5 <+ <sy<rand a finite index subgroup H; x --- x Hy x Z(G) < G such that
H; < Sy, x--xmSy, ., is irreducible with trivial centre. Note that Theorem 7.3.1

leads to a particularly nice result if the H; have strong finiteness properties.

Corollary 7.3.2. Assume that, with the notation of the previous paragraph, G 1is
Kdhler and H; is of type Fp,, with m; > M for 1 <i< N. Then the subgroups
H; < ﬂngsi X e XS,

9s,,,1 have finite index subgroups H; o < H; which are coabelian of

even rank; more precisely, every coabelian finite index subgroup H; o < H; is coabelian

of even rank and by(H; ) =0 mod 2. Moreover, Z(G) = Z"=N with r — sn even.

Proof. It follows immediately by applying Theorem 7.3.1 to the projections py; ... s,,,-1
that for 1 <7 < N there exist finite index subgroups H; o < H; which are coabelian of
even rank and satisfy by (H; o) = 0 mod 2. Since the group Hyox--x HyoxZ(G) <G
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has finite index it is Kahler. Hence, its first Betti number is even and, in particular,
r—sy =1kz(Z(G)) is even. O

Note that if G in Corollary 7.3.2 is of type F,, then H; is also of type F,, for
1 <7 < k. Hence, the conditions in Corollary 7.3.2 are satisfied whenever G itself has

sufficiently strong finiteness properties. We can now prove Theorem A.

Proof of Theorem A. Since the Kéhler group GG in Theorem 6.4.1 is a full irreducible
subgroup of a direct product of r surfaces and G is of type F,, with m > %r The first
part of Theorem 6.4.1 follows immediately from Corollary 7.3.2. The second part of

Theorem 6.4.1 is a direct consequence of Corollary 6.4.2. O
A special case of this is the case r = 3.

Corollary 7.3.3. Let G be Kahler. If G < m Sy, x m1S, x TSy, 45 a full subgroup,
g; > 2, then G is either virtually coabelian of even rank or G is virtually 7> x m S}, for

some h > 2.
Proof. This is immediate from Corollary 7.3.2. O
Theorem 7.3.1 is a consequence of Sections 6.4, 7.2 and the following result:

Proposition 7.3.4. Let r>3, 1> 1, and let ¢p: G =m Sy, x - xm S, - A="7" be an
epimorphism with g; > 2.

If H =kero is of type F,, with m > %r, then there is a finite index subgroup P < G
such that the inclusion Hy - P of Hy:= Pn H induces an injection (Hy)a — Py and
bi(Hy) =1 mod 2. Furthermore, there are finite index subgroups m Sy, < m.S,, such
that Hy, P < w1 Sy, x -+ x m.Sh, are both full subdirect products.

Proof of Theorem 7.5.1. Let G < m Sy, x---xm Sy, be a full subgroup of type F,, with
m>2.

Infinite index subgroups of surface groups are free and finite index subgroups are
surface groups. Thus, after reordering factors, we may assume that there are integers
s,t >0 such that

o p;(G) =m Sy, <m Sy, is a finite index surface subgroup for 1 <i <¢,

e pi(G) = Fy,, <m Sy, is finitely generated free with h; > 2 generators for t+1 <i < s,

and

e pi(G)2Z<mS,, is infinite cyclic for s+ 1 <i<r.
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Centralisers in subgroups of surface groups are infinite cyclic. It follows that
Ds+1,..-(H) is free abelian with Z(G) = ker (p1._ sla) < psi1.. (G) = Z7* a finite

index subgroup and therefore N =1 —s.
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Consider the case when p;(G) = F},, with h; > 2 free. Since G is finitely presented
and N is finitely generated it follows from Theorem 2.5.5 that the kernel of the
composition p; o1 is finitely generated (see Proof of Proposition 7.2.2). The group
Fj, is Schreier with by (F},) = h; # 0. Hence, by Theorem 3.2.4, there is a commutative

diagram
. f.g. kernel
G g pz(G) = Fhi )
f.g. kernel l
oS, Z

with surjective maps onto the infinite group Z for 7¢"*S. the fundamental group of
a closed hyperbolic Riemann orbisurface. Since p;(G) and 7¢"™®S., are Schreier with
no finite normal subgroups it follows from Lemma 3.2.5 that 7¢"*S,, = F},,. This is
impossible and therefore t = s.

By Lemma 2.5.2 the quotient H = p;...s(G) = G/Z(G) < mSp, x -+ x w1 S, is full
subdirect of type F,,. For k < 37’” and 1 <17y <--- <1 < s consider the projection
H=p;,..;(G)< T1Sp,, %=+ xSy, . By Corollary 6.4.8 the group H is full subdirect
of type F,, with m > %

By Proposition 6.4.7 there are finite index subgroups mSh;j < 7T15hij, M >0,
1 < j <k, and an epimorphism ¢ : 7T15h21 X e X Wlsh;k - ZM such that ker¢ <
7T15h;1 X e X ﬁlSh;k is full subdirect, ker¢p < H is a finite index subgroup, and ker¢
is of type F,, with m > % The remainder of the argument does not depend on the
choice of finite index subgroups 715y, and epimorphism ¢. Thus, the consequences
we derive below hold for all such choiées.

Proposition 7.3.4 implies that there is a finite index subgroup P < m; Sh§1 X+ o XTT] Sh;k
such that the inclusion Hy < P of H; := Pn H induces an injection (H1). < P, and
bi(H;) = M mod 2. Furthermore there are finite index subgroups TSy < mSu
1< j <k, such that P < mSh;/l X -ee X ﬂlSh;; and H,; < mSh;/l X +ee X ﬂlSh;; ar]e both fu]ll
subdirect products.

Consider the finite index subgroup Gy = G np;! (H,) < G. Then there are
finite index subgroups 7T15h;_/ < mSg;, 1 <j<s, such that the projection py . (G1) <
7T15h'1' x - x mSpr is full subdirect (the notation is deliberate, since for j = 4;, 1 <

[ < k, the groups are indeed the groups m.Sy» obtained above). By construction
1
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Piyi(G1) = Hy and Gy is of type F,, for m > 2. In particular, G, is finitely
presented.

It follows that Gy := ©"1(G;) < G is a finite index Kéhler subgroup. Consider
the induced homorphism p; ..z 0 : G, - P1,..s(G1) onto the finitely presented full

subdirect product p; .. s(Gy) < 7T15hflf x - x Sy, Its kernel is an extension

1—- N — ker (pl,...,s o 'QM@I) — ker (pl,m,s'G’l) - L

ker (p1,..s|la,) < Z(G) = 27 is a finitely generated (abelian) group and N is finitely
generated by assumption, so ker (pl,...,s oz/1|§1) is finitely generated. It follows from
Theorem 7.2.1 that M = b;(H;) = 0 mod 2. Thus, there is [ > 0 such that M =2I. O

We will use Theorem 6.4.3 to prove Proposition 7.3.4.

Proof of Proposition 7.3.4. Assume that H = ker¢ is of type F,, and that m > % By
Corollary 6.4.5 the group ¢(m1 Sy, x - xmS,, )< A=Zis afinite index subgroup
for every 1 <4y <+ <tp_py <7

Since m > %7" it follows that r —m < 3. Hence, we can partition {1, r} into
three subsets By = {jo=1,-+Jj1}, Ba = {j1+1,-+,j2} and Bz = {jo+ 1,4, =1} of
size |By| > 7 -m. Let P, = T1Sg; o X x TS, and let A; := o(P;) < A ="7Dbe the
corresponding finite index subgroups of A. The intersection A = A; n Ay N As is itself
a finite index subgroup of A and in particular A = Z!.

Define finite index subgroups P, := ¢~}(A) n P, < P;. Since ¢(P;) = A; > A we
have ¢(P) = A. Consider the restriction ¢ : Py ogx Pygx Psg— A to the finite index
subgroup P := Py gx Paogx P30 <G.

After possibly passing to finite index subgroups w5y, < m Sy,
that P < mySp, x -+ x w5y, is a full subdirect product. By construction E(P@o) = A

Wwe 1may assume

for i = 1,2,3. Thus, the projection of Hy := ker¢ onto the factors P, o is surjective for
1 =1,2,3 and in particular Hy is itself a full subdirect product of m .Sy, x -+ x .Sy, .
Since P < G is a finite index subgroup the group Hy < ker¢ is a finite index subgroup.

Since the restriction of the homomorphism 5 t Plox Py x Py — A to every
factor is surjective we can apply Theorem 7.1.5 to ¢. It follows that the induced

homomorphism (ker®)a, = (Ho)ap = Pap is injective and
bl(H(]) = bl(P) -1 = bl(Pl,O) + bl(P2,0) + bl(Pg,o) - 1.
Corollary 7.1.3 implies that by (P, ) is even for ¢ = 1,2,3. Thus, we obtain

b1(Hp) =1 mod 2.
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7.4 Consequences and generalisations

In this section we discuss some consequences and generalisations of the results of this
chapter. Most of the topics presented in this section offer tempting open questions

and we are currently pursuing them.

7.4.1 Orbifold fundamental groups and the universal homo-
morphism

Most of the results in Section 7.2 and Section 7.3 also hold if we replace the surface
groups 7S, by orbifold fundamental groups 7S, (as defined in Section 2.3). In
particular, Theorem 7.2.1, Proposition 7.2.2, Proposition 7.3.4 and Theorem 7.3.1
hold in this more general setting. This is because Lemma 2.3.3 also applies to orbifold
fundamental groups and the same holds for all of the required results about subgroups
of direct products of surface groups (because we can always pass to finite index surface
subgroups m1.5y,, < ¢S, and this implies the analogous results for subdirect products
of orbifold fundamental groups).

The range of potential applications of Theorem 7.3.1 becomes particularly clear if
for a Kahler group G we combine its orbifold version with the universal homomorph-
ism ¢:G - T x - x 93, to a product of orbisurface fundamental groups from

Corollary 3.2.7 and the following observation:

Lemma 7.4.1. Let X be a compact Kihler manifold, let G = m X be its fundamental
group and let ¢ : G > Y x - xS be the universal homomorphism to a product
of orbisurface fundamental groups defined in Corollary 3.2.7.

Then ¢ is induced by a holomorphic map f : X — ¥ x---x X, and the image
G:= ¢(§) <Y x - x Y, of ¢ is a finitely presented full subdirect product.

Proof. To simplify notation denote by T; := 7¢"*Y; the orbifold fundamental group of
3 for 1 <4 <r. The only part that is not immediate from Corollary 3.2.7 is that the
image G of the restriction ¢|z is finitely presented.

To see this, recall that by Corollary 3.2.7 we have that the composition p; o ¢ :
G - 7%, of ¢ with the projection onto 79, has finitely generated kernel. This
implies that the kernel

N;:=ker(pilg) =Gn (T x--xTj 1 x1xTiy x--xT,) 4G

of the surjective restriction p;|¢ : G — I'; is a finitely generated normal subgroup of

G.
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Finite presentability is trivial for » = 1, so assume that » > 2. Let 1 <1< j <.
The image of the projection p; ;(G) <T';xT'; is a full subdirect product and p; ;(N;) <
pij(G) is a normal finitely generated subgroup. Since by definition p; ;(N;) < 1xT; it
follows from subdirectness of p; ;(G) that in fact p; ;(IV;) <1 xI'; is a normal finitely
generated subgroup.

The group I'; = 7{"*%; is Schreier without finite normal subgroups. Hence, p; ;j(N;)
is either trivial or has finite index in I';. The former is not possible, because G is full.
It follows that p; ;(N;) 91 x G, is a finite index subgroup. Thus, p; ;(G) <T'; xI'; is
a finite index subgroup. Since ¢ and j were arbitrary we obtain that G has the VSP
property. This implies that G is finitely presented. O

Note that the only place in the proof of Theorem 7.3.1 where we used that the
kernel N of the homomorphism ¢ is finitely generated was to obtain holomorphic
maps inducing the epimorphisms p; o ¢|§1 Gy~ TSy, obtained by restricting the
projections p; o ¢ : G — 793, to finite index surface subgroups. Since the universal
homomorphism ¢ is by definition induced by a holomorphic map, it is clearly possible
to induce the restrictions p;o¢|g, by holomorphic maps — the argument is the same as
in the proof of Proposition 7.2.2. Thus, ¢ and its image satisfy all of the conclusions

of Theorem 7.3.1. As a consequence we obtain a different version of Theorem 7.3.1.

Theorem 7.4.2. For every Kdihler group G there are r > 0, closed orientable hyper-
bolic orbisurfaces X; of genus g; > 2 and a homomorphism ¢ : G — TN x - x w9,
with the universal properties described in Corollary 3.2.7. Its image ¢(§) <Y x
- x Y, is a finitely presented full subdirect product.

If G is of type F,, for m > % then for every 1 < iy < --- <1, <1 the projection
Diy...ir, (G) < ﬂf”bZil X +ee X 7r‘1”"b2ik has a finite index coabelian subgroup, and every

finite index coabelian subgroup of p;, .. i, (G) is coabelian of even rank.

Lemma 7.4.1 and its proof raise the natural question if there is a geometric ana-
logue of the VSP property in this setting. More precisely, it is natural to ask if the
composition f;; : X — 3; x 3J; of the holomorphic map f: X — ¥; x--- x ¥, inducing
the universal homomorphism and the holomorphic projection ¥; x --- x ¥, — 3J; x ¥;

is surjective. The answer to this question is positive.

Proposition 7.4.3. Let X be a compact Kihler manifold and let G = mX. Let
f=(f1, fr): X >3 x---x 3. be a holomorphic realisation of the universal homo-
morphism ¢ : G — 0% x -~ x 7%, defined in Corollary 3.2.7.

Then the holomorphic projection fi; = (fi, f;) + X = X; x 3, is surjective for
1<i<j<r.
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Proof. Since >J; x 3; is connected of complex dimension 2 and f;; is holomorphic it
suffices to show that the image of f;; is 2-dimensional. After passing to finite covers
R,, — %; by closed Riemann surfaces of genus «; > 2 and the induced finite-sheeted
cover Xog - X with fi(mXo) = (mR,, x---xm R, )N fi(mX), we may assume that
the Y; are closed Riemann surfaces.

Let g = (g1,...,9) : Xo = Ry, x---x R, be the corresponding holomorphic map
with full subdirect image g.(m1Xo) = f«(m1Xo). For 1 <i < j <r consider the image
9ij(Xo) ¢ Ry, x R, of the holomorphic map gi; = (g:,9;) : Xo = R, x R,,. Assume for
a contradiction that it is one-dimensional (equivalently, the image f;;(X) c X; x3; of
fij = (fi, f;) is one-dimensional).

Then Stein factorisation provides us with a factorisation

ho %

h
9gij ‘/ !

9i(Xo)

such that h; is holomorphic and finite-to-one, hy is holomorphic with connected fibre
and Y is a complex analytic space of dimension one. It is well-known that smoothness
and compactness of X and the fact that Y is one-dimensional imply that we may
assume that Y is a closed Riemann surface. Since the argument is short, but hard
to find in the literature, we want to sketch it for the readers convenience: Since
X is smooth and compact it is a normal complex analytic space. By the universal
property of the normalisation Y, — Y we may assume that hy factors through
hl: X —=Y,, and it is easy to see that hj has connected fibres. Thus, we may assume
that Y is a one-dimensional normal complex analytic space. Now use the fact that
one-dimensional normal complex analytic spaces are smooth.

By projecting ¢;;(Xo) to factors we obtain factorisations

XOLY XOLY ,

NN

R, R,

g J

in which all maps are surjective and holomorphic, and in particular ¢; and g; are

finite-sheeted branched coverings.
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Connectedness of the fibres of hy implies that the induced map ho, : 1 X - mY
is surjective. Since the induced maps g;, : mX - m R, and g;. : mX - mR,,
are surjective it follows that ¢; . and g¢;. are surjective. Hence, the fact that the
kernels of g; » and g; . are finitely generated implies that the kernels kerg; . and g¢; .
are finitely generated. The Schreier property of surface groups implies that ¢; . and
qj,» are isomorphisms.

It follows that g;; factors as

Y

90 l (4i,95)
R, x R"/j

J

where the induced map (g, ¢q;.) : mY — m R, xm R, is injective. In particular
the image of (¢;«,q;.) does not contain Z? as a subgroup, because the fundamental
group of the closed hyperbolic surface mY does not. In contrast Lemma 7.4.1 and
its proof imply that the image gy;.(m Xo) < T R,, x 1 R, is a finite index subgroup
and therefore contains Z? as a subgroup. This contradicts the assumption. It follows
that g;;(Xo) is 2-dimensional. O

It is natural to ask if there is a generalisation of Proposition 7.4.3 to give surjective
holomorphic maps onto products of k factors. The examples constructed in Theorem
4.3.2 show that this is certainly false for general k > 3 — for instance consider The-
orem 4.3.2 with » = 3 and any choice of branched coverings satisfying all necessary
conditions. More generally, we also note that all of the groups constructed in The-
orem 4.3.2 are projective. Thus, we can use the Lefschetz Hyperplane Theorem (see
Appendix B) to realise them as fundamental groups of compact projective surfaces.
Hence, we can not even hope for holomorphic surjections onto k-tuples under the
additional assumption that our groups are of type F,, and that k£ < m. Indeed, the

correct way to phrase this question seems to be as follows:

Question. Let X be a compact Kahler manifold with m;X =0 for 2<i<m -1 and
let G=mX. Let ¢: G — Y x - x Y be the universal homomorphism defined
in Corollary 3.2.7 and let f = (f1,...,fr) : X = Xy x---x X, be a holomorphic map
realising ¢.

If the image ¢(G) < w005 x - x w*S, has finiteness type F, with m > 2, does
this imply that for all 1 < iy < --- < iy < r the corresponding holomorphic projection

(fir, = fir) : X = Xy, x---x X, onto k factors is surjective?
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7.4.2 Delzant and Gromov’s question in the coabelian case

Theorem 6.4.1 provides classes of examples of Kahler subgroups of direct products of
surface groups arising as kernels of homomorphisms onto a abelian groups of arbitrary
even rank. For any k& > 1, Remark 7.1.7 provides large classes of non-Kéhler subgroups
of direct products of surface groups arising as kernel of a homomorphism onto a
coabelian group of rank k. In particular, we obtain examples of such subgroups with
even first Betti number which are not Kéhler.

Following these results, the main question which remains open is if there are any
Kahler subgroups of direct products of surface groups which arise as the kernel of a
homomorphism onto a free abelian group of odd rank. This chapter shows that in
many cases such groups can not be Kahler and we believe that they can never be
Kahler. While we can not give a full proof of this result at this point, Theorem 7.3.1
and Corollary 7.3.2 make this result seem very plausible. Indeed we would not be
surprised if a more careful analysis of the techniques and results developed here can
be used to give a negative answer to this question; we are currently pursuing this.
A particularly promising approach is to try and find projections to fewer factors for
which the conclusions of Theorem 7.3.1 hold and to show that if the group is coabelian
of odd rank then there is a projection with the same properties.

In fact, more strongly, we believe that for a coabelian group even the restrictions

of the homomorphism to single factors should have even rank image in the free abelian

group.

Reducing the number of surjections in Theorem 7.1.5

If in Theorem 7.1.5 we assume that the G; = m.5,, are fundamental groups of closed
Riemann surfaces of genus g; > 2 (or more generally non-abelian limit groups) and
that kery is finitely presented, then kerty virtually surjects onto pairs and we can
apply Lemma 6.4.4 and methods similar to the ones used in the proof of Proposition
7.3.4 to show that it suffices to assume that the restriction of ¢ to at least two factors

(rather than three) is surjective.

Maps onto Z? and Z3

Using combinatorial arguments and the VSP property we can also show that every
finitely presented subgroup of a direct product of surface groups which arises as the
kernel of an epimorphism from the product onto Z? (Z?) has a finite index subgroup

with even (odd) first Betti number. In particular, the kernel of an epimomorphism
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from a direct product of surface groups onto Z? can not be Kahler, in analogy to
Theorem 7.1.1. These combinatorial arguments do not generalise in any obvious way
to Z* with k > 4.

Potential generalisation of Theorem 7.3.1

The only obstruction to weakening the condition k£ < 37’” on k in Theorem 7.3.1 comes
from the same condition in Proposition 7.3.4. We want to explain why we expect
that this condition can be reduced to m > 5 + 1.

Assume that the kernel H = ker¢ of an epimorphism ¢ : G = Gy x--- x G, - Z!
surjects onto m tuples for m > ¢ + 1 if  is even or m > 7 if 7 is odd. Then for any i €
{1,---,r} there is a partition of {1,...,7} {7} into two sets A; = {a; 1, a;x, } and B; =
{bi1, bin, } with k;,;n; > m. Thus, by Lemma 6.4.4, the restrictions ¢|Gai,1x“'XGai,ki
and ¢|Gbi,1x"'XGb¢,ni are surjective.

An argument very similar to the proof of Theorem 7.1.5 shows that ¢ induces a
short exact sequence

1> Hy—Guy— 7> 1

and in particular by (H) = b1 (G) - L.

We hope to use this observation to improve the conditions on m in Proposition
7.3.4. Assume that we can show that for every group H of type F,, (m as above)
which is the kernel of an epimorphism ¢ : m.S,, x---x 1S, — Z', there is a subgroup
Hy < H of finite index which is the kernel of the restriction ¢ : Sy, x -+ x 7Sy, > Z
to finite index subgroups 5y, < .Sy, and surjects onto m-tuples in w5y, X+ - -x7 S}, .
Then it follows from the previous paragraph that b;(Hy) =1 mod 2. This means that
under these assumptions we can reduce the condition in Proposition 7.3.4 to m > 5 +1
if 7 is even and m > 5 if 7 is odd.

Since by Theorem 6.4.3 any such group H of type F,, virtually surjects onto m-
tuples it seems reasonable to expect that it thus indeed suffice to put these weaker
conditions on m. However, it is not clear to us whether the approach described
in the previous paragraph will lead to the desired result or if different techniques
which avoid producing a situation where we have actual surjection to m-tuples will
be needed. This is because so far we have not been able to establish the assumption

required in the previous paragraph, since the most natural approaches seem to fail.
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7.4.3 Construction of non-Kahler, non-coabelian subgroups

The general nature of Theorem 7.3.1 means that it has potential applications far
beyond the realm of coabelian subgroups of direct products of surface groups. One
particularly tempting instance of such a potential application is the question of finding
irreducible examples of non-Kéhler subgroups of direct products of surface groups
which are not virtually coabelian.

Currently there is only one known construction of subgroups of direct products of
limit groups which are not virtually coabelian. This construction is due to Bridson,
Howie, Miller and Short and their examples are subgroups of direct products of free
groups (see [31, Section 4]). We shall explain how the groups arising from their
construction can be used to obtain examples of subgroups of direct products of surface
groups which are not virtually coabelian and why we expect that some (and probably
even all) of these subgroups are not Kéahler.

The examples of Bridson, Howie, Miller and Short are finitely presented subdirect
products H, 5 < FQ(I) X oo X FQ(T) =1 P, of r 2-generated free groups FQ(i); they can
readily be generalised to examples of finitely presented subdirect products H,, <
F,gl) X e X F,ET) of n-generated free groups F,gi) for all n > 2, r > 3. Finite presentability
implies that the groups H, , have the VSP property.

The key property of the groups H, , is that they are conilpotent of nilpotency
class r —2: the intersection H,, N FY = yr_l(Fé“) is the (r —1)-th term of the lower
central series of F,gi), 1 <7 <r. This property of the H,, shows that there are no
finite index subgroups A; < F such that Y (A;) < vr_l(F,gi)) =H,,n EY for any
k < (r—2) — if there were, then this would mean that there is a homomorphism
N[ (A;) = F,&")/yr,l(ﬂﬁ“) with finite index image of nilpotency class k-1 <r —2.
In particular, the H, , can not be virtually coabelian for r > 4.

Observe that the H, , are irreducible, since if there was a finite index subgroup
H, x Hy < H,5 with H; < FW o x B and Hy < FEY x oo x F,Y), then each factor
H; would be conilpotent of lower nilpotency class by [31, Theorem C(2)].

Let 71S,, be the fundamental group of a surface of genus g and let oy, £1,---, ayn, Bp
be a standard symplectic generating set for m.S,. Let ¢: .S, = F, = F({a,...,a,})
be the epimorphism defined by «; — a;, 5; = 1, 1 <7 <n. Take r copies 7T15,(11), ce
5 of 1S, together with epimorphisms ¢; : 7.5 — E of this form. Consider

the surjective product homorphism

v=(q,-..,q) 37T15,(11) ><---><7T15,(f) —>FT§1) x...xF,§7">,
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The preimage G,.,, := Y71(H,,) < WlS,(Ll) X -ee X ﬂlS,(f) is a full subdirect product
and has the VSP property. Thus, the G, ,, are finitely presented. By definition the
intersections NV; := G,.,, N mSy(f) satisfy mS,(f)/Ni & F,E“/%,l(F,E“). In particular, it
follows from the same argument as for H,, that G, is conilpotent of nilpotency
class precisely r — 2 and has no finite index subgroup which is conilpotent of lower
nilpotency class. Thus, the group G, ,, is not virtually coabelian.

Proposition 6.4.7 and finite presentability of the H, , imply that the projections
Diyissis (Hyn) are virtually coabelian for 1 <y < iy < i3 < 7. Assume that there are finite
index subgroups A;, < F,Ei’“), N >0 and an epimorphism ¢ : A;, x Ay, x A;, - Z2N+1,
Then the preimages Kik =q ' (Ay) <m SU*) are finite index subgroups. We obtain an
induced epimorphism ¢ = ¢ o (¢, , @iy, @iy ) : Niy X Ny x Ay, — Z2N*1. Since projection to
factors commutes with 1 it follows that kerg < Diviniis (Grn) <1 S,(Lil) X1 Sr(fé) Xy S,(fg)
is a finite index subgroup of p;, i, i, (G, ) which is coabelian of odd rank. Thus, if
such A;, and ¢ exist for any 1 <14y < iy <i3 <7, then by Theorem 7.3.1 the group G, ,,
is not Kéahler.

Due to the general nature of the construction in [31] it would be remarkable if all
finite index coabelian subgroups of the (finitely presented) projections p;, i, is (Hyp) <
F,gil) N F,Em X F,§i3> with 1 <4y <ig<ig<r,r>3,n>2, were coabelian of even rank.
Indeed it seems merely a question of actually finding finite index coabelian subgroups
of odd rank. The explicit way in which the groups H,, are defined in [31, Section
4] allows for a direct search for such finite index subgroups and we are currently

pursuing this.
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Chapter 8

Kahler groups and Kodaira
fibrations

The finiteness properties of subgroups of direct products of surface groups are very
well understood [31, 30], so it is natural that the first examples of Kéhler groups with
exotic finiteness properties should have been constructed as the kernels of maps from
a product of hyperbolic surface groups to an abelian group, as explained in Section
2.5 and Chapter 4.

The main goal of this chapter is to construct two new classes of Kahler groups
with exotic finiteness properties. Our construction of these groups presents a second
application of the methods developed in Section 6.1.2. All of the groups constructed
in this chapter arise as fundamental groups of generic fibres of holomorphic maps from
a direct product of Kodaira fibrations onto an elliptic curve. A Kodaira fibration (also
called a regularly fibred surface) is a compact complex surface X that admits a regular
holomorphic map onto a smooth complex curve. Topologically, X is the total space of
a smooth fibre bundle whose base and fibre are closed 2-manifolds (with restrictions
on the holonomy).

The first and most interesting family arises from a detailed construction of complex
surfaces of positive signature that is adapted from Kodaira’s original construction of
such surfaces [88] (see Sections 8.2 and 8.3, in particular Theorem 8.3.1). In fact, our
surfaces are diffeomorphic to those of Kodaira but have a different complex structure.
The required control over the finiteness properties of these examples comes from the
results in Chapter 4. We will show that the groups are very different from all of the
previous examples; they do not have any finite index subgroup which embeds in a
direct product of surface groups (see Section 8.4).

Our second class of examples is obtained from Kodaira fibrations of signature zero

(see Theorem 8.1.1). Here the constructions are substantially easier and do not take
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us far from subdirect products of surface groups. Indeed it is not difficult to see that
all of the groups that arise in this setting have a subgroup of finite index that embeds

in a direct product of surface groups — this problem is solved in Section 8.4.

8.1 Kodaira fibrations of signature zero

In this section we will prove the following result:

Theorem 8.1.1. Fiz r >3 and fori=1,...,r let S,, - X, L Sy, be a topological
surface-by-surface bundle such that X; admits a complex structure and has signature
zero. Assume that v;,g; > 2. Let X = X1 x---x X,.. Let E be an elliptic curve and
let o+ Sy, = E be branched coverings such that the map Y;_ a; 2 Sy, x---x Sy — E is
surjective on my.

Then we can equip X; and Sy, with Kdhler structures such that:
1. the maps k; and «; are holomorphic;
2. the map f =¥ a;0k;: X - E has connected smooth generic fibre H ER X;

3. the sequence
1—>7T1F£;7T1X£;7T1E—>1

18 exact;
4. the group m H is Kdhler and of type F,_1, but not F,;

5. mH has a subgroup of finite index that embeds in a direct product of surface

groups.

Fibrations of the sort described in Theorem 8.1.1 have been discussed in the
context of Beauville surfaces and, more generally, quotients of products of curves;
see Catanese [45], also e.g. [10, Theorem 4.1], [53]. There are some similarities
between that work and ours, in particular around the use of fibre products to construct

fibrations with finite holonomy, but the overlap is limited.
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8.1.1 The origin of the lack of finiteness

We want to summarise the results of Chapter 4 which will be needed to prove that
the groups constructed in this chapter have exotic finiteness properties.

Let E be an elliptic curve and for ¢ =1,...,r let h; : S;, = E be a branched cover,
where each g; > 2. Endow S, with the complex structure that makes h; holomorphic.
Let Z = S, x---x S, . Using the additive structure on £, we define a surjective map

with isolated singularities and connected fibres

h:ihZZeE
i=1

The following criterion summarises the parts of Theorem 4.3.2 which are relevant
to this Chapter:

Theorem 8.1.2. If h, : mZ — m E is surjective, then the generic fibre H of h is
connected and its fundamental group m H is a projective (hence Kdhler) group that is

of type F,._1 but not of type F,.. Furthermore, the sequence
1—>7T1H—>7T1ZFL;7T1E—>]_

15 exact.

8.1.2 Kodaira Fibrations

The following definition is equivalent to the more concise one that we gave at the

beginning of this chapter.

Definition 8.1.3. A Kodaira fibration X is a Kéhler surface (real dimension 4) that
admits a regular holomorphic surjection X — S;. The fibre of X — S, will be a closed

surface, S, say. Thus, topologically, X is a S,-bundle over S,. We require g,vy > 2.

These complex surfaces bear Kodaira’s name because he [88] (and independently
Atiyah [8]) constructed specific non-trivial examples in order to prove that the sig-
nature is not multiplicative in smooth fibre bundles. Kodaira fibrations should not
be confused with Kodaira surfaces in the sense of [9, Sect. V.5], which are complex
surfaces of Kodaira dimension zero that are never Kahler.

The nature of the holonomy in a Kodaira fibration is intimately related to the

signature S(X), which is the signature of the bilinear form
U HY(X,R) x HX(X,R) > HY(X,R) 2 R
given by the cup product.
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8.1.3 Signature zero: groups commensurable to subgroups
of direct products of surface groups

We will make use of the following theorem of Kotschick [92] and a detail from his

proof. Here, Mod(S,) denotes the mapping class group of S,.

Theorem 8.1.4. Let X be a (topological) S,-bundle over S, where g,y > 2. Then

the following are equivalent:
1. X can be equipped with a complex structure and o(X) =0;

2. the monodromy representation p : m.S, - Out(mS,) = Mod(S,) has finite im-

age.
The following is an immediate consequence of the proof of Theorem 8.1.4 in [92].

Addendum 8.1.5. If either of the equivalent conditions in Theorem 8.1.4 holds, then
for any complex structure on the base space Sy there is a Kdhler structure on X with

respect to which the projection X — S, is holomorphic.

We are now in a position to construct the examples promised in Theorem 8.1.1.
Fix r > 3 and for i = 1,---,r let X, be the underlying manifold of a Kodaira fibration
with base S, and fibre S,,. Suppose that o(X;) =0. Let Z =5, x---x S, .

We fix an elliptic curve F and choose branched coverings h; : Sy, — E so that
h := ¥ h; induces a surjection h, : mZ - mE. We endow Sy, with the complex
structure that makes h; holomorphic and use Addendum 8.1.5 to choose a complex
structure on X; that makes p; : X; = S;, holomorphic. Let X = X; x---x X, and let
p: X — Z be the map that restricts to p; on X;.

Theorem 8.1.6. Let p : X - Z and h : Z — FE be the maps defined above, let
f=hop: X — FE and let H be the generic smooth fibre of f. Then m H is a Kihler
group of type F._1 that is not of type F, and there is a short exact sequence

1—>7r1ﬁ—>7T1X§7r1E:Z2—>1.

Moreover, m H has a subgroup of finite index that embeds in a direct product of surface

groups.

Proof of Theorem 8.1.6. By construction, the map f = poh : X - FE satisfies the

hypotheses of Theorem 6.1.5. Moreover, since Z is aspherical, m,Z = 0 and Proposition
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6.1.6 applies. Thus, writing H for the generic smooth fibre of f and H for the generic

smooth fibre of h, we have short exact sequences
l>mH->mX >mE=7>-1

and

1 - mS,, x---xmS, »mH—>mH—1.

The product of the closed surfaces S, is a classifying space for the kernel in the second
sequence, so Lemma 2.5.2 implies that 7 H is of type Fy, if and only if 71 H is of type
Fi. Theorem 8.1.2 tells us that 7w H is of type F,._; and not of type F,.. Finally, the
group m H is clearly Kahler, since it is the fundamental group of the compact Kéhler
manifold H.

To see that m H is commensurable to a subgroup of a direct product of surface
groups, note that the assumption o(X;) = 0 implies that the monodromy representa-
tion p; : m.Sy, = Out(m.S,,) is finite, and hence 71X, contains the product of surface
groups I'; = m 5., xkerp; as a subgroup of finite index. (Here we are using the fact that
the centre of S, is trivial - c¢f. Corollary 8.IV.6.8 in [36]). The required subgroup of

finite index in 7 H is its intersection with 'y x - x T',.. ]

In the light of Theorem 8.1.6, all that remains unproved in Theorem 8.1.1 is the
assertion that in general m H is not itself a subgroup of a product of surface groups.

We shall return to this point in the last section of this chapter.

8.2 New Kodaira Fibrations Xy,

In 1967 Kodaira [88] constructed a family of complex surfaces My ,, that fibre over
a complex curve but have positive signature. (See [8] for a very similar construction
by Atiyah.) We shall produce a new family of Kéahler surfaces Xy, that are Kodaira
fibrations. We do so by adapting Kodaira’s construction in a manner designed to allow
appeals to Theorems 6.1.5 and 8.1.2. This is the main innovation in our construction
of new families of Kahler groups.

Our surface Xy, is diffeomorphic to Kodaira’s surface My_ ,, but it has a dif-
ferent complex structure. Because signature is a topological invariant, we can appeal

to Kodaira’s calculation of the signature
o(Xnm)=8m* - N-m-(m?-1)/3. (8.1)

The crucial point for us is that o(Xx ) is non-zero. It follows from Theorem 8.1.4

that the monodromy representation associated to the Kodaira fibration Xy ,, — X
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has infinite image, from which it follows that the Kahler groups with exotic finiteness
properties constructed in Theorem 8.3.6 are not commensurable to subgroups of direct

products of surface groups, as we shall see in Section 8.4.

8.2.1 The construction of Xy,

Kodaira’s construction of his surfaces My, begins with a regular finite-sheeted cov-
ering of a higher genus curve S — R. He then branches R x S along the union of two
curves: one is the graph of the covering map and the other is the graph of the covering
map twisted by a certain involution. We shall follow this template, but rather than
beginning with a regular covering, we begin with a carefully crafted branched covering
of an elliptic curve; this is a crucial feature, as it allows us to apply Theorems 6.1.5
and 8.1.2. Our covering is designed to admit an involution that allows us to follow
the remainder of Kodaira’s argument.

Let £ = C/A be an elliptic curve. Choose a finite set of (branching) points B =
{by,-,byy} ¢ E and fix a basis 1,7, of A = m E = Z2 represented by loops in E \ B.
Let pz: E — E be the double covering that the Galois correspondence associates to
the homomorphism A — Z, that kills f7;. Let uy be the unique lift to E of 1z, (it has
two components) and let uy be the unique lift of 2-75. Note that m E is generated
by pe and a component of .

E has a canonical complex structure making it an elliptic curve and the covering
map is holomorphic with respect to this complex structure.

Let 75 : E — E be the generator of the Galois group; it is holomorphic and
interchanges the components of F \ p;.

Denote by B and B®) the preimages of B in the two distinct connected com-
ponents of £\ ;. The action of 75 interchanges these sets.

Choose pairs of points in {bayg_1,bar} ¢ B, k = 1,---, N, connect them by disjoint
arcs 71,7y and lift these arcs to E. Denote by ~1,---, 75 the arcs joining points in
BW and by ~%,-+,7% the arcs joining points in B(?).

Next we define a 3-fold branched covering of E as follows. Take three copies
Fi, Fy and F3 of E~ (BM u B@) identified with £~ (BM u B®)) via maps ji, jo
and j3. We obtain surfaces GGy, G5 and G3 with boundary by cutting F; along all
of the arcs 7?,---,7%, cutting F along the arcs 7, ¢ = 1,2, k = 1,--, N and cutting
F; along the arcs ~7,--,7y. Identify the two copies of the arc v} in F, with the
two copies of the arc 7} in F3 and identify the two copies of the arc 47 in I, with

the two copies of the arc 47 in F} in the unique way that makes the continuous
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Figure 8.1: Ron,1 as branched covering of E together with the involution 7g

map pg : G1 UGy UGs — E~ (BM uB®) induced by the identifications of F; with
E~ (BMWuB®) a covering map. Figure 8.1 illustrates this covering map.

The map pg clearly extends to a 3-fold branched covering map from the closed
surface Ron,1 of genus 2N +1, obtained by closing the cusps of GiuG,UGs, to E. By
slight abuse of notation we also denote this covering map by pg : Royi1 = E. There
is a unique complex structure on Ryy,; making the map pg holomorphic.

The map 7 induces a continuous involution 75 : Go — G5 and a continuous

involution 7 3 : G1uGs — G uUG3 without fixed points: these are defined by requiring
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the following diagrams to commute

G = G

| |

E~(BOuB®)—E~F\ (BWuUB®),

71,3

G1 7 G3

| |

E~(BWuB®) "2~ E\ (BOUB®),

71,3

Gy ’ G

| |

E~(BMWuB®) -~ E~\(BOuUB®),

wherein j; denotes the unique continuous extension of the original identification j; :
F. > E~ (BO uB®).

The maps 7, and 71 3 coincide on the identifications of G; u G5 with G and thus
descend to a continuous involution Ron.1\pi (BWUB®)) > Roniy N pH(BMuB®)
which extends to a continuous involution 75 : Raon+1 = Ran+1-

Consider the commutative diagram

R2N+1 \pEI(B(l) U B(Q)) l) R2N+1 AN pEI(B(l) U B(Q))

pEl pEl

EN(BWUB®) ————E~ (BOuB®).

As pg is a holomorphic unramified covering onto E \ (B(M u B®)) and 75 is a holo-
morphic deck transformation mapping F \ (B u B(®) onto itself, we can locally
express 7 as the composition of holomorphic maps pg! o 7 o pr and therefore 75 is
itself holomorphic.

Since 7 extends continuously to Ron,1, it is holomorphic on Ron, 1, by Riemann’s
Theorem on removable singularities. By definition 75 o 7g = Id. Thus 75 : Rony1 —
Ron 41 defines a holomorphic involution of Roy,1 without fixed points.

We have now manoeuvred ourselves into a situation whereby we can mimic Kodai-
ra’s construction. We replace the surface R in Kodaira ’s construction [88, p.207-208]
by Ron41 and the involution 7 in Kodaira’s construction by the involution 7z. The
adaptation is straightforward, but we shall recall the argument below for the reader’s

convenience.
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First though, we note that it is easy to check that for m > 2 we obtain a complex
surface that is homeomorphic to the surface My_1,, constructed by Kodaira, but in
general our surface will have a different complex structure.

We denote this new complex surface Xy ,. Arguing as in the proof of [92, Pro-

position 1], we see that Xy, is Kéhler.

8.2.2 Completing the Kodaira construction

Let ay, (1, aany1, Pons1 denote a standard set of generators of m Ronyq satisfying
the relation [ay, B1] - [aony1, Bans1] = 1, chosen so that the pairs aq, 81, @z, 32 and
as, B3 correspond to the preimages of p; and ps in Gy, Gy and G5 (with tails con-
necting these loops to a common base point).

For m € Z consider the m?9-fold covering qr : S - Ran,1 corresponding to the

homomorphism
T Rons1 = (Z[/mZ)*
(07 nd (07“'70712@'7170707”'70) (82>
/Bi = (07 ) 07 07 12i7 07 ) 0)7
where 1; is the generator in the i-th factor. By multiplicativity of the Euler charac-
teristic, we see that the genus of S is 2N -m?9 + 1.
To simplify notation we will from now on omit the index R in qr and 75, as well

as the index 2N + 1 in Rayy1, and we denote the image 7(r) of a point r € R by r*.
Let g* =70q:S - R,let W =R xS and let

I'={(q(u),u) [ueS},

" ={(¢"(u),u) | ueS}
be the graphs of the holomorphic maps ¢ and ¢*. Let W” = W ~ (I'ul'*). The

complex surface Xy, is an m-fold branched covering of W branched along I' and I'*.

Its construction makes use of [88, p.209,Lemmal:

Lemma 8.2.1. Fiz a point ug € S, identify R with R xuqg and let D be a small disk
around ty = q(ug) € R. Denote by ~y the positively oriented boundary circle of D. Then
v generates a cyclic subgroup () of order m in Hy(W",Z.) and

H(W",Z) = Hi(R,Z) ® H,(S,Z) & {~). (8.3)
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The proof of this lemma is purely topological and in particular makes no use of
the complex structure on W”. From a topological point of view our manifolds and
maps are equivalent to Kodaira’s manifolds and maps, i.e. there is a homeomorphism
that makes all of the obvious diagrams commute.

The composition of the isomorphism (8.3) with the surjective homomorphism
mW" - H{(W" 7Z) induces an epimorphism m W"” — (7). Consider the m-sheeted
covering X" — W' corresponding to the kernel of this map and equip X" with the
complex structure that makes the covering map holomorphic. The covering extends
to an m-fold ramified covering on a closed complex surface Xy, with branching loci
[ and I'*.

The composition of the covering map Xy ., — W and the projection W = RxS - S
induces a regular holomorphic map ¢ : Xy, - S with complex fibre R’ = ¢~1(u) a
closed Riemann surface that is an m-sheeted branched covering of R with branching
points ¢(u) and ¢*(u) of order m. The complex structure of the fibres varies: each

pair of fibres is homeomorphic but not (in general) biholomorphic.

8.3 Construction of Kahler groups

The main result of this section is:

Theorem 8.3.1. For each r > 3 there exist Kodaira fibrations X;, i=1,...,7r, and a
holomorphic map from X = X; x---x X,. onto an elliptic curve E, with generic fibre

H, such that the sequence
l>mH->mX >mE -1

is exact and m H is a Kdhler group that is of type F._i but not F,.
Moreover, no subgroup of finite index in m H embeds in a direct product of surface

groups.

We fix an integer m > 2 and associate to each r-tuple of positive integers N =
(Ny,-++, N,) with r > 3 the product of the complex surfaces Xy, ,,, constructed in the

previous section:
X(N,m) = Xnym < x Xy, m-

Each Xy, ,, was constructed to have a holomorphic projection ; : Xy, ., = S; with
fibre R;.

147



By construction, each of the Riemann surfaces S; comes with a holomorphic map
fi = pioq, where p; = pg,; : Ran,;+1 — E and ¢; = qri 0 Si = Ron,+1. We also need the
homomorphism defined in (8.2), which we denote by 6;.

We want to determine what f;.(mS;) 4 m F is. By definition ¢;.(m5;) = ker(6;),
80 fi.(m15;) = pix (kerd;). The map 6; factors through the abelianisation Hy(R;,Z) of
7 R;, yielding 0, : Hy(R;,Z) — (Z/mZ)%:, which has the same image in H,(E,Z) =
mE as fi.(m.S;).

Now,

ker?i = (m . [Oél] ,m - [Ozl] , 1. [61] IR [QQNZ.+1] , 1. [62Ni+1]> < Hl(RZ,Z)

and «;, ; were chosen such that for 1 < <r we have

,if j€{1,2,3 ,if 7e{1,2,3
b [aj]:{gl ,elsje { } andp“[ﬁj]:{gz ,elsje { } '

(Here we have abused notation to the extent of writing u; for the unique element of

m E = H{E determined by either component of the preimage of 7z, in £.) Thus,

fi*(ﬂ'lsi) = (m ORI [LQ> < 7T1E. (84)

There are three loops that are lifts u&), ,ufi), uf’i) of py with respect to p; (regardless

of the choice of basepoint ugjz (0) € p;'(11(0))). The same holds for ps. And by
choice of a;, 5; for j € {1,2,3}, we have [ugj)] = [a;] € Hi(R;,Z) after a permutation
of indices.

Denote by ¢p : E/ - E the m?-sheeted covering of E corresponding to the sub-
groups fi.(mS;). Endow E’ with the unique complex structure making gz holo-
morphic. By (8.4) the covering and the complex structure are independent of i.

Since f;.(m15;) = qg.(m E') there is an induced surjective map f/: S; - E' making
the diagram

S, > R; (8.5)
fi J/ & J{pi
PO )
commutative. The map f/ is surjective and holomorphic, since f; is surjective and

holomorphic and ¢g is a holomorphic covering map.

Lemma 8.3.2. Let B’ = ¢;'(B), Bs, = {7 (B) = f,"/(B’). Let y},uy:[0,1] > E'\ B’
be loops that generate m E' and are such that qg o py = ui*, qg o ph = p3'.
Then the restriction f]:S;~ Bs, = E'\ B’ is an unramified finite-sheeted covering

map and all lifts of p and pf, with respect to f! are loops in S; \ Bg,.
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Proof. Since f; and gg are unramified coverings over E \ B, it follows from the com-
mutativity of diagram (8.5) that the restriction f/:5;\ Bg, = E’~ B’ is an unramified
finite-sheeted covering map.

For the second part of the statement it suffices to consider pf, since the proof of
the statement for p} is completely analogous. Let yo = 14(0), let x9 € f~1(yo) and let
vy :[0,1] = S; \ Bg, be the unique lift of x4} with respect to f/ with v, (0) = zo.

Since ¢; is a covering map it suffices to prove that ¢; oy is a loop in R; based at
20 = q;(zo) such that its unique lift based at xy with respect to ¢; is a loop in S;.

By the commutatitivity of diagram (8.5) and the definition of 1,

p'=qeops =qpe fievi=piogiov.

But the unique lift of pu* starting at z; is given by (uj )™ where jo € {1,2,3} is
uniquely determined by u%)(O) = z9. Uniqueness of path-lifting gives

Dym
qiovy = (u§0)) :

Thus (,LL%))M € kerf; = fi.(mS;). Now, kerf); is normal in m R; and ¢; : S; — R; is an

(€))

unramified covering map, so all lifts of (Mjo )™ to S; are loops. In particular v is a

loop in S;. U
Lemma 8.3.2 implies

Corollary 8.3.3. The holomorphic maps f! :S; = E' are purely-branched covering
maps for 1 <i <r. In particular, the maps f! induce surjective maps on fundamental

groups.

Remark 8.3.4. The invariants which we introduced in Chapter 4 for the Kéahler
groups arising in Theorem 8.1.2 lead to a complete classification of these groups in
the special case where all the coverings are purely-branched (see Theorem 4.6.2). Thus

Corollary 8.3.3 ought to help in classifying the groups that arise from our construction.

Let
ZN,m = Sl X oo X Sr.

Using the additive structure on the elliptic curve £ we combine the maps f/: S; - E’
to define h': Zn,, = E' by

h: ($1,"',$r) > ZT;fZ’(ZL‘Z)
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Lemma 8.3.5. For allm>2, allr >3 and all N = (Ny,...,N,), the map h: Zn m —

E’ has isolated singularities and connected fibres.

Proof. By construction, f/is non-singular on S;\ Bg, and Bg, is a finite set. Therefore,

the set of singular points of A’ is contained in the finite set
Bg, x -+ x Bg..

In particular, A’ has isolated singularities.
Corollary 8.3.3 implies that the f/ induce surjective maps on fundamental groups,

so we can apply Theorem 8.1.2 to conclude that A’ has indeed connected fibres. [

Finally, we define g : X~ m = ZN.m to be the product of the fibrations ; : Xy, », —

S; and we define
f=h'og: Xnm—E"

Note that g is a smooth fibration with fibre F ,, = R} x--- x R].

With this notation established, we are now able to prove:

Theorem 8.3.6. Let f: XN, = E' be as above, let FNM c Xnm be the generic
smooth fibre of f, and let Hw , be its image in Zn . Then:

1. ﬂlﬁl\hm 1s a Kdhler group that is of type F._1 but not of type F,;
2. there are short exact sequences
1- 7T1FN,m - 7T1FN,m 5 7T1HN,m -1

and

1- 7T1FN,m - 7T1XN,m i’ 7? ~ 1,

such that the monodromy representations m Hn m — Out(m FNm) and 22 —

Out (7 Fn,m) both have infinite image;

3. No subgroup of finite index in mﬁN,m embeds in a direct product of surface

groups (or of residually free groups);

4. mHN 15 irreducible.
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Proof. We have constructed FN,m as the fundamental group of a Kahler manifold,
so the first assertion in (1) is clear.

We argued above that all of the assumptions of Theorem 6.1.5 are satisfied, and
this yields the second short exact sequence in (2). Moreover, Zn, = S1 x -+ x S, is
aspherical, so Proposition 6.1.6 applies: this yields the first sequence.

FN m 1s a finite classifying space for its fundamental group, so by applying Lemma
2.5.2 to the first short exact sequence in (2) we see that mﬁN,m is of type F, if and
only if w1 HN ,, is of type F,,. Theorem 8.1.2 tells us that m Hn p, is of type F,_; but
not of type F,. Thus (1) is proved.

The holonomy representation of the fibration ﬁN,m — Hn m is the restriction
V= (plv "'>p7")|7T1HN,m : 7T1HN7m - OUt(ﬂ-lRi) Ko X OUt(ﬂ-lR;)

where p; is the holonomy of Xy, ,, = S;. Since the branched covering maps f/ are
surjective on fundamental groups it follows from the short exact sequence induced by
h' that the projection of v(m H) to Out(m R;) is p;(7m1.S;). In particular, the map v
has infinite image in Out(m; F') as each of the p; do. This proves (2).

Assertion (3) follows immediately from (2) and the group theoretic Proposition
8.4.1 below.

Assume that there is a finite index subgroup G x Gy < m H with Gy and Gy
non-trivial; its projection G x Gy < w1 H to .Sy x---x 1.5, is a finite index subgroup
of m{H. By Proposition 6.4.6, w1 H is irreducible and thus either GGy or G is trivial,
say GG1. Hence, G, < m1FN,» and the finite index subgroup (51 X 52) NN, <
m1 PN, decomposes as a direct product Gy x (52 N(mRL x-x ﬁlR;)) with s > 1.
In particular, the projection of Gy xGytomX ~N..m Yields a decomposition of a finite
index subgroup into a direct product of surface groups; this is impossible by definition
of the p; and Proposition 8.4.1 below. Assertion (4) follows. O

Theorem 8.3.1 is now a direct consequence of Theorem 8.3.6.

Remark 8.3.7 (Explicit presentations). The groups ﬂlﬁN,m constructed above are
fibre products over Z2. Therefore, given finite presentations for the groups m X, i,
1 < <r, we could apply the algorithm developed by Bridson, Howie, Miller and Short
[31], which we used to obtain the finite presentations in Chapter 5, to also construct

explicit finite presentations for these examples.
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8.4 Commensurability to direct products

Each of the new Kéhler groups I := m H constructed in Theorems 8.3.1 and 8.1.1 fits

into a short exact sequence of finitely generated groups
1-A->T->Q~1, (8.6)

where A =3 x---x ¥, is a product of r > 1 closed surface groups ¥; := m.5,, of genus
gi > 2.

Such short exact sequences arise whenever one has a fibre bundle whose base B
has fundamental group () and whose fibre F'is a product of surfaces: the short exact
sequence is the beginning of the long exact sequence in homotopy, truncated using
the observation that since A has no non-trivial normal abelian subgroups, the map
mB — m F is trivial. For us, the fibration in question is H — H, and (8.6) is a
special case of the sequence in Proposition 6.1.6. In the setting of Theorem 8.3.1,
the holonomy representation ) — Out(A) has infinite image, and in the setting of
Theorem 8.1.1 it has finite image.

In order to complete the proofs of the theorems stated in the introduction, we
must determine (i) when groups such as I' can be embedded in a product of surface
groups, (ii) when they contain subgroups of finite index that admit such embeddings,
and (iii) when they are commensurable with residually free groups. In this section
we shall answer each of these questions.

Recall that a finitely generated group is residually free if and only if it is a subgroup
of a direct product of finitely many limit groups. For a more detailed discussion of

residually free groups and limit groups see Sections 2.1 and 2.5.

8.4.1 Infinite holonomy

Proposition 8.4.1. If the holonomy representation Q) — Out(A) associated to (8.6)
has infinite image, then no subgroup of finite index in I" is residually free, and therefore

I’ is not commensurable with a subgroup of a direct product of surface groups.

Proof. Any automorphism of A = ¥; x --- x ¥, must leave the set of subgroups
{31, %, } invariant (cf. [33, Prop.4 ]). Thus Aut(A) contains a subgroup of fi-
nite index that leaves each ¥; invariant and O = Out(3;) x --- x Out(2,) has finite
index in Out(A).

Let p: @ — Out(A) be the holonomy representation, let Qy = p~1(0Q), and let
pi + Qo = Out(2;) be the obvious restriction. If the image of p is infinite, then the
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image of at least one of the p; is infinite. Infinite subgroups of mapping class groups
have to contain elements of infinite order (e.g. [83, Corollary 5.14]), so it follows
that I" contains a subgroup of the form M = ¥; x, Z, where a has infinite order in
Out(%;). If T'y is any subgroup of finite index in I', then My = 'y n M is again of the
form X x5 Z, where ¥ =Ty n%; is a hyperbolic surface group and g € Out(X) (which
is the restriction of «) has infinite order.

My is the fundamental group of a closed aspherical 3-manifold that does not
virtually split as a direct product, and therefore it cannot be residually free, by
Theorem A of [30]. As any subgroup of a residually free group is residually free, it
follows that I'y is not residually free.

For the reader’s convenience, we give a more direct proof that M is not residually
free. If it were, then by [14] it would be a subdirect product of limit groups Aqx---xA;.
Projecting away from factors that My does not intersect, we may assume that A;n M, #
1 for all 7. As M, does not contain non-trivial normal abelian subgroups, it follows
that the A; are non-abelian. As limit groups are torsion-free and My does not contain
73, it follows that ¢ < 2. Replacing each A; by the coordinate projection p;(My), we
may assume that My < A; x Ay is a subdirect product (i.e. maps onto both A; and
As). Then, for i = 1,2, the intersection MynA; is normal in A; = p;(My). Non-abelian
limit groups do not have non-trivial normal abelian subgroups, so I; = MynA; is non-
abelian. But any non-cyclic subgroup of M, must intersect ¥, so [y N and I, N %
are infinite, disjoint, commuting, subgroups of . This contradict the fact that ¥ is

hyperbolic. O

Corollary 8.4.2. The group m H constructed in Theorem 8.3.1 is not commensurable

with a subgroup of a direct product of surface groups.

8.4.2 Finite holonomy

When the holonomy ¢ — Out(A) is finite, it is easy to see that I" is virtually a direct
product.

Proposition 8.4.3. In the setting of (8.6), if the holonomy representation ¢ —
Out(A) is finite, then T has a subgroup of finite index that is residually free [respect-
ively, is a subgroup of a direct product of surface groups| if and only if Q has such a

subgroup of finite index.

Proof. Let Q1 be the kernel of @ — Out(A) and let I'; < T' be the inverse image of
(1. Then, as the centre of A is trivial, I'y ¥ A x ()4.
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Every subgroup of a residually free group is residually free, and the direct product
of residually free groups is residually free. Thus the proposition follows from the fact

that surface groups are residually free. O

Corollary 8.4.4. Fach of the groups mH constructed in Theorem 8.1.1 has a sub-

group of finite index that embeds in a direct product of finitely many surface groups.

Proof. Apply the proposition to each of the Kodaira fibrations X; in Theorem 8.1.1

and intersect the resulting subgroup of finite index in 7 X7 x--- x 1 X, with mH. O

8.4.3 Residually-free Kahler groups

We begin with a non-trivial example of a Kodaira surface whose fundamental group

is residually-free.

Example 8.4.5. Let G be any finite group and for i = 1,2 let ¢; : 3; — G be an
epimorphism from a hyperbolic surface group ¥; = m.5;. Let P < ¥; x 3y be the
fibre product, i.e. P ={(x,y) | ¢ () = ¢2(y)}. The projection onto the second factor

p; : P — 35 induces a short exact sequence
1-Y>P->3y->1

with >} = kerg; 4 ¥, a finite-index normal subgroup. The action of P by conjugation
on ¥; defines a homomorphism ¥y — Out(3) that factors through ¢ : ¥, - G =
¥ /%0

Let S| — S be the regular covering of S; corresponding to ¥} < ;. Nielsen
realisation [85] realises the action of ¥y on ¥} as a group of diffeomorphisms of 57,
and thus we obtain a smooth surface-by-surface bundle X with m X = P, that has
fibre S], base Sy and holonomy representation g¢,. Theorem 8.1.4 and Addendum
8.1.5 imply that X can be endowed with the structure of a Kodaira surface.

Our second example illustrates the fact that torsion-free Kahler groups that are

virtually residually free need not be residually free.

Example 8.4.6. Let R, be a closed orientable surface of genus g and imagine it as
the connected sum of ¢ handles placed in cyclic order around a sphere. We consider
the automorphism that rotates this picture through 27/g. Algebraically, if we fix the
usual presentation m R, = (ay, B, g, B, | [on, F1] -+ [y, By]), this rotation (which

has two fixed points) defines an automorphism ¢ that sends a; = a;,1, f§; = Bis1 for
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1<i<g-1and a, » ay, B, » B1. Thus (¢) < Aut(mR,) is a cyclic subgroup of
order g.

Let T}, be an arbitrary closed surfaces of genus h > 2 and let p : mT), — (5) =
Z/gZ < Out(m R,) be the map defined by sending each element of a standard sym-
plectic basis for H,(m Ty, Z) to ¢ = ¢ - Inn(m R,). Consider a Kodaira fibration
Ry, - X' — T}, with holonomy p. It follows from Proposition 8.4.9 that m X’ is not
residually free. And it follows from Theorem 8.4.10 that if the Kodaira surfaces in
Theorem 8.1.6 are of this form then the Kéhler group m H is not residually free.

Lemma 8.4.7. Let Y be a hyperbolic surface group and let G be a group that contains

33 as a normal subgroup. The following conditions are equivalent:

(i) the image of the map G - Aut(X) given by conjugation is torsion-free and the
image of G - Out(X) is finite;

(ii) one can embed ¥ as a normal subgroup of finite index in a surface group S so
that G - Aut(X) factors through ITnn(32) - Aut(3%).

Proof. 1If (i) holds then the image A of G — Aut(X) is torsion free and contains
Inn(X) 2 ¥ as a subgroup of finite index. A torsion-free finite extension of a surface
group is a surface group, so we can define 3 = A. The converse follows immediately
from the fact that centralisers of non-cyclic subgroups in hyperbolic surface groups

are trivial. m

Lemma 8.4.7 has the following geometric interpretation, in which ¥ emerges as

7T1(§/A)

Addendum 8.4.8. With the hypotheses of Lemma 8.4.7, let S be a closed hyperbolic
surface with ¥ = 1.8, let A be the image of G - Aut(X) and let A be the image of
G — Out(X). Then conditions (i) and (ii) are equivalent to the geometric condition

that the action A — Homeo(S) given by Nielsen realisation is free.

Proof. Assume that condition (i) holds. Since A is finite, Kerckhoff’s solution to
the Nielsen realisation problem [85] enables us to realise A as a cocompact Fuchsian
group: A can be realised as a group of isometries of a hyperbolic metric ¢ on S and
A is the discrete group of isometries of the universal cover S = H2 consisting of all
lifts of A < Isom(S,g). As a Fuchsian group, A is torsion-free if and only if its action
on S = H? is free, and this is the case if and only if the action of A = A/ on ¥ is
free. O
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As a consequence of Lemma 8.4.7 we obtain:

Proposition 8.4.9. Consider a short exact sequence 1 - F - G — ) - 1, where
F is a direct product of finitely many hyperbolic surface groups ¥;, each of which is

normal in G. The following conditions are equivalent:

(i) G can be embedded in a direct product of surface groups [resp. of non-abelian

limit groups and T'_1];

(ii) Q can be embedded in such a product and the image of each of the maps G —
Aut(3;) s torsion-free and has finite image in Out(X;).

Proof. 1f (ii) holds then by Lemma 8.4.7 there are surface groups S with 3; 95 of
finite index such that the map G — Aut(3};) given by conjugation factors through
G- Inn(ii) ~ 3. We combine these maps with the composition of G » Q and the
embedding of () to obtain a map ® from G to a product of surface groups. The kernel
of the map G — @ is the product of the 3;, and each ¥; embeds into the coordinate
for 5, so ® is injective and (i) is proved.

We shall prove the converse in the surface group case; the other case is entirely
similar. Thus we assume that G can be embedded in a direct product 3 x - x 5, of
surface groups. After projecting away from factors 3; that have trivial intersection
with G and replacing the 3; with the coordinate projections of G, we may assume
that G < Ay x--- x A,, is a full subdirect product, where each A; is either a surface
group, a non-abelian free group, or Z. Note that G n A; is normal in A;, since it is
normal in G and G projects onto A;.

By assumption F' = ¥ x---x 3, for some k. We want to show that after reordering
factors ¥; is a finite index normal subgroup of A;. Denote by p; : Ay x -+ x A, = A;
the projection onto the ith factor. Since F'is normal in the subdirect product G <
Ay x - x A, the projections p;(F') 4 A; are finitely-generated normal subgroups for
1 <i < m. Since the A; are surface groups or free groups, it follows, each p;(F") is
either trivial or of finite index. (For the case of limit groups, see [28, Theorem 3.1].)

Since F' has no centre, it intersects abelian factors trivially. Suppose A; is non-
abelian. We claim that if p;(F') is non-trivial, then F'n A; is non-trivial. If this were
not the case, then the normal subgroups F' and G n A; would intersect trivially in
(G, and hence would commute. But this is impossible, because the centraliser in A;
of the finite-index subgroup p;(F") is trivial. Finally, since F' does not contain any
free abelian subgroups of rank greater than k, we know that I’ intersects at most k

factors A;.
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After reordering factors we may thus assume that A; is the only factor which
intersects >; nontrivially. It follows that the projection of F' onto Ay x -+ x Ay is
injective and maps »; to a finitely generated normal subgroup of A;. In particular,

A; must be a surface group, and the action of G by conjugation on 3J; factors through

Inn(A;) - Aut(X;). O

Theorem 8.4.10. Let the Kodaira surfaces S,, = X; - S,, with zero signature be as
in the statement of Theorem 8.1.1 and assume that each of the maps o, : Sy, - E is

surjective on my. Then the following conditions are equivalent:
1. the Kdhler group mH can be embedded in a direct product of surface groups;
2. each m X; can be embedded in a direct product of surface groups;

3. for each X;, the image of the homomorphism mX; - Aut(m S,,) defined by

conjugation is torsion-free.

Proof. Proposition 8.4.9 establishes the equivalence of (2) and (3), and (1) is a trivial
consequence of (2), so we concentrate on proving that (1) implies (2). Assume that
m H is a subgroup of a direct product of surface groups.

The fibre of X = X x -+ x X, = Sy, x---x S, is F'=5, x---x S, . the restriction
of the fibration gives F' <= H — H. Each mS,, is normal in both m X and mH. By
Proposition 8.4.9 (and our assumption on m H), the image of each of the maps ¢; :
m H - Aut(m,S,,) given by conjugation is torsion-free, and the image in Out(7,S,,)
is finite. The map ¢; factors through p; : mX; = Aut(S,,). Because m H < m.S,, x
- x w18, is subdirect, the image of ¢; coincides with the image of p;. Therefore, the
conditions of Proposition 8.4.9 hold for each of the fibrations S,, = X; = S,,. O
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Chapter 9

Maps onto complex tori

In this chapter we are concerned with explaining a strategy for proving Conjecture
6.1.2. If successful, this would provide us with a construction method that may lead
to many new examples of Kéahler groups with interesting properties.

We consider a surjective holomorphic map h : X - Y with isolated singularities
and connected smooth generic fibre H, where X is a connected compact complex
manifold and Y is a complex torus. We want to show that h induces a short exact
sequence 1 - mH - m X M mY - 1.

For this the map h is lifted to amap i : X - Y = C* to the universal cover Y of Y.
We change coordinates on C* so that any line in the coordinate directions intersects
the critical locus Dy, of h in a discrete set (see Section 9.3, in particular Theorem
9.3.1). The idea is that one should be able to obtain X from H by attaching cells
of dimension at least dimH due to the local topology of isolated singularities (see
Section 9.2 and Section 9.4).

For the time being we are not able to prove Conjecture 6.1.2 in full generality,
because we loose properness of the map 7 in the induction process and properness is
currently required to make our proof work (see Lemma 9.4.3 and discussion in Section
9.4). However, we saw in Chapter 6 that a version of the conjecture is true in a more
specific situation in which we can guarantee properness due to additional symmetries
of Y.

Conjecture 6.1.2 would generalise Theorem 6.1.3. The conjecture is inspired by
Dimca, Papadima and Suciu’s Theorem 6.1.1. In the context of our conjecture also
see Shimada’s result [115, Theorem 1.1] which is a related result about algebraic
varieties. A successful proof of our conjecture would provide great potential for ap-
plications: for every compact Kéhler manifold the Albanese map provides us with a
natural holomorphic map to a complex torus and therefore there are plenty of poten-

tial sources for examples. It would also lead to an alternative proof of Theorem 6.3.3;
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we would no longer need to consider a filtration of Y and the more general fibrelong

isolated singularities.

9.1 Deducing the conjecture

We will first show how Conjecture 6.1.2 follows from the following Proposition:

Proposition 9.1.1. Assume that the conclusions of Lemma 9.4.3 hold. Then we can

find an increasing sequence H ¢ Xy c Xy c - c X, c - c X of open subsets such that
X =u, X, and 7(Xn, H) =0 for all i < dimH. In particular 7;(X, H) = 0.

Before explaining a strategy of proof for Proposition 9.1.1 which has the generality
that would be required to obtain Conjecture 6.1.2, we will show how this conjecture

can be derived from it.

Proof of Congecture 6.1.2. The proof follows that of [62, Theorem C]. Proposition
9.1.1 proves the first part of Conjecture 6.1.2. It is only left to prove that hy :
m(X) - m(Y) is surjective with kernel H.

Let C}j be the critical locus of h, Dj, = h(C},) the discriminant locus, and X* =
X ~Nh7 Y (Dy), Y* =Y ~ Dy. Surjectivity and holomorphicity of A imply that Cj, ¢ X
and D; ¢ Y are proper analytic subvarieties. Y* is connected, since every proper
subvariety of an analytic variety is of (complex) codimension > 1. Furthermore h* :
X* - Y* is surjective without critical points. Hence, by the Ehresmann Fibration
Theorem (see Appendix A) h* defines a locally trivial fibration H - X* - Y* and

consequently a long exact sequence in homotopy
= 7Tl([{) g 7T1(X*) — 7T1(Y*) — WO(H) e

Connectedness of H is equivalent to mo(H) = {0} and thus A, : 7 (X*) » m (V™) is
surjective. Since D), has real codimension 2 in Y, the inclusion ¢ : Y* — Y induces
a surjection vy : m (Y*) - m(Y). By the same argument the inclusion j : X* - X

induces a surjection on fundamental groups. The diagram

) N Vet

T

Xy

commutes and induces a diagram of fundamental groups. Thus, hy : X - Y is

surjective and induces an isomorphism 71 (X)/ker(hy) = m (Y).
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Next, we prove that the induced map p: X — X is the Galois covering corres-
ponding to the subgroup 7y (m (X)) = ker(hy) < 71 (X). It is straightforward to show
that pis indeed a covering map.

We only need to check that (i (X)) = ker(hy). Commutativity of diagram 9.1
and 7 (Y) = {0} imply that 7y (m (X)) < ker(hy).

7 (S RN v (9.1)

N, b

X —Y

Let now [v] € ker(hy) be represented by ~v:[0,1] » X. Then, as P is a covering,
~ lifts to a path 7 : [0,1] - X with p(F(0)) = B(F(1)) = 7(0). For the same reason
h o lifts to a loop 7 : [0,1] - Y with respect to p.

Observe that for all ¢ € [0,1]

p((o) (1)) = (poh)(FA(1)) = (h e PY(F()) = R((FoA) (1)) = h(7(1)) = p(F(1)).

Thus, the two paths 7 and h o@ are both lifts of v under p and coincide if we choose
7 to be the unique lift of v with F(0) = (7 07)(0). In particular, 7 o 5(0) = F(0) =
5(1) =hoF(1) and consequently o7 is a loop.

Since the fibres of i are connected, F(0) and F(1) lie in the same path-component
of h=1(5(0)). Thus, there is a loop 5 : [0,1] - X with po5 =~ ~. This implies that
v €im(py) and hence

ker(hy) = im(py). (9.2)

Assume now that dimH > 2. Then Proposition 9.1.1 implies that 7 (X, H) =
m5(X, H) = 0. Thus, the long exact sequence of the pair (X, H) in homotopy implies
that m H =~ m X where the isomorphism is induced by the inclusion map. Hence,
diagram (9.1) induces the following commutative diagram on the level of fundamental

groups:

¥

mH m X mnY

N

7T1X—>7T1Y

11

This and equation (9.2) complete the proof of the Theorem, since

ker(hy) =im(py) 2 m H.
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9.2 Isolated singularities

The proposed strategy of proof for Proposition 9.1.1 requires some knowledge of the
theory of isolated singularities of fibrations. We want to give a brief introduction in
this section. Our exposition is based on the contents and notation of [101].

Let M be a complex manifolds. Recall that a (complex) analytic variety is a subset
X of M which can locally be described as zero set of finitely many holomorphic
functions. We call an analytic variety X irreducible if whenever X = X; u X, for
analytic subvarieties X; and X5 then either X; = X or Xy = X. A point x € X is
called smooth if X is a complex manifold in a neighbourhood of x, it is called singular
if it is not smooth. Analytic varieties behave in many ways very similar to complex
projective varieties; they admit a decomposition into irreducible components; the set
of smooth points of an irreducible analytic variety forms an open dense subset and its
complement is contained in a proper subvariety; and there is a well-defined notion of
dimension: The dimension n of an analytic variety X at z is the maximal dimension
of X as complex manifold at a non-singular point near . We say that X has pure
dimension n if X is n-dimensional at each of its points; irreducible analytic varieties
have pure dimension.

The vanishing ideal I of a point x € X is the ideal of germs of holomorphic
functions defined in a neighbourhood of z in M which vanish on X. Let X" ¢ MY
be an analytic variety of pure dimension n and assume that M is N-dimensional. We
call X complete intersection at x if the vanishing ideal I of X at x has a generating
set {f1,..., fn_n} With precisely N —n elements. By considering the dimension of a
nearby smooth point we see that every generating set of I has at least N—n generators.
Thus, the complete intersection condition means that we can reduce some generating
set of I to N —n elements. We call a point x € X an isolated singularity if there is an
open neighbourhood U of z in X such that X is singular in # and smooth in every
point of U~{z}. An isolated complete intersection singularity (icis) x of X is a point
which is both, a complete intersection point and an isolated singularity:.

A setting where icis’ come up naturally are surjective holomorphic maps between
complex manifolds with well-behaved singularities. For n,k > 0, let X™** be an
analytic variety with set of singular values Xg;,, (and set of regular values X,., =
X N\ Xging ), let U c CF be an open subset and let f : X — U be a holomorphic
map. It is important to note that here and in all subsequent results of this section
we explicitly allow the case k = 0; we will get back to this later. Let Cy ¢ X be the
set of critical points of f and let Dy = f(CY) be its set of critical values. We call C}
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the critical locus of f and Dy the discriminant locus of f. We say that f has isolated
singularities at y € U if the intersection f~1(y)N(CruXsing) with the fibre f~1(y) over
y is discrete. We say that f has isolated singularities if f has isolated singularities at
every y € U. Similarly, we say that a holomorphic map f : X™** - N to a complex
manifold N has isolated singularities at y € N if it has isolated singularities at y with
respect to local coordinates on N, and f has isolated singularities if it has isolated
singularities at every y € N. An isolated singularity x of f is icis if x is an icis of the
fibre f-1(f(x)).

Assume that X is a smooth complex manifold and consider a surjective holo-
morphic map f = (f1,..., /) : X >V c CF with V open. Assume that the set of sin-
gular points intersects each fibre f~1(y), y € V, in a discrete set and let z € Cyn f~1(y).
Then the point x is an icis of the analytic variety f~!(y) with vanishing ideal defined
by fire oo fie

Let z € X be an isolated singularity (not necessarily icis) of an analytic variety
X c €™ and let r : X — [0,00) be the restriction of a real-analytic function 7 on U
such that r=1(0) = {x}. We say that r defines the point x in X. A standard choice
for 7is 7(y) = |y — z|?, where |-| denotes the standard Hermitian inner product on C.

Consider a surjective holomorphic map f: X% - U ¢ C* with an icis at z € X,
with U open. After a translation, we can assume that f(z) = 0. Furthermore, we can
choose a real-analytic function 7 : X — [0, 00) such that its restriction 7|;-1(o) defines
x in f71(0). We will use the notation

Xr:eu XrSeu

for

Xo{a|r(z)=e}, Xn{z|r(z)<e}, -

and € > 0. Then there is an open contractible neighbourhood S of 0 in C* and € > 0
such that f|x,_. is a submersion in all points of f~1(.5),-.. We define

X = (f_l(S))NEa X := (f_l(s))rSea and OX := (f_l(S))r=E'

For s € S we denote by X, := X n f~1(s) and X, := X n f~1(s) the intersection of
the fibre of f over s with X, respectively X. Furthermore we introduce the notation

XA =Xn f_l(A)

Definition 9.2.1. With the above notation call f : X - S a good representative of f

in z and f: X - S a good proper representative of f in z.

We summarise the most important properties of good representatives:
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Theorem 9.2.2 ([101, Theorem 2.8]). For a good proper representative f: X — S of
f: Xtk  Ck in x € X the following hold:

1. f is proper and f:0X — S is a trivial smooth fibre bundle;
2. Uy is analytic in X and closed in X, and flo, is finite-to-one;

3. Xying has dimension < k, C¢\Xying is of pure dimension k=1, and Dy is analytic

in S of the same dimension as Cy;

4. f: (}S\Df,a?S\Df) — S\ Dy is a smooth fibre bundle pair with n-dimensional

fibre with non-trivial boundary;
5. f has an icis at each of its singular points in ?reg (= X if X is smooth).

Definition 9.2.3. For s € S\ D, we call the smooth fibre X, the Milnor fibre of the
good representative f: X — S and the fibration in (4) a Milnor fibration.

The following Lemma explains the local topology of fibrations with isolated sin-

gularities.

Lemma 9.2.4. Assume that X ~ {x} is non-singular. Then for any good proper
representative f: X — S of [ there exists an 1y > 0 such that for every n € (0,m],

?mgn 15 homeomorphic to the cone on its boundary (8?)‘]%,7 U?\flﬂz-

Proof. See Lemma 2.10 in [101]. O

Note that the key conclusion of Lemma 9.2.4 does not lie in the fact that a
neighbourhood of z is topologically a cone over its boundary — such neighbourhoods
exist in every manifold; but in the fact that there is such a neighbourhood whose
boundary has well-behaved intersection with the fibres of f. We will get back to this
point later. The case when k is trivial in Lemma 9.2.4 can be used to describe the
local topology of a fibre of a fibration with isolated singularities around a singular

point.

Corollary 9.2.5. Let M and N be complex manifolds and let f : M — N be a
surjective holomorphic map with isolated singularities. Let v € C'y be a critical point of
f,let H, = f~1(f(x)) be the fibre of f over f(x) and let r define x in a neighbourhood
UnH,cH, of x with U c M open.

Then there is ng > 0 such that, for everyn € (0,10], the set r=*(n)nH, is contained
in U, the trivial map g:r=1([0,n]) = {f(x)} is a good proper representative in x for
the trivial map g+ H, - {f(x)} and r=1([0,00]) n H, is homeomorphic to the cone

over r=1(n).
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Proof. This is immediate from Lemma 9.2.4 and the fact that, as explained above,
the point x is an icis of H, — after choosing U small enough we may assume that
(Un H,)~ {x} is non-singular. O

While we will not make direct use of Corollary 9.2.5 it is useful to keep this
local picture in mind. In particular, it provides us with the right picture for a good
proper representative of a surjective holomorphic map f: M — U c C with isolated
singularities, defined on a complex manifold M, around one of its singularities. This
is, because a good proper representative f|3 : X - U, for an isolated singularity € M
of f, restricts to a good proper representative of the form of g in Corollary 9.2.5 on
f7U(f(x)). In particular, the intersection f~1(f(2))NX <, is naturally homeomorphic
to the cone over the Milnor fibre of f|5 for small n. Figure 9.1 depicts a good proper

representative for the holomorphic map C? - C, (w, z) ~ wz around (0,0), which

x x(o ¢

f(x,y)= xy

Figure 9.1: Good proper representative of the holomorphic map f(w, z) = wz.

illustrates this phenomenon.

We want to conclude this section by describing the topology of the Milnor fibre

of a surjective holomorphic map.

Lemma 9.2.6. Let f: M™% — N¥ be a surjective holomorphic map between complex
manifolds with fibres of complex dimension n and let flz: X — S be a good proper
representative of an isolated singularity of f. Then every fibre of flz is homotopy
equivalent to a finite cell complex of real dimension <n.

Furthermore, the Milnor fibre of f|z is (n—1)-connected and therefore homotopy

equivalent to a finite bouquet of n-spheres.

Proof of Lemma 9.2.6. This Lemma follows immediately from Assertions (5.6) and
(5.8) in [101, Section 5.B]. O
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Remark 9.2.7. The Milnor fibres of isolated singularities which are not complete
intersection need not be (n-1)-connected [101, p.73]. However, this phenomenon only

occurs in the case when M is not a manifold.

9.3 Lines 1n varieties

In this section we will prove the following result:

Theorem 9.3.1. Let D c C" be an analytic variety of codimension one and let K ¢ C"
be a ball of finite radius around the origin. Then, there is a complex line L € CP™!
such that for all x € K the intersection Dn K n (L +x) is a finite set of points.

The proof of Theorem 9.3.1 is independent of the rest of this chapter. We are
extremely grateful to Simon Donaldson for providing us with the key ideas of this
proof. Before we prove Theorem 9.3.1, we first need to introduce the variety of lines
contained in a variety. Theorem 9.3.1 will play a crucial role in the induction step in

the proposed strategy for proving Conjecture 6.1.2
For an analytic variety D c C" of arbitrary codimension we define the variety of
lines Lp contained in D by

Lp={(z,L)eC"x CP"'|zeD, (z+L)nD is not discrete } e Dx CP"'cC'xCcP"

where we view an element L € CP" ! as a line through the origin in C*. Note, if an
affine line x + L does not have discrete intersection with D then the intersection of D
with  + L is open in z + L.

For an open set U c C" define by Lynp = Lp n (U x CP"1) the set of affine lines
contained in D through points in D nU.

The following Lemma shows that Lp is indeed a variety and therefore the name

is justified:
Lemma 9.3.2. The set Lp is an analytic subvariety of D x CP™ 1.

This result seems to be classical and well-known, but since we could not find a

proof of it in the literature we decided to provide one here.

Proof. Denote the complex coordinates on C" by z1,---, z, and the homogeneous co-
ordinates on CP"! by [wy : - :w,]. On Uy = {w; # 0} c CP"! define affine coordin-
ates by (wq,---,w,) = [1:wy: - :w,]. Analogously, we can define affine coordinates
on U; = {w; # 0}. Since U; is open in CP*! and CP"! = U, U;, it suffices to check
that Lp n (D x U;) is an analytic variety for 1 <4 <n. We check that Lp n (D x Uy)

is analytic.
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Let z = (z1,--,2,) € D and let V' c C" be a neighbourhood of z such that there
are holomorphic functions fi,-, fx : V - C with DnV ={f; =--- = f, =0}. We may
assume that z = 0 and V' is an open ball of radius r > 0 around the origin (with respect
to the standard Hermitian metric on Cn).

It suffices to show that £Lpn(V x Uy) is analytic in C* x CP"~!. Consider an affine
line z+ L =z + Aw with ze DnV and w = (1,ws, -, w,) € U;. It is contained in Lp if
and only if fi]srynv = = filzr)nv = 0.

Use the standard multiindex notation I = (iy,--,4,) € Z", |I| = i1 + - + i,,, and
2l = 2..zir . Multiindices are partially ordered by the relation I > J if and only if
ip > g1, L=1,-n (<, > < are defined analogously). Furthermore, for each I € Z",

0<leZ, let ayy e Clz1,+, 2n, Wa, -, wy,] be the unique polynomial such that

(z+ w)! = Za” (21, Zn, Wa, - Wy ) - AL,
1=0
Note that oy =0 for [ > |I].
We may assume that r was chosen small enough such that fi,---, fx can be writ-
ten as power series in 2y, -+, 2z, which converges uniformly in {z = (2q,+, 2,) | |2| <7}.
Thus, there are ¢y € C, I >0, such that

fi(z1,20) = Y cr2!

>0
converges uniformly in {z | |z| < r}.
Using uniform convergence we obtain that for |z + Aw| < r
fi(z+dw) =Y cr(z+ )’

>0
]

= Z Z ci)ag(z,w)

1>01=0

- i (Z cloz”(z,w)) M.

=0 \I>0

This shows that for [ >0

5171(2, w) = Z CIOZI,J(Z, w)

>0

converges uniformly in {z | |z + Aw| < r}. Independence of A implies that 5y ,;(z,w) is
holomorphic in V' xU;. Furthermore for (z,w) € V xUj the following holds: f;(z+A\w) =
0 for |z + Aw| < r if and only if £y ,(z,w) =0 for [ > 0.
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Similarly we obtain holomorphic functions f;;(z,w) : V x CP*! — C such that
for (z,w) € V x U; the following holds: f;(z+ Aw) =0 for |z + Aw| < r if and only if
Bii(z,w) =0 for [ >0.

In particular, (z,w) € Lp n (V xUy) if and only if §;,(2,w) =0 for i = 1,---,k and
[ >0. It follows that

Lpn(V xUr) =izt 020 {Bi = 0} -

Thus Lp n (V xU;) is a countable intersection of analytic varieties and as such
analytic by [48, p. 63, 5.7]. In particular, there are finitely many holomorphic func-
tions gq,---gy : VxU; — C such that Lpn(V x U;) = {g1 = --- = gn = 0}. This completes
the proof. O

In the proof of Theorem 9.3.1 we will also need the following Proposition, a proof

of which can for instance be found in [48, p.41].

Proposition 9.3.3. Let X, Y be complex manifolds and let A ¢ X be an analytic
variety. Let f: A=Y be an analytic map and let A,., be the set of smooth points of
A. Let dimf = max {rank, f | z € A,.,}. Then f(A) is contained in a countable union

of analytic subvarieties of dimension <dimf in Y.

We are now ready to prove Theorem 9.3.1, following the proof outlined to us by

Simon Donaldson.

Proof of Theorem 9.3.1. Let 7w : C* x CP™! - CP" ! be the projection onto the
second coordinate. It is analytic and therefore the restriction p = 7|z, is analytic.
Observe that a line L € CP™ ! does not satisfy the condition in the Theorem if and
only if L € p(Lpnr) c CP™ L.

It suffices to prove that p(Lpnx) is a zero set in CP"~!. Assume that this is not
the case. By Lemma 9.3.2, Lp~k is an analytic variety in K. Restrictions of analytic
maps to analytic subvarieties are analytic. Hence, p|z, . : (DnK)xCP"1 - CP*!
is analytic.

By Proposition 9.3.3, p(Lpn ) is contained in a countable union of analytic sub-
varieties of CP", each of which has dimension equal to the maximal rank of p on the
set of smooth points of Lp~x. Such a countable union is a zero set, unless there is a
point u = (x,L) € Lpnk reg With rankd,p = n —1. Since we assumed that p(Lpnk) is
not a zero set, there is indeed a point u € Lpnk req at which p has full rank. Therefore,

there is an open subset W ¢ Lpnk ey such that p|y has full rank on W,
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After choosing suitable complex coordinates w = (wy,wy) on W, we may assume
that W = Wy x W, with dimW; = n—1, such that aa—lfl(u) Ty iy W1 x{0} = Ty CP1

is invertible. Thus, the map
f3W1XW2—>CPn_1XWQ

(wr,wz) = (p(wy,ws), ws)

has invertible Jacobian in v and, by the Inverse function Theorem, there exist open
sets ue W/ =W/ x W, cW and U = p(W') x W) c CP™" ! x W; such that f: W' > U
is invertible with analytic inverse g : U — W’.

The restriction § = glp(wryxfup) is analytic with u = (u1,us) € W{ x Wj. Thus, the
composition f o7 is analytic and satisfies (p oG, uz) = f oG = idpwryxfu,). Hence,
the composition h = g o defines an analytic right inverse of p on the open subset
p(W') c CP™ 1, with ¢ : p(W') = p(W') x {us} c p(W') x W5 the natural inclusion.
Let @ :7 = { (v,2) eCP*"!xC"|zev} - CP"! be the tautological line bundle.
Consider its restriction 8 = a|o-1(pwry) : Tlpowry = a1 (p(W')) = p(W’). We define an
analytic map

F:a l(p(W")) - C"

(v,2) = (goh)(v) + 2,

where ¢ : C" x CP"! — C" is the projection onto the first component.

By definition of A, the image of F' is contained in D. After choosing affine co-
ordinates (ug,--,u,) on U; ¢ CP"! as in the proof of Lemma 9.3.2, we obtain a
trivialisation of the tautological bundle g with respect to which the map F' takes the

form

((ugy = un), A) = (qoh)([1:ug: - uy]) + A(1,ug, - uy) .

The Jacobian of F' in these coordinates is

000 ... 0 1) [FE2 g o gE 0
A0 0 u el - PO
dF((ug, - up),\) =10 A~ + &+ |+ : :
' 0 up : . : :
00 0 X wu, o) 0 Owoh)n

Oua OUn-1

This shows that for sufficiently large A the rank of the Jacobian is n, irrespectively
of the precise form of ¢ o h, contradicting the assumption that the image of F is
contained in an (n - 1)-dimensional analytic subvariety D c C". Therefore, the image

of p is indeed a null set. This completes the proof. O
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9.4 Strategy for proving the key result

We will now explain how we hope to combine results about isolated complete inter-
section singularities and ideas from the proof of Dimca, Papadima and Suciu’s [62,
Lemma 3.3] to derive Proposition 9.1.1. Unfortunately, the methods in their work
which we want to use do not adapt directly to our situation, since they rely on the
Ehresmann Fibration Theorem which only applies to proper maps. We will give a de-
tailed version of their proof below to illustrate where the problem arises (see Lemma

9.4.3). In this section we will use the same notation as in Conjecture 6.1.2.

Lemma 9.4.1. Let R > 0 and let h be as as in Conjecture 6.1.2. Then there is a

unitary linear coordinate transformation A: CF — C* such that the restriction
he=Aoh:hi' (Zkr) = Zep=AO1g % x Apg

satisfies that for all projections m; j : C* - CJ onto the first j coordinates, j < i, the
map
hy =m0 hy s h'(Zx.r) ~ Zir

has only isolated complete intersection singularities, where Z; = Ay g x - x A g for
A; g c C the disc of radius R >0 around 0 in the lth factor of CF.
Furthermore, we can choose the coordinates so that the discriminant locus D; of

hy intersects {n} x A, r only in isolated points for ne Ay g x - x A g.

Proof. Let Kf/ZR c C! be the disc of radius VIR around 0 and let C; be the critical
locus of hy. We have Z,  c Kf/ZR'

Since hi'(Zy,r) is smooth we only need to prove that the h; have isolated singu-
larities (see Theorem 9.2.2(5)). The proof is by induction on [. We will prove: For

a holomorphic map 7y : Uy » K'. c C! with isolated singularities there is a unit-

!
VIR

ary (linear) change of complex coordinates A; on K' < C!, such that the restriction

l

_ VIR

h; = Ajohy: h;l(Zl,R) — 7 r is well-defined and satisfies the conclusions of the lemma.
Assume that the statement holds for [ —1 and assume that we have a map hy; with

isolated singularities. The discriminant locus has codimension one in C!. By Theorem

9.3.1 there exists a complex line L ¢ C! through the origin, such that (L+z)nK"',. nD

!
VIR
After a unitary (linear) change of coordinates B; : C! — C!, we may assume that

l
VIR
consists is a discrete finite set for every x € K

L = {(0,---,0,2;) | z; € C}. In these new coordinates the discriminant locus D; of

h; = By o hy intersects {n} x A; g, 1 € Kf;ll__lR, only in isolated points.
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To apply the induction hypothesis, we need to prove that

Py = -1 ohy:Upy = TLZ_l(Kf;ll—_lR x Ar) = Ki;ll—_lR

has only isolated singularities. Let z € E;}l(n) = ﬁ[l({n} x A; g) be a singular point
in the fibre of hy_, over nekK i;ll—_lR' In particular we have = € C;_;. It follows
that € C; o Ci-y and hy(x) = (n,t0) € ({n} x A g) n D;. Since by assumption
({n} x A, gr) n D, consists of isolated points, we can choose a neighbourhood S of ¢,

in A; g so that ({n} xS)nD;={(n,ty)}. This implies that
veCrainhi'({n} x 8) e Cinky' ({n} x ) € Cra i (1, o).

Since E has only isolated singularities, the set C} ﬂﬁ[l(n,to) consists of isolated
points. It follows that x is isolated in 7{;1({7]} x S) and thus in ﬁ;}l(n). This implies

that 7;1,1 has isolated singularities.

We apply the induction hypothesis to 1 iUy > K f;llf_lR’ to obtain a unitary
linear coordinate transformation A;_; on K71 | with the property that h;_; = A;_; o

_ VI-IR’
h,_1 satisfies the conclusions of the lemma. Let B;_; be the unitary linear map defined

by By = Ay xide : € = CF (v, ,0) = (A(vr, o ve1),vn).
Define A; = (A;_1 xid¢) o B;. By definition of A; and Ty we have hy_; = -1 0 .

The identity m_q,; 0 m -1 = m,; and the equality of sets
W'y (Ziag) = b (m (A r x - x A g)) = hi (A p - x Ay g x Ay r) = b (Z1R)

imply the induction hypothesis for [.
For [ = 1 the discrimant locus D; consists of isolated points, because it is of
codimension one in C. Thus, the arguments used in the induction step can be applied

in this case. This completes the proof. O

Lemma 9.4.2. With the same assumptions as in Lemma 9.4.1, there is a sequence
of smooth fibres of hy: h;'(Zy.r) = Zi.g of the form

H~H,cH, c--cC HO :ﬁil(Zk,R),
where Hy 2 hi'(29,--,20) for some x° = (29,---,20) € Z; g.

Proof. h;'(Zk r) is a smooth complex manifold, since it is an open subset of a smooth
complex manifold. The proof is by induction on [.

By definition hy : k' (Zg gr) = Ay g is a surjective holomorphic map and thus its
generic fibre is smooth. Hence, we can choose ) € A; g such that H; = hi'(2?) is

smooth.
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Assume that H; = hy' (29, 2Y) is smooth for i < [ and consider the surjective

° i

holomorphic map Ay, 2 h'(Zgr) > A1g x - x Apyq g Then
H, = hi); ({(95(1], s ) Ty )| T € A1+1,R})

is smooth and by Lemma 9.4.1 the set ({(az?,,x?)} ><Al+17R) N D;,; consists of
isolated points only. Choose (z9,--,2%,) € ({ (SL’?,--',.T?)} XAHLR) N\ D;,;. Then

— -1 (0 0y
Hyy = by (29, -, 27, ;) is smooth. O

The induction step in the proof of Proposition 9.1.1 currently relies on obtaining
a generalised non-proper version of the following lemma (which in the version stated
here is Lemma 3.3 in [62]). We do currently not know how to obtain such a result
in general; we will discuss the obstacle we are facing and speculate about potential

solutions after its proof.

Lemma 9.4.3. Let Ag c C be a disc of radius R >0 and let f: X — Ag be a smooth
proper holomorphic map with only isolated singularities.

Then X s obtained from the generic smooth fibre H of f, up to homotopy relative
to H, by attaching finitely many cells of dimension n. In particular, m;(X, H) =0 for
1<r—1.

Proof. The proof we give is a detailed version of the proof of Lemma 3.3 in [62]; it
is very similar to the induction step in the proof of 5.5 and 5.6 in [101]. We include
this proof with the given level of detail, because it provides a very good intuition for
the local structure of X with respect to H and consequently for why we believe that
this result should hold without assuming global properness.

Let Cy be the set of critical points and Dy = f(C}) be the discriminant locus of
f. Since f: X — Ap has only isolated singularities, the discriminant locus Dy c Ap
is finite and since the fibres of f are compact and X is smooth, the set of singular
points C'y ¢ X is also finite.

Let Dy = {s1,, 8} and for every pe {1,--,m} let {z, 1,z | = [ (5.) 0 C}.
For each of the x,, there is a good proper representative f : X,, - A,, over a
sufficiently small disc ZMY around z,, 4.

Let A, = ml;:lzu,a. Then the maps f : X, f'(A,) - A, are good proper
representatives. After possibly choosing smaller A, and €, , > 0, we may assume that
the conditions in Lemma A.0.8 and Lemma 9.2.4 hold for every ;o and that the A,
are pairwise disjoint. By slight abuse of notation we denote these new good proper

representatives by f :Y,W — A, and the radius of A, by 7,.
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Fix a regular value t € Ag ~ Dy and let vq,-++,vm : [0,1] > Ag be embedded paths
with 7,(0) =t, v,(1) = s, such that the following conditions hold:

L 7(10,11) A ([0,1]) = 1) for e+ v
2. 7([0,1]) n A, =@ for pu # v;
3. 7.([0,1]) n A, =v,([1-0,,1]), for some 6, > 0.

Let T = um,7,([0,1]), A= Ui yA, uT, B=T~ (Ur,A,) and let X4 = f~1(A),
Xp = f1(B), and Xy = f~1({t}). Then A is a strong deformation retract of Ap
and {t} is a strong deformation retract of B.

Since the fibration f: X — Ap is locally trivial over Ag N\ Dy = Ag N {s1,-,Sm },
we can apply the homotopy lifting property for fibre bundles (Proposition A.0.6) by
the Ehresmann Fibration Theorem (Theorem A.0.5), and obtain that X4 = f~1(A)
is a strong deformation retract of X. The same argument shows that X, is a strong
deformation retract of f~1(¢) = H.

By applying Lemma A.0.8 to X4, we obtain that Xz U (UMQ?WI) is a strong
deformation retract of X 4.

Let F), . = Xgpn ?;w- Then, by Lemma 9.2.4, ?u,a is a cone over the space
Ly = GE,W U ?Nyan*Su‘:Wu which contains the cone C'F), , over F},,. In particular,
we can apply Proposition A.0.7, yielding that the pairs (X, o, CF}, ) are NDR-pairs.

The inclusion map u, ,CF), , = uﬂ,afua is a homotopy equivalence, since both
sets are disjoint unions of cones and hence deformation retract onto disjoint unions
of points. Thus, we can apply Lemma A.0.2 to obtain that (£, E’) is an NDR-pair,
where E = Xz U (UMQEB) and B/ = Xp U (UaCFo). Lemma A.0.4 implies that
the inclusion £’ — FE is a homotopy equivalence. Hence, E’ is a strong deformation
retract of £ by Lemma A.0.3.

Since B is contractible, f : X5 - B is trivial. Thus, there isamap r: Xz - H such
that |y = idy and (f,r): Xp - B x H is a trivialisation. Let E” = H U (U, ,CF} )
be the space obtained from H by identifying i with v, CF, . via 7|, ,5,.. It is
naturally homeomorphic to the space obtained from H by putting a cone over each
7(Fpqa). Then r induces a map £’ — E” which is a homotopy equivalence relative to
H.

Thus, we have constructed a finite sequence of homotopy equivalences relative
to H which show that (X, H) is homotopy equivalent to (E”, H) relative to H. In
particular, X is homotopy equivalent, relative to H, to a space £’ which is obtained

from H by taking a finite number of cones over subspaces of the form F),, of H.
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The good proper representatives f : ?u,a - Zu define isolated complete intersection
singularities with n-dimensional fibre. Hence, it follows from Lemma 9.2.6 that X
is obtained from H up to homotopy equivalence relative to H by attaching finitely

many cells of dimension n. O

Note that we only make essential use of the properness of f in the proof of Lemma
9.4.3 at the point where we deformation retract the space X onto X gu (u,a?u,a)- The
reason for rectracting is that this allows us to make direct use of the local topology of
X around its finitely many singular points. While it is not clear to us how one could
prove Lemma 9.4.3 without using strong deformation retracts it remains true that
for a holomorphic map onto a disc with isolated singularities which is only locally
proper (rather than globally) a neighbourhood of each singularity has a good proper
representative of the form of X, ,. In particular, it seems to us that topologically we
will still be in a very similar situation and that finding a suitable version of Lemma
9.4.3 is a question of using the right tools.

One possible approach to overcome the difficulties that we currently face could be
to replace the lines, used to reduce dimension in the induction argument of Lemma
9.4.3, by more general classes of complex submanifolds for which all maps are proper.
This approach forms the base for the results of Chapter 6; in the situation considered
there it is sufficient to use embedded subtori, meaning that we do not actually have
to deviate from the general line of proof described in this chapter. Another approach
is to avoid using the Ehresmann Fibration Theorem in its full strength — a suitable
weaker version of it might suffice in order to globalise the local topological implications
coming from isolated singularities in the proof of 9.4.3. However, we do currently not
have any concrete ideas for a general proof of our conjecture which goes beyond these
suggestions.

Under the assumption that X, H and f satisfy all conclusions of Lemma 9.4.3 we

can now prove Proposition 9.1.1.

Proof of Proposition 9.1.1. The triple (X,Y,Z) of topological spaces defines a long

exact sequence in relative homotopy
o m(Y,Z) > (X, Z) > mi(X,Y) > mia (Y, Z) » -

As an immediate consequence we see that if, for some i € Z, m; (Y, Z) = m(X,Y) = {0}
then also m;(X,Z) = 0. Hence, if the pairs (X,Y) and (Y,Z) are k-connected for
some k € Z, then (X, 7Z) is also k-connected.
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Let now R = M € IN. Assume that we are in the situation of Lemma 9.4.1 and
denote by Ajs the unitary linear coordinate transformation, let hy ar = An 07; and
let X = bl (Ziar). Fix a point 20 = (29,--,20) € Zj, ar for which the smoothness
assumptlons of Lemma 9.4.2 hold.

We want to prove that H;_; »s is obtained from H; s up to homotopy equivalence
relative to H;_; p by attaching cells of dimension n+ k -4 for ¢ = 1,--- k. This will
imply that m;(H;_1a, Hip) =0 for j <n+k—i-1 and the initial argument shows
that m; (X, H) =0 for j <n-1.

Since the Ay, are linear and invertible, there is a sequence {1/}, such that
Aot (Zian) € Ay, (Zia) © - € Ay (Zioan) © Asgy,y (Zin,) ©
Thus, also
X, = hihe(Zian) = 7N (Asg, (Ziown)) € B (v, (Zeon)) = X,y

Note that U, Xy, = X and that 7;(Xn,, H) =0 for j <n -1 hold independently of
the choice of smooth fibre H. We can therefore assume that H = h=1(p) for some

p € A3 (Ziar,)- This yields inclusions of pairs
(XMHH) c (XM1+17H)'

Thus, we can take the direct limit over all pairs (X, H). Since direct limits

commute with taking homotopy groups, this implies that
(X, H) =limm;( Xy, H) = lim {0} = {0}

for j<n-1.

We finish the proof by showing that H,_; 5/ is obtained from H; 5, by attaching a
finite number of (n + k —7)-cells.

By Lemma 9.4.1 the discriminant locus D; a of h;p intersects {(z9,--,2% )} x

A,y only in isolated points. This means that the restriction

th h ({(xh REE2S 1)} XAZM) {(x(l)v"'7x?—1)} XAi,M

is a surjective holomorphic map onto a disc of radius M with isolated singularities.
By Lemma 9.4.3, we obtain h L@, 29 )} x Ay ) from the generic fibre H; =
hih (2, x)) by attaching ﬁnltely many (n+k—1)-cells, up to homotopy equivalence

relative to H; ps. Since

Hz 1,M — hz 1M('x17 . 21) th({(x17'7 Zl)}XAZM)

this completes the proof. O
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Appendix A

Homotopy Theory

In this appendix we want to summarise the homotopy theory required in the proof of
Lemma 9.4.3. Our main reference is Whitehead’s book [131].

The first important ingredient in the proof of Lemma 9.4.3 is the theory of NDR-
pairs which we introduce now. We call a topological space X compactly generated if
X is Hausdorff and if every subset A ¢ X with the property that An C is closed for

all C'c X compact is itself closed. It is easy to prove:
Lemma A.0.1. Every metric space is compactly generated.

Let X be compactly generated and A c¢ X be a subspace. We call (X, A) an
NDR-pair if there are continuous maps v : X — [0,1] and H : [0,1] x X - X with

the following properties:
1. A=u"(0);
2. HO0,z)=x ¥V z € X;
3. H(t,x) =x Yte[0,1], x € A;
4. H(l,z) e A Vx € X such that u(x) < 1.

We say that (u, H) represents (X, A) as an NDR-pair.

We want to discuss a simple example of an NDR-pair which serves as a model for
a more involved example later on. Consider the cone CX =[0,1]x X/({1} x X) over
a compactly generated space X and the subspace {0} x X. The pair (CX,{0} x X)
is an NDR-pair with maps defined by:

w:CX - [0,1]
2t, if te[0,1/2
[(t,2)] » { 1 ifte%l/l/l% ’

)
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H:[0,1]xCX - CX
N [(0,2)], for ¢ € [0, s/2]
(s, [t 2)]) { (2t - $)/(2-8),0)], if te(s/2.1]
where [(t,2)] represents the equivalence class of (¢,2) € [0,1] x X in CX.

The following Lemma is useful in constructing NDR-pairs:

Lemma A.0.2. Let (X,A) be an NDR-pair, let B be compactly generated and let
h:A - B be a continuous map. Then (X uy B, B) is an NDR-pair.

We need NDR-pairs due to the following result:

Theorem A.0.3. Let (X, A) be an NDR-pair and i: A — X be the inclusion. Then

1 18 a homotopy equivalence if and only if A is a strong deformation retract of X.
To apply this result we need the following Lemma:

Lemma A.0.4. Let (X, A) be an NDR-pair and h: A - B a homotopy equivalence.
Then f: X — X u, B is a homotopy equivalence.

The other ingredients that we use in the proof of Lemma 9.4.3 are the Ehresmann
Fibration Theorem and the homotopy lifting property for fibre bundles. Both results
are of large importance in Geometry and Topology. We will state the Ehresmann
Fibration Theorem in the version given in [97, Section 3], since their version includes

the case of manifolds with boundary. For the original version by Ehresmann see [67].

Theorem A.0.5 (Ehresmann Fibration Theorem). Let M, N be differentiable man-
ifolds without boundary and f : M — N be a smooth proper submersion. Then
f:M - N defines a locally trivial fibration.

Let N be a differentiable manifold, M be a differentiable manifold with boundary
OM and f: M — N be a smooth proper submersion. If flon : OM — N is a smooth
proper submersion then f:(M,0M) — N defines a pair of locally trivial fibrations.

We also need the following version of the homotopy lifting property for fibre
bundles:

Proposition A.0.6 (Homotopy lifting property, see [122, 11.3]). Let E and B be
smooth manifolds, let p : E - B be a fibre bundle, let H : [0,1] x B - B be a
homotopy, and let F': E - E a lift of H(0,-) (i.e. poF = H|yxpop). Then H
lifts to a fibre bundle homotopy H : [0,1] x B -~ E. More precisely, H maps fibres

homeomorphically to fibres and the diagram
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[0,1]xET—~FE
lidxp LP
[0,1]x BL—~B

commutes.

Note that we can always lift the identity map on B to the identity map on F
and therefore we can always lift homotopies of the identity on the base space and, in
particular, strong deformation retractions of the base space. More general results of
this form in the context of NDR~pairs can be found in [131, Section 1.7].

While the next two results seem to be well-known, we could not find a source that
contains a proof. We therefore decided to include them with their proof. We use the
notation of Section 9.2. Let X be a smooth algebraic variety over C, let A c C be a
closed disc and let f: X — A a holomorphic map with isolated complete intersection
singularities only. Let = € A be a point in the discriminant locus and let f: X — A,
be a good proper representative of f such that A, is a disc of radius > 0 in C with
centre z. We will write f for the restriction of f to X. Let y € A, be a point in the
boundary and F, = f~1(y) c X be the smooth fibre over y.

By Lemma 9.2.4, the set X is a cone over Z = X U ?If\:n' It contains the cone
CF, over the fibre F,.

Proposition A.0.7. The pairs (Z,F,) and (X,CF,) are NDR-pairs.

Proof. We use the notation introduced in the previous two paragraphs. First we proof
that (Z,F,) is an NDR-pair. For this recall that, by Theorem 9.2.2(4),

Fo(XN 1 (2),0X N [ (@) = DB~ {} (A1)

is a C°°-fibre bundle pair.

Let Bs(y) c A, be a closed ball of radius 6 > 0 around y with respect to the metric
on A, induced by the standard metric on C. By choosing ¢ sufficiently small we may
assume that = ¢ Bs(y).

There is a homotopy H : [0,1] x (A, ~ {z}) = A, ~ {z} that deformation retracts
Bysje(y) onto {y} and restricts to the identity outside Bs(y) for all ¢ € [0,1]. We
obtain it by defining H(t,-)|s,(,) to be the map that maps Bs \ Eé% to Bs~ {y} by
radial dilation by a factor of % and maps E(;% to y.

There is also a continuous map u : A, — [0,1] with 0 <u <1, u1(0) = {y} and

u(z) < 1if and only if z € Bsjo(y).
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By Proposition A.0.6 and the fact that Equation (A.1) defines a fibre bundle pair,
we obtain that H lifts to a homotopy of fibre bundles H : [0, 1]x (X~ {z}) - (X~ {z})
and in particular H([0,1] x Z) ¢ Z. We observe that wu lifts to @ : X — [0,1] with
u1(0) = F,. Tt follows that (Z, F,) is an NDR-pair represented by (7, H).

Consider the pair of cones
(CZ=([0,1] x 2)[({1} x Z),CF, = ([0.1] x F,)/({1} x F,)) = (X, CF,).

It is an NDR-pair represented by the pair of maps (%, H) defined by (s, z) = (1 -
$)t(z) and H(t,(s,2)) = (t,H(s,z)). O

Lemma A.0.8. Let X be a smooth complex manifold, A a closed disc around the
origin and f: X — A a smooth proper holomorphic map with 0 as only critical value
and with finite set of critical points {x1,-- ;). Let f: Xo = A be a good proper
representative for r,, 1 < «a <1, and denote by ro : X — [0,00) the corresponding

smooth map defining x,, in f~1(0). Assume that the following properties hold:
1. OX, is defined by the same € >0 for all o;
2. ?aﬂfﬁ =g fora#+ [;
3. dra|p10)(p) is a submersion for all p e {ro =€} n f~1(y).

Furthermore, let s € OA be a point in the boundary and let f~1(s) be the fibre of f
over s.

Then H U (Ugbzlfa) 1s a strong deformation retract of X.

Proof. Property (3) implies that the map (f,74): X — A x [0, 00) is a submersion in
a neighbourhood of the set {r, =€} ¢ X. In particular, there is 6 > 0 such that the
restriction of (f,7,) to Y, = X n{|r, — €/ <4} is a proper submersion. We may assume
that we are using the same 0 for all @ and that ¢ is chosen such that the sets {r, < e+ 4}
are pairwise disjoint. Thus, the Ehresmann fibration Theorem implies that (f,7,) :
Y, - Ax (e—6,e+0) is a locally trivial fibration. The map F1X\(Uafra<essy2y) is also a
proper submersion. Thus, it defines a fibration by the Ehresmann Fibration Theorem.
Since the base space is contractible for both maps, they are in fact globally trivial
fibrations.

Let H :[0,1] x A - A be a strong deformation retraction of D onto {s} along
straight lines. By the homotopy lifting property, this induces a strong deformation
retraction of X \ (Uy {ro <e+4d/2}) onto f~H(s)n X N (U, {ro <e+9d/2}).
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It is easy to see that for Ax (e -6, e + &) there exists a strong deformation retraction

onto
(Ax(e=d,e])u({s}x[e.e+0)),
which on A x [e +3/2,¢ +6) is just the product of H and the identity on [e+6/2,¢ + ).
By the Homotopy Lifting Property for locally trivial fibrations, this induces a

strong deformation retraction H, of Y, to
(Xan{ra>e=0)u(f(s)n{e<ra<e+d}).

Note that since all fibrations that appear are actually globally trivial, we can do
the constructions of the strong deformation retractions explicitly and we can choose
them such that H and H,, coincide on the intersections of their domains. Furthermore
we can extend them by the identity to U,X,. Thus, they induce the desired strong
deformation retraction of X to H u (Uﬁl?a)-

O
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Appendix B

Lefschetz Hyperplane Theorem
and finite groups

An important tool in the construction of Kéahler groups is the Lefschetz Hyperplane
Theorem [76].

Theorem B.0.1 (Lefschetz Hyperplane Theorem). Let M c CP™ be an m-dimen-
sional smooth projective variety. Then for a generic hyperplane H the intersection
N =Mn H is smooth and the inclusion N — M induces an isomorphism w; N — m; M

for 0<i<m -2 and a surjection fori=m—1.

The Lefschetz Hyperplane Theorem has been generalised in many different ways
and a good introduction to the classical Theorem and its generalisations is [73]. One

generalisation which is useful in the context of Kahler groups is:

Theorem B.0.2 ([3, Theorem 8.7]). Let X be a smooth quasi-projective variety ad-
mitting a projective (possibly singular) compactification X ¢ CP™ such that X ~ X
has codimension at least three in X. Then, there is a hyperplane H ¢ CP™ such
that Y = X n H is a smooth projective variety and the inclusion Y < X induces an

isomorphism on fundamental groups.

As explained in Section 6.1.1, Conjecture 6.1.2 can also be seen as a Lefschetz
type result.

A key strength of Lefschetz type theorems in constructing new examples of Kéhler
groups is that it allows us to construct them by first constructing a possibly singu-
lar projective variety with an interesting fundamental group and then intersecting
it with a suitable hyperplane to obtain a smooth projective variety with the same
fundamental group. We want to illustrate this by explaining Shafarevich’s proof [114]
of the following Theorem of Serre [113].

180



Theorem B.0.3 (Serre [113]). Every finite group is Kdhler.

Proof of Theorem B.0.3. Since every finite group is a finite index subgroup of a sym-
metric group S5, for some m € NN, it suffices to prove that S, is Kéhler for every
m € IN. The idea is to consider the permutation action of S,, on the Cartesian
product X = CP* x --- x CP?* of m copies of CP* for some s € IN.

The action is free on an open subset W c X with complement of codimension s
in X. More precisely, W is the subset Nicicjom {®; # ;}, where the x; = [zg; : -+ 2]
denote homogeneous coordinates on the i-th copy of CP*. Furthermore there is an
embedding ¢ : X < CPM for some sufficiently large M induced by the so-called Segre
embedding. For an appropriate choice of m and s, X will intersect a linear subspace
of CPM in a smooth compact subset Y ¢ W of dimension > 2. An iterated application
of the Lefschetz Hyperplane Theorem shows that Y is a simply connected compact
smooth projective variety on which S,, acts freely.

Since S, is finite and acts freely on Y, the projective variety Y/S,, is in fact a
smooth compact projective variety with fundamental group m(Y'/S,,) = S,,. This

completes the proof. O

Other applications of the Lefschetz Hyperplane Theorem, or, more precisely, of a
generalisation by Goresky and MacPherson [73], to Kéhler groups can be found in [3,
Chapter 8. They include the first examples of non-abelian nilpotent Kéhler groups
by Sommese and Van de Ven [119] and Campana [39] and the first examples of Kéahler
groups that are not residually finite, by Toledo [128].
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Appendix C

Formality of Kahler groups

The relevance of the concept of formality to Kahler groups stems from Deligne, Grif-
fiths, Morgan and Sullivan’s proof [54] that all Kéhler manifolds are formal. This
provides us with interesting constraints on Kéahler groups. A more detailed discus-
sion of formality and its implications can be found in [3, Chapter3|, which also serves
as our main reference for this appendix.

A graded algebra A is an algebra which is the direct sum A = @2 Ay of abelian
groups such that Ay -A; c Agy; for all £ and [. We call an element x € A homogeneous
of degree || = k if x € Ay, for some k.

A commutative graded algebra (CDGA) is a graded algebra A which has the prop-

erty of being graded commutative, that is,
z Ay = (=1)#Wy A 2 for all homogeneous elements z,y € A,
and there is a boundary operator d: A — A of degree 1, meaning that d satisfies
d?>=0and d(z Ay) =dz Ay + (-1)*z A dy for all homogeneous elements x,y € A.

A morphism ¢ : A - B of CDGAs is an algebra homomorphism ¢ : A - B with
¢(Ag) c B and ¢pod =do¢. One can define the homology H,(A) and cohomology
H*(A) of a CDGA, and a morphism of CDGAs induces morphisms on homology and
cohomology.

A morphism of CDGAs is called quasi-isomorphism if it induces an isomorphism
on cohomology and two CDGAs A, B are called weakly equivalent if there is a sequence

of quasi-isomorphisms of the form:
A->Ci < Cy— -« B.

In the context of Kahler groups the most important examples of CDGAs are the
de Rham algebra £7(X) of smooth differential forms on a smooth manifold X with
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differential the exterior derivative and its real cohomology algebra H*(X) = H*(X;R)
with differential the zero differential.
A smooth manifold X is called formal if £*(X) and H*(X) are weakly equivalent.

Theorem C.0.1 ([54]). If X is a compact Kihler manifold then X is formal.

We want to remark that there is an equivalent definition of formality using min-
imal models. It leads to a connection between the de Rham fundamental group,
which is the R-unipotent completion of the fundamental group of a smooth manifold
and its real Malcev algebra. This connection yields constraints on the cup product
structure on the first cohomology groups of Kéahler groups. Rather than explaining
the terminology used, we want to state a few results that should make the significance
of formality clearer. The first one is about Massey triple products (see [3, Section
3.3]).

Let A be a CDGA and let a = [a],8 = [b],7 = [¢] € H*(A) be homogeneous
elements with au 8 =Fu~y=0. Let f,g € A be such that df =au and dg = uU~.
Then the Massey triple product of o, 8 and v is defined by

(o, B,7) = [f Ue+ (1)l gy g] e Hlol BRI 1)) (a U HIFFNEL sy HlaH\Blfl(A)) _

Proposition C.0.2. Let X be a compact Kdhler manifold. Then all Massey triple
products on its real de Rham cohomology H*(X,R) are zero.

Let I' = m X be a Kdhler group. Then all Massey triple products on its group
cohomology H*(I',R) are zero.

One application of this is that the Heisenberg group

1
H3(Z)=<] O e GL(3,7Z)
0

O~ K
S SR

is not Kahler. Note, that historically the first proof of this is due to Serre in the
1960’s (see [5]); Serre’s proof does not involve the use of formality.

Another important area in which formality provides interesting constraints are
non-fibred Kahler groups, that is, Kahler groups that admit no surjections onto surface
groups (see [3, Section 3.5]). A non-fibred Kdhler manifold is a compact Kéhler

manifold with non-fibred fundamental group.
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Proposition C.0.3. Let X be a non-fibred Kdahler manifold. Then:
dim (Imu: HEO(X) A HEO(X) > HED (X)) > 2dimH (X)) - 3;

dim (Imu: HM9(X) @ HOD(X) » HED(X)) > 2dimH M0 (X) - 1.

From this we get lower bounds on the second Betti number of non-fibred Kahler

groups and as consequence on the number of relations in a finite presentation:
Proposition C.0.4 ([2]). Let T' = m X be a non-fibred Kihler group, let
I = (xh Ty | 7«17...’7»8>
be a finite presentation, and define ¢ = b1(I')/2. The following inequalities hold:
1. ifq=0, then s >n;
2. ifq=1, then s>n—-1;

3. ifq<2, then s>n+4q-T.
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